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A B S T R A C T 

Understanding the interplay between concurrent length 

scales is a fundamental issue in many problems involving 

friction between sliding interfaces, from tribology to the study 

of earthquakes and seismic faults. On the one hand, a 

macroscopic sliding event is preceded by slip precursors with a 

characteristic propagation length scale. On the other hand, the 

emergent frictional properties can be modified by surface 

patterning depending on their geometric length scale. This 

suggests that macroscopic sliding of structured surfaces is 

governed by the interplay between the length scale of the slip 

precursors and those characterizing the geometric features. In 

this paper, we investigate these aspects by means of numerical 

simulations using a two-dimensional spring-block model. We 

discuss the influence of the geometric features on the 

occurrence and localization of slip precursors, extending the 

study to interfaces characterized by two geometric length 

scales. We find that different types of detachment sequences 

are triggered by specific surface structures, depending on their 

scales and relation to sliding direction, leading to a 

macroscopically smooth transition to sliding in the case of 

hierarchical and/or anisotropic features. These concepts could 

be exploited in devices switching from static to dynamic 

sliding, and can contribute to an improvement in the 

understanding and interpretation of seismic data. 
 

1. Introduction 

The onset of frictional sliding motion between two dry 

surfaces displays an intriguing interplay of effects that have 

been investigated in many recent works. The existence of 

precursors, i.e. local slip events before the onset of sliding, has 

been verified experimentally (Rubinstein et al., 2007; Maegawa 

et al., 2010; Katano et al., 2014) and captured by many 

numerical models (Bouchbinder et al., 2011; Kammer et al., 

2012; Radiguet et al., 2013; Trømborg et al., 2014; Taloni et al., 

2015; Roch et al., 2022). The propagation of wavefronts with 

different velocities has also been observed both in experiments 

(Rubinstein et al., 2004; Xia et al., 2004; Coker et al., 2005; 

Ben-David et al., 2010) and in simulations (Braun et al., 2009; 

Trømborg et al., 2011; BarSinai et al., 2013; Amundsen et al., 

2015; Trømborg et al., 2015; Svetlizky et al., 2016), and 

analogies with fracture mechanics have been highlighted and 

exploited to quantitatively investigate this aspect of frictional 

phenomena (Barras et al., 2020; Svetlizky and Fineberg, 2014; 

Thøgersen et al., 2014; Kammer et al., 2015). 

On nominally flat surfaces, the regions where slip precursors 

occur is influenced by the tangential driving force: in 

Rubinstein et al. (2007) they were observed at the trailing edge 

and their length, i.e. the their propagation distance, has been 

predicted by means of fracture mechanics models (Kammer et 

al., 2015; Bayart et al., 2016). The frequency of these 

precursors, which redistribute the surface stress in a non-

uniform way and induce a change of the contact area, grows 

until a macroscopic rupture front nucleates and propagates 

along the whole surface. The emergent static global friction 

properties, i.e. the first maximum load level reached by the total 

tangential force in a sliding test, is largely determined by these 

effects, as recently shown in Gvirtzman and Fineberg (2021). 

These studies are important not only to increase our 

understanding of basic friction phenomena taking place at the 

interface between solids, but also for applications in biology 

and Labonte et al. (2014), Filippov and Gorb (2016) and 

Tramsen et al. (2018), in engineering and materials science 

(Etsion, 2004; Gachot et al., 2017; Rosenkranz 

et al., 2019), and in geophysics, to interpret the signals recorded 

during the preparatory phase preceding an earthquake 

(Dieterich, 1978; Rice, 1993; Lapusta and Rice, 2003; Bar Sinai 

et al., 2012; Lambert et al., 2021). 

This body of literature demonstrates the importance of 

studying slip precursors and the dynamics underlying stress 

redistribution before and during the transition to sliding. 

However, the understanding of these phenomena is often 



 

 

complicated by the presence of multiple length scales at the 

interfaces. Thus, it is crucial to investigate how the interplay 

between length scales affects the formation and propagation of 

slip precursors. 

In Costagliola et al. (2018), we investigated how the 

macroscopic static friction coefficient is affected by two-

dimensional surface structures, which give rise to these non-

trivial phenomena. We observed a non monotonic behavior of 

the static friction coefficient with the surface length scales and 

non linear effects for anisotropic shapes. Moreover, we showed 

that the global static friction is not only determined by the non-

uniform tangential stress distribution before the sliding phase, 

but also by the dynamics of the transition, i.e. the propagation 

of the slip front. An example of this is the case of a patterned 

surface with straight narrow grooves. This configuration has 

been analyzed numerically and experimentally in the literature, 

in particular in the case of laser textured surfaces (Prodanov et 

al., 2013; Gachot et al., 2013; Rosenkranz et al., 2014; 

Gnilitskyi et al., 2019), demonstrating that patterning reduces 

friction, but with a non-trivial dependence on system geometric 

parameters. In our study, considering an elastic patterned 

surface over a rigid flat substrate, we have found that static 

friction is greater when the grooves are perpendicular to the 

sliding direction rather than parallel to it. However, the 

tangential stress on the edges before sliding is larger in the 

former case, so that we would expect a smaller static friction. 

This apparent paradox is explained by the subsequent dynamic 

evolution. When the motion begins, grooves aligned with the 

sliding direction favor the rupture front propagation, so that the 

global tangential force peak is smaller. This example illustrates 

how the stress redistribution after every local slip event is 

fundamental to understand how a surface structure modifies the 

onset of dynamic motion. 

In this paper, we further investigate these concepts from a 

more general point of view. We focus on determining the 

localization of slip precursors and the propagation of the rupture 

waves, which determine the emergent static friction properties. 

Due to the stress concentrations on the edges of surface patterns, 

during the rupture process there is a time sequence of localized 

slip precursors leading to the sliding of the whole contact 

region. The length scale of the patterns has a nontrivial interplay 

with the occurrence and location of slip precursors, with 

different regimes in which the transition from a static to a 

dynamic phase, from sharp becomes smooth. We show how the 

interplay between slip precursors and two geometric length 

scales affect the macroscopic sliding event. We deal with this 

problem by means of numerical simulations using the two-

dimensional spring-block model introduced in Costagliola et al. 

(2018), allowing to take into account simultaneously 

longitudinal and tangential stress on the edges of surface 

features. 

The paper is organized as follows: in Section 2 we present 

the model. In Section 3.1, we consider the case of non-patterned 

surfaces, to clarify the general dynamic of the model and to 

obtain benchmark results. In Section 3.2 we consider square 

pillar patterns to explain the interplay between the pattern 

length scale and the slip precursors. In Section 3.3, we introduce 

the hierarchical patterning and in Sections 4 and 5 we provide 

the discussion and conclusions. 

2. Model 

We adopt the formulation of the spring-block model 

introduced in Costagliola et al. (2018), considering an elastic 

material sliding over a non-deformable rigid substrate. The 

elastic surface is discretized 

 

Fig. 1. (a) Discretization of a square surface into a 2-D spring-

bock model, showing the mesh of the internal springs 𝐾𝑖𝑛𝑡. The 

shear springs (𝐾𝑠) attached above the blocks are not shown. (b) 

Side view showing the slider moving at constant velocity 𝑣 and 

the shear springs. 

into elements of mass 𝑚, each connected by springs to the eight 

first neighbors and arranged in a regular square mesh (Fig. 1a) 

with 𝑁𝑥 (𝑁𝑦) blocks along the 𝑥(𝑦) axis at a distance 𝑙𝑥(𝑙𝑦). In 

order to obtain the equivalence of this spring–mass system with 

a homogeneous elastic material of Young’s modulus 𝐸, the 

Poisson’s ratio is fixed to≡ 𝜈 = 

1∕3 (Absi and Prager, 1975), 𝑙𝑥 = 𝑙𝑦 𝑙 and 𝐾𝑖𝑛𝑡 = 3∕4𝐸𝑙𝑧, where 𝑙𝑧 

is the thickness of the 2-D layer and 𝐾𝑖𝑛𝑡 is the stiffness of the 

springs connecting the four nearest neighbors of each block, i.e. 

those aligned with the axes. The stiffness of the diagonal springs 

must be 𝐾𝑖𝑛𝑡∕2. 

The internal elastic force on the block 𝑖 exerted by the 

neighbor 𝑗 is 𝐅(
𝑖𝑛𝑡𝑖𝑗

) = 𝑘𝑖𝑗(𝑟𝑖𝑗 − 𝑙𝑖𝑗)(𝐫𝑗 −𝐫𝑖)∕𝑟𝑖𝑗, where 𝐫𝑖, 𝐫𝑗 are the 



 

 

position vectors of the two blocks, 𝑟𝑖𝑗 is the modulus of their 

distance, 𝑙𝑖𝑗 is the modulus of the rest distance and 𝑘𝑖𝑗 is the 

stiffness of the spring connecting them. 

All the blocks are connected by springs of stiffness 𝐾𝑠 to the 

slider that is moving at constant velocity 𝑣 in the 𝑥 direction 

(Fig. 1b). Hence, the shear force exerted by the slider on the 

block 𝑖 is 𝐅(
𝑠𝑖

) = 𝐾𝑠(𝐯𝑡 + 𝐫𝑖0 − 𝐫𝑖), where 𝐫𝑖0 is the initial rest 

position of the block and 𝐯 = (𝑣, 0) is the slider velocity vector. 

The total driving force on 𝑖 can be defined as 𝐅

𝑖). The stiffness 𝐾𝑠 can be expressed as a function of the 

macroscopic shear modulus 𝐺 = 3∕8𝐸, so that by simple 

calculations we obtain 𝐾𝑠 = 𝐾𝑖𝑛𝑡𝑙 . In the following, for 

simplicity we fix 𝑙𝑧 = 𝑙. Thus, the elementary mass is 𝑚 = 𝜌𝑙3, 

where 𝜌 is the material density. Moreover, we consider only a 

square mesh,≡ i.e. 𝑁𝑥 = 𝑁𝑦 𝑁 . 

In the spring-block model, a viscous damping force, 

proportional to 

the velocity, is added to eliminate artificial block oscillations, 

i.e. 𝐅𝑑(𝑖) = −𝛾 𝑚𝐫̇𝑖, where 𝛾 = 5 ms−1 is the damping frequency. 

The interaction with the substrate is modeled as described in 

Costagliola et al. (2018, 2016), i.e. as an Amontons–Coulomb 

friction force with a statistical distribution on the friction 

coefficients: while the block 𝑖 is at rest, the friction force 𝐅(
𝑓𝑟𝑖

) 

opposes the total driving force, i.e. 𝐅(𝑓𝑟𝑖) = −𝐅(𝑚𝑜𝑡𝑖) , up to a 

threshold value 𝐹𝑓𝑟(𝑖) = 𝜇𝑠𝑖 𝐹𝑛(𝑖), where 𝜇𝑠𝑖 is the static 

friction coefficient and 𝐹𝑛
(𝑖) is the normal force on 𝑖. When this 

limit is exceeded, a constant dynamic friction force opposes the 

motion, i.e. 𝐅(
𝑓𝑟𝑖

) = −𝜇𝑑𝑖 𝐹𝑛
(𝑖)𝐫̂𝑖̇, where 𝜇𝑑𝑖 is the dynamic friction 

coefficient and 𝐫̂𝑖̇ is the velocity direction of the block. Given 

the applied pressure 𝑃 , the normal force 𝐹𝑛
(𝑖) can be calculated 

as 𝐹𝑛
(𝑖) = 𝑃 𝑙2 and the total normal force is 𝐹𝑛 = 𝑃 𝑙2𝑁 2. 

In the following, we will drop the subscript 𝑠, 𝑑 every time 

the considerations apply to both the coefficients. The 

microscopic friction coefficients are extracted from a Gaussian 

statistical distribution to account for the randomness of the 

surface asperities, i.e.√ 𝑝(𝜇𝑖) = 

 

( 2𝜋𝜎)−1 exp[−(𝜇𝑖 −(𝜇)𝑚)2∕(2𝜎2)], where (𝜇)𝑚 denotes the mean 

of the microscopic friction coefficients and 𝜎 is its standard 

deviation. The mean microscopic static and dynamic friction 

coefficients are fixed conventionally to (𝜇𝑠)𝑚 = 1.0(1) and (𝜇𝑑)𝑚 

= 0.60(5), respectively, where the numbers in brackets denote 

the standard deviations of their Gaussian distributions. 

Thus, the Newton’s law for the block 𝑖 is: 𝑚𝐫 ̈𝑖 

 

𝐅(𝑓𝑟𝑖) +𝐅(𝑑𝑖). The overall system of differential equations is 

solved using a fourth-order Runge–Kutta algorithm. In order to 

calculate the average of any observable, the simulation must be 

repeated various times, extracting each time new random 

friction coefficients. In repeated tests, an integration time step ℎ 

= 10−8 s proves to be sufficient to reduce integration errors under 

the statistical uncertainty in the range adopted for the 

parameters of the system. 

The global emergent friction force can be calculated from the 

sum of the longitudinal forces exerted by the slider, i.e. 𝐹𝑓𝑟 

𝑖)|, which corresponds to the longitudinal friction force 

that would be measured in an experiment of linear sliding. 

Realistic values are chosen for the physical system 

parameters, i.e. a Young’s modulus 𝐸 = 10 MPa, which is 

typical for a soft polymer or rubber-like material, a density 𝜌 = 

1.2 g/cm3, and a normal pressure 𝑃 = 0.05 MPa. We have chosen 

these values as an average of those used in previous 

experimental work on these systems (Balestra et al., 2022; 

Berardo et al., 2019), but we note that, in the spring-block 

model, the relevant parameters is the ratio between Young’s 

modulus and applied pressure, so that our results are 

qualitatively the same for all larger Young’s moduli, provided 

that the pressure is also increased. The slider velocity is 𝑣 = 0.05 

cm/s, similar to those adopted in recent experiments with 

surface textures (Berardo et al., 2019; Sahli et al., 2018; 

Maegawa et al., 2016). The distance between blocks 𝑙 in the 

model is an arbitrary parameter representing the smallest 

surface feature that can be modeled and is chosen by default as 

𝑙 = 10−3 cm. 

For discussion on the effect of these approximations, the 

comparison with other formulations of the literature, and the 

choices of parameters, we refer the reader to Costagliola et al. 

(2018). We remark here that the formulation is appropriate to 

describe the transition to sliding for slow velocities, assuming a 

constant real contact area and neglecting any long-term 

dynamical effects. For this reason, it is more effective in 

estimating the values of the static friction coefficient with 

respect to the dynamic ones (Berardo et al., 2019). Moreover, 

the current setup cannot capture phenomena related to the 

vertical stress distributions (Guarino et al., 2018) or wave 

propagation in the bulk, and those related to the modification of 

the real contact area (Balestra et al., 2022; Sahli et al., 2018). 

Nevertheless, the model is able to provide a good qualitative 

understanding at the onset of sliding at relatively small 

computational costs with respect to other full three-dimensional 

methods. 

In order to simulate the presence of patterning on the surface, 

we set to zero the friction coefficients of the blocks located in 

correspondence with detached regions from the rigid plane. 

These blocks are not considered in contact with the ground, and 

the total normal force is distributed only on contact blocks. This 



 

 

is a good approximation to find the in-plane stress distribution 

at least for shallow structures, i.e. when their length along the 

vertical axis is larger than surface roughness, but sufficiently 

small to avoid significant effects due to the vertical shear stress, 

like deformation, tilting or bending of these structures. In 

Berardo et al. (2019), in which surface structures fulfill this 

condition, this model is able to reproduce the qualitative trends 

of the static friction coefficients by varying the structure length. 

3. Results 

3.1. Non-patterned surface 

As discussed in Costagliola et al. (2018), our formulation of 

the spring-block model (for a non-patterned surface) provides a 

qualitative 

description of the onset of the sliding motion. In the following, 

we will refer to detachment of a single block to indicate its 

transition from static to dynamic friction. 

The typical time evolution of the total friction force is shown 

in Fig. 2. Slip precursors occur as single detachment events 

before the macroscopic sliding phase, corresponding to the 

weakest microscopic static friction thresholds. From these 

events,macroscopic rupture waves may nucleate. Parameters 

like the slider velocity, pressure, or statistical distributions of 

the local friction coefficients all affect the number of wave 

fronts, but in any case the time instant 𝑡𝑚𝑎𝑥 at which the 

maximum tangential force occurs and the global static 

coefficient is calculated, corresponds to the onset of 

propagation. Once the detachment fronts have traveled across 

the whole contact surface, a non-uniform distribution of 

residual strains appears at the time instant corresponding to the 

relative minimum of the force after the first peak in Fig. 2. 

These residual strains are removed at the beginning of the 

dynamic phase (Radiguet et al., 2013), when localized stick–

slip motions of small fractions of the contact area take place. 

Fig. 2 displays the corresponding number of blocks 

detaching over time: the precursors are those occurring before 

𝑡𝑚𝑎𝑥, whereas after this time instant there is the main sliding 

avalanche, highlighted by the peak of the number of 

detachments. The two peaks are clearly separated: 𝑡𝑚𝑎𝑥 occurs 

before the average detachment time calculated over all blocks, 

namely 𝑡𝑎𝑣𝑔, which corresponds roughly to the propagation 

instant of the wave fronts over the whole surface. The time 

sequence of detachments on the two-dimensional surface is 

graphically illustrated in Fig. 3. From this we observe that not 

all the precursors trigger a rupture wave front. 

3.2. Single-scale patterned surfaces 

On non-patterned surfaces, the localization of slip precursors 

and nucleation points are determined by the statistical 

distributions of the local friction coefficients. Thus, on average, 

each point of the surface has the same probability of being a 

nucleation point, and in repeated simulations the spatial 

distribution on the surface of the initial detachment time is 

uniform. This situation changes in the presence of surface 

patterning. Here, we consider square pillars, which are a simple 

configuration to investigate these effects from a qualitative 

point of view. 

In order to simulate these structures, we set to zero the local 

friction coefficients of the blocks not corresponding to the pillar 

regions. We indicates with 𝑙𝑝 and 𝑙𝑠 the pillar size and spacing, 

respectively, which can be normalized by the elementary block 

distance≡ ≡ 𝑙, so that we can define 𝑛𝑝 𝑙𝑝∕𝑙 and 𝑛𝑠 𝑙𝑠∕𝑙 

corresponding to the pillar and spacing length expressed in 

terms of number of blocks. Fig. 4 shows an example of a surface 

portion characterized by equally spaced square pillars. 

The distance between surface edges and the pillars close to 

them is 𝑙𝑠∕2 to reduce boundary effects. We have verified in 

preliminary tests that, with this choice, all the pillars have the 

same average statistical≥ properties and are subject to the same 

stress distributions for≤ 𝑛𝑝 4. The case 𝑛𝑝 3 is peculiar, since 

the number of blocks on the pillar is too small to induce a non-

trivial stress distribution. In this case, the transition to sliding is 

similar to that for a non-patterned surface, so≥ that in the 

following analysis we restrict to the cases 𝑛𝑝 4. 

The non-uniform surface stress distribution occurring on the 

surface of a single pillar before sliding induces a specific 

detachment time sequence, as shown in Fig. 5. First, regions on 

the corners detach, then those on the boundaries perpendicular 

to the sliding direction, followed by those on the parallel 

boundaries. This is because the longitudinal 

 



 

 

Fig. 3. Color map of the times 𝑡𝑑𝑒𝑡 of the first detachment of the 

blocks on the surface, corresponding to the time evolution of 

Fig. 2. Times are normalized with respect to 𝑡𝑚𝑎𝑥, so that blue 

corresponds to detachment before the force peak and the red to 

those after that. The slip precursors appear as dark blue spots, 

not all of which give rise to a detachment nucleation point, e.g. 

those located in red regions. 

stress exerted on orthogonal edges is larger than in-plane shear 

stress along parallel ones. This sequence is repeated for the 

blocks adjacent to those on the borders. These detachments 

occur before the maximum of the friction force is reached and 

the global sliding begins, so that they can be considered sliding 

precursors. Finally, detachment waves are triggered from 

nucleation points located near the edge and propagate towards 

the central part of the pillar, which is the last part detaching. The 

number of wave fronts crossing the pillar and the exact location 

of the nucleation points is influenced by the random distribution 

of the local friction coefficients, but the described detachment 

sequence always occurs, independently of statistical properties. 

The sequence reflects the initial stress distribution and its 

redistribution after the first detachments, but the macroscopic 

consequence is the inversion between 𝑡𝑚𝑎𝑥 and 𝑡𝑎𝑣𝑔, i.e. the force 

peak always occurs after the average detachment time. This 

implies that the sliding precursors are not only a few isolated 

blocks, but a whole region localized around the edge of the 

pillar. This is a qualitative change of the dynamics occurring at 

the onset of sliding motion, which is reflected in the shape of 

the force time evolution curve that is no longer a sharp peak, 

and becomes rounded. 

This can be observed in Fig. 6, which illustrates the time 

evolution of the force and the number of detachments for 

various values of 𝑛𝑝. While for≥ 𝑛𝑝 = 2 the behavior is similar 

to a non-patterned surface, for 𝑛𝑝 6 the sliding precursors are 

numerically relevant and occur for a larger time interval before 

𝑡𝑚𝑎𝑥. For very large pillars, e.g. 𝑛𝑝 = 60, the static friction 

coefficient increases again and the transition is sharper. This is 

because the region characterized by sliding precursors, 

localized around the edges of the pillars, becomes negligible 

with respect to the surface area of the central part, which is 

involved in the main detachment front after the time 𝑡𝑚𝑎𝑥. 

The characteristic length of the slip precursors on the pillar 

sides in orthogonal directions is not symmetric due to the 

preferential sliding direction. This asymmetric behavior has 

been observed in recent experiments (Sahli et al., 2018). In the 

2-D spring-block model, this causes different detachment 

processes at orthogonal sides of the pillar. 

If 𝜏1, 𝜏2 are the detachment times of two points 𝑥1 and 𝑥2 

located 𝐶 (𝑥1, 𝑥2) ≡ ⟨𝜏1𝜏2⟩ − ⟨𝜏1⟩⟨𝜏2⟩, where ⟨...⟩ denotes the 

average over on the same pillar side, we can calculate the time 

correlation function 

repeated simulations. If the correlation is zero, the detachment 

times in repeated simulations are uncorrelated. This implies 

that, despite 𝜏1, 𝜏2 have the same average value, they detach 

independently of each other. Instead, in the presence of 

correlation, their detachment could be triggered by the same 

precursor events involving more blocks. The precursor length 

can be estimated as the distance over which a significant 

correlation exists. 

In Fig. 7, we report the correlation function calculated from 

the central point of each side as a function of the distance along 

the same side. In symbols, on sides along 𝑥, the time correlation 

function are calculated between the points≡ 𝑥1 = (𝑛𝑝∕2, 0) and 𝑥2 

= (𝑛𝑝∕2 + 𝑟, 0) as 

𝑐𝑥(𝑟) 𝐶 (𝑥1, 𝑥2)∕𝐶 (𝑥1, 𝑥1), which is the normalized correlation 

function. The same definition applies for the side along≡𝑦 

between the points 

 

Fig. 2. Time evolution for the total friction force and percentage of detaching blocks, i.e. blocks switching from static to dynamic 

friction in small time ranges, for a non-patterned surface. The vertical dotted line marks the maximum of the total friction force, 

occurring at 𝑡𝑚𝑎𝑥 and the thin solid line the average detachment time 𝑡𝑎𝑣𝑔. Slip precursors appear before 𝑡𝑚𝑎𝑥, while the global 

detachment event occurs shortly after it. This simulation is performed with default parameter values and 𝑁 = 120. 



 

 

𝑦1 = (0, 𝑛𝑝∕2) and 𝑦2 = (0, 𝑛𝑝∕2 + 𝑟), with 𝑐𝑦(𝑟) 𝐶 (𝑦1, 𝑦2)∕𝐶 (𝑦1, 

𝑦1). These correlation functions are shown in Fig. 7 for various 

𝑟 values: while 𝑐𝑦(𝑟) decreases rapidly, 𝑐𝑥(𝑟) displays a 

correlation over a wide range of values. From this, we deduce 

that on sides aligned with the sliding direction slip precursors 

have a non-negligible characteristic correlation length. 

Although edges parallel to the sliding direction detach slightly 

after the perpendicular ones, their slip involves a larger number 

of blocks. 

The correlation functions decreases exponentially, i.e. 𝑐𝑥(𝑟) 

∼ 𝑒−𝑟∕𝑙𝑐, where 𝑙𝑐 is the characteristic correlation length, which 

can be estimated by fitting the correlation functions. In the inset 

of Fig. 7, we report the fit results for 𝑙𝑐 for various pillar sizes 

𝑛𝑝, obtained by averaging the correlation functions. It is 

difficult to estimate 𝑙𝑐 for 𝑛𝑝 ≲ 10 since there are few blocks to 

fit, however we can deduce that 𝑙𝑐∕𝑙 ≳ 3 and that it is slightly 

increasing with 𝑛𝑝. 

This means that when the characteristic correlation length is 

comparable to the total length of the pillars, a slip precursor can 

lead to the detachment of the whole side of the pillar, leading to 

a faster detachment process and a globally smaller static 

friction. This explains why the smallest static friction is 

obtained for an specific intermediate value of 𝑛𝑝, as can be 

observed in Fig. 6, and the force peak at the transition is 

considerably more rounded. 

Thus, this formulation of the spring-block model predicts an 

optimal length scale of the pillars which maximizes the 

occurrence of sliding precursors, so that the static friction is 

minimized and the transition to sliding is facilitated. One could 

argue that this feature is inherent to the discretization length of 

the model. However, this minimum value for intermediate sizes 

of the pattern is also observed in experimental results (Murarash 

et al., 2011; Li et al., 2016; Berardo et al., 2019). In real 

systems, there is a characteristic length scale of the precursors 

(Kammer et al., 2015; Bayart et al., 2016) which must be taken 

into account and compared to the length scale of the patterns. 

When the precursor length scale is greater or much smaller than 

the pattern size, the transition is qualitatively similar to that of 

a non-patterned surfaces, although the effective emergent value 

of the static friction coefficient can be different due to the 

different stress distributions. In the intermediate regime, i.e. for 

precursor length scales comparable to the pattern size, the slip 

precursors involve a relevant fraction of the contact surface and 

the detachments are distributed over a longer time interval 

around the maximum of the friction force. This leads to a longer 

duration of the transition between static and dynamic friction. 

3.3. Multiscale patterned surfaces 

Next, we consider the case in which the patterning geometry 

(i.e. the square pillars discussed in Section 3.2) is split into 

smaller substructures, giving rise to the presence of two 

different length scales in the patterning structure. The simplest 

structure to consider is a pillar characterized by high-aspect 

ratio longitudinal or transversal grooves, as shown in Fig. 8. We 

simulate these configurations again by setting to zero the 

friction coefficients of blocks corresponding to the grooves. We 

adopt the same notation of Section 3.2, i.e. a point on a pillar is 

denoted with its coordinates (𝑥𝑝, 𝑦𝑝). Length and spacing of the 

first level pillar are denoted with 𝑙𝑝(1) and 𝑙𝑠(1), respectively. The 

structure sizes of the second-level, in this case pawls and 

grooves, are denoted with 𝑙𝑝(2) and 𝑙𝑠(2), respectively. Any length 

𝑙𝑖 with a generic subscript≡ 𝑖 can be normalized by the 

elementary length 𝑛𝑖 𝑙𝑖∕𝑙. 

This type of multiscale (hierarchical) configuration 

combines the effects analyzed in the previous section due to the 

precursors appearing along the sliding direction, with another 

characteristic length due to the second level structures. As 

observed in Costagliola et al. (2016) and Brely et al. (2018), a 

hierarchical configuration allows to distribute mechanical 

stresses more uniformly over the surface and, in this case, 

 

Fig. 4. Surface patterning using square pillars. A single pillar is highlighted in the enlargement with the coordinates of its 

points (𝑥𝑝,𝑦𝑝) adopted in the next plots. 



 

 

 

Fig. 5. Average first-detachment time 𝑡𝑑𝑒𝑡 (normalized with 

respect to 𝑡𝑚𝑎𝑥) of the blocks on a single pillar of size 𝑛𝑝 = 20. 

increases the total effective length of the edges, i.e. the regions 

giving rise to slip precursors. Thus, there is a precise rupture 

time sequence as in the single-level patterns, starting from 

blocks located on the transversal side of the pillar, followed by 

those on the longitudinal external one. Shortly after these, there 

is the detachment of the blocks located along the longitudinal 

internal sides, i.e. along the second level grooves. The last stage 

of detachment takes place in the internal regions of the pawls. 

In the time evolution of the longitudinal friction force, the 

transition from static to dynamic friction is characterized by two 

load peaks separated by an intermediate quasi-static phase (see 

Fig. 9). The geometry of these configurations divides the 

contact surface into two parts of equal size with distinct 

dynamics: the edge regions where slip precursors originate, and 

the internal core of the contact structures. The external edges of 

the pillars are subjected to larger longitudinal stresses than the 

internal ones along the second-level grooves. For this reason, 

the former detach before the latter, but the correlation functions 

along the longitudinal edges display the same qualitative shape 

shown in Section 3.2. The typical correlation length is also the 

same. Thus, all the edges along the second-level grooves are 

characterized by slip precursor with non-negligible length. This 

leads to a faster detachment of the boundary regions and, 

consequently, to the first load peak. 

The time interval between the first and the second peak is 

controlled by the difference between the length scales. The 

global static friction, 

 

Fig. 6. Time evolution of the friction force and block 

detachments for various 𝑛𝑝 values. In the case 𝑛𝑝 = 2, the 

dynamics of the transition to sliding is similar to that of non-

patterned surfaces, while in the other cases the detachment 

sequence described in Section 3.2 occurs. 

 

Fig. 7. Time correlation functions 𝑐𝑥(𝑟) and 𝑐𝑦(𝑟) on orthogonal 

sides of the pillar for the case 𝑛𝑝 = 60. A point located on a pillar 

is identified by its coordinates as defined in Fig. 4 𝑥 = (𝑥𝑝,𝑦𝑝). 

On the side aligned with the sliding direction≡ 𝑥, the points are 



 

 

𝑥1 = (𝑛𝑝∕2,0) and 𝑥2 = (𝑛𝑝∕2 + 𝑟,0), and 𝑐𝑥(𝑟) 𝐶(𝑥1,𝑥2)∕𝐶(𝑥1,𝑥≡1). 

On the side along 

𝑦, the points are 𝑦1 = (0,𝑛𝑝∕2) and 𝑦2 = (0,𝑛𝑝∕2 + 𝑟), and 𝑐𝑦(𝑟) 

𝐶(𝑦1,𝑦2)∕𝐶(𝑦1,𝑦1). In the inset, the estimates of the characteristic 

correlation length 𝑙𝑐 as a function of the pillar size 𝑛𝑝 obtained 

through the fit of 𝑐𝑥(𝑟) ∼ 𝑒−𝑟∕𝑙𝑐 . 

which is determined by the force reached at the second load 

peak, can be manipulated by modifying the pillar length 𝑙𝑝(1), 

although in general all the factors analyzed in Costagliola et al. 

(2018) must be considered. 

The two load peaks appear only if the second level grooves 

are aligned with the sliding directions. On the contrary, if the 

sliding direction is along the 𝑦-axis, most of the precursors are 

uncorrelated so that there is no large detachment determining 

the first load peak observed in Fig. 9. Thus, this effect is due to 

two fundamental factors: the concurrent presence of multiple 

characteristic length scales, 𝑙 (hierarchical structure), 

and the anisotropic shape of the second-level grooves exploiting 

the occurrence of slip precursors with non-negligible length 

along the longitudinal edges. 

The results obtained for a simple two-level structure can be 

generalized to multiple length scales and more complex 

geometries or to other surface patterns, provided that a 

hierarchical organization is present. Hierarchy is necessary but 

not sufficient, since the shape of the surface patterns and the 

alignment with the sliding direction must be designed to 

maximize the occurrence of precursor length. An anisotropic 

shape, similar to that of the second-level patterns considered 

here, is another fundamental factor to obtain such non-trivial 

frictional behaviors. We expect that these effects remain present 

when adding further hierarchical levels, although other physical 

mechanisms should be considered beyond the current model at 

smaller length scales. 

4. Discussion and relevance to seismic phenomena 

The non-trivial behavior described in the previous section 

could be exploited in applications involving patterned surfaces 

for friction control, e.g., whenever a rapid transition from static 

to dynamic friction is required while maintaining a smooth 

force behavior. In the phase between load peaks such as those 

appearing in Fig. 9, the system is in a static friction phase, since 

the internal regions of the patterning are still at rest, while the 

regions involved by precursors events undergo a stick– slip 

motion after the first detachment. However, the whole contact 

surface is in a stressed state, involving a combination of 

inhomogeneous stress and partial detachment, which can lead 

to full detachment in the presence of a small additional force. 

These effects could also be relevant for understanding the 

tribology of structured surfaces, including in biological 

systems. For example, in recent years, the pre-stressed state of 

the gecko paw has been investigated and identified as one of the 

key factors responsible for its capability to detach easily despite 

its strong static adhesion (Chen et al., 2009). 

Additionally, the results discussed in this paper are 

consistent with a large body of seismic data and could provide 

elements for its better understanding and interpretation. Starting 

from the seminal paper by Dieterich (1978), earthquake 

precursors have been linked to preseismic fault creep and 

correlated to geometric dimensions of earthquake source zones. 

Preseismic slip has been found to be an intrinsic part of the 

process of homogenization of stress along a fault leading to 

unstable (seismic) slip (Papadimitriou, 2008). Precursor activity 

has been identified as one of the key ingredients in the field of 

earthquake prediction (Sykes, 1996), with much discussion on 

whether the probability for large earthquake occurrence is 

highest during time periods of smaller event activation or 

quiescence (Rundle et al., 2011). 

Analysis of seismic data sets has highlighted the presence of 

a complex nucleation phase, characterized by slip events 

distributed over long times (Linde et al., 1988; Bouchon et al., 

2011, 2013; Hasegawa and Yoshida, 2013) and sequences of 

localized precursor events have been observed (Ellsworth and 

Beroza, 1995; Dodge et al., 1996; Schaff et al., 2002). Similar 

conclusions have also been obtained from rigorous earthquake 

models involving sliding faults governed by rate and state 

friction laws (Lapusta and Rice, 2003; Lapusta et al., 2000). The 

relevance of slip precursors to characterize and possibly to 

predict macroscopic events has also been highlighted by 

discrete element models (Ferdowsi et al., 2013) and by spring-

block models (Brown et al., 1991; Mori and Kawamura, 

2008b,a). 

Our analysis introduces the possibility of correlating the 

observed phenomenology of seismic events to the geometrical 

features of the corresponding fault regions, possibly 

characterizing them statistically. In 



 

 

coordinate system. 

 

Fig. 9. Time evolution of the friction force and block 

detachment for various hierarchical configurations. The 

transition from static to dynamic friction is characterized by a 

double peak, corresponding to the distinct detachments of 

boundary and central regions of the structures. 

particular, according to our analysis, the presence of an 

extended precursor phase could be correlated to multiscale fault 

geometry, involving characteristic length scales of which the 

fundamental one is expected to be of the order of the precursor 

correlation lengths. Our analysis on the effects of multiscale 

hierarchical geometrical features are consistent with studies on 

the implications on earthquake nucleation of geometric 

irregularity of the rupturing surfaces in fault lines (Ohnaka and 

Shen, 1999), including when the geometry involves multiscale 

heterogeneity (Aochi and Ide, 2017). Our results also indicate 

that an extended precursor phase is linked to the presence of 

pre-existing faults with inhomogeneous stress distributions, 

reflecting the fact that stress transfer and stress triggering 

phenomena have been invoked in the past for the onset of 

seismic activity (Stein et al., 1994). Specific aspects related to 

the application of our model to seismic problems will be the 

focus of future work. 

5. Conclusions 

Using a 2-D spring-block model we have investigated the 

transition from static to dynamic friction in the presence of 

hierarchical multiscale surface structures. The occurrence of 

slip precursors and how they affect the global emergent 

behavior have been discussed. In the case of nominally flat 

surfaces, isolated precursor events occur before global 

detachment, leading to the nucleation of a macroscopic rupture 

front, whose propagation over the whole surface marks the peak 

of the global static friction force. 

In the presence of surface patterns, non-uniform surface 

stress distributions before sliding lead to different detachment 

sequences, and the macroscopic rupture wave is preceded by 

multiple precursor events originating from the edges of the 

structures. A characteristic length emerges, which can be 

estimated from the time correlation function, affecting the 

global transition to sliding: when the patterning size and the 

length of the precursors are of the same order, static friction is 

smaller and the transition load peak becomes smoothed. 

In the presence of multiple scale levels in the patterning, the 

effect is replicated at all size scales, leading to a detachment 

phase characterized by multiple distinct peaks, between which 

the surface is in a static friction condition but also in a stressed 

state, allowing a rapid but smooth transition to sliding. We show 

that this complex behavior emerges in the presence of both 

 

Fig. 8. Second level hierarchical patterning with high aspect ratio structures. In the enlargement, a single first level single pillar 

and second level structures in the adopted 



 

 

multiscale and appropriate anisotropic features in the surface 

patterning, and present a specific example of surface texture 

with these characteristics. Various other types of surface 

patterns could be designed to tune the specific behavior in the 

transition to sliding. These could be exploited to optimize the 

frictional properties of artificial devices switching continuously 

from static to dynamic sliding. Moreover, the discussed 

mechanisms could be responsible for the observed 

phenomenology in seismic precursor events and could be 

helpful in predicting earthquake events, based on the deduced 

average stress state of the involved fault lines. 
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