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Abstract

Criteria assuming that failure of quasi-brittle materials is affected by the stresses acting over a finite distance from the
crack tip are widely used inside the scientific community. For instance, they have been applied to predict the failure load of
specimens containing sharp V-notches, assuming as a critical parameter the average stress ahead the notch tip. However,
this kind of approaches disregards energy balance considerations, which, as well known, are the basis of linear elastic frac-
ture mechanics (LEFM). In order to overcome these drawbacks, the present paper uses a recently introduced finite fracture
mechanics (FFM) criterion, i.e. a fracture criterion assuming that crack grows by finite steps. The length of this finite
extension is determined by a condition of consistency of both energy and stress requirements; as a consequence, the crack
advancement is not a material constant but a structural parameter. The criterion is applied to structures with sharp V-
notches. The expression of the generalized fracture toughness, which is a function of material tensile strength, fracture
toughness and notch opening angle, is given analytically. Finally, we provide comparisons with: (i) the experimental data
we obtained from testing Polystyrene specimens under three point bending; (ii) some experimental data available in the
literature. The agreement between theoretical predictions and experimental results is generally satisfactory and, for most
of the cases analyzed, the FFM predictions are better than the ones provided by the simple average stress approach.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

When dealing with brittle or quasi-brittle materials, two main failure criteria are generally taken into
account. The former is a stress criterion: i.e. failure takes place if, at least in one point, the maximum principal
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stress reaches the tensile strength ru. The latter is an energetic criterion: it states that failure happens if the
crack driving force G equals the crack resistance GF. GF is the so-called fracture energy, i.e. the energy
necessary to create the unit fracture surface. According to Irwin’s relationship and dealing, for the sake of
simplicity, only with mode I crack propagation, the energetic criterion can be expressed equivalently in terms
of stress intensity factor (SIF) KI and fracture toughness KIc: failure is achieved whenever KI = KIc. This is the
failure criterion provided by linear elastic fracture mechanics (LEFM).

The stress criterion provides good results only for crack-free bodies, whereas the energetic criterion works
only for bodies containing a sufficiently large crack. Otherwise both the criteria fail. In fact, the stress criterion
provides a null failure load for a body containing a crack, the stress field being singular in front of the crack
tip; symmetrically, the energetic criterion provides an infinite failure load for a crack-free body, the stress
intensity factor being zero in absence of a crack. The above mentioned criteria therefore work for the extreme
cases (i.e. no crack or large crack); problems are expected when they are applied to intermediate cases, such as,
for instance, short cracks, blunt cracks or sharp notches.

Let us consider more in detail the case of specimens with a sharp V-notch (sometimes referred to as re-
entrant corner), which is the subject of the present paper. In this case both the stress and energetic criteria fail
since the stress field is singular at the notch tip but with a order of the singularity lower than 1/2, which implies
a null SIF. As a consequence, the stress criterion provides a vanishing failure load; at the same time, the energy
criterion yields a critical load tending to infinity. This example shows clearly that the stress and the energy
approach have to be somehow coupled in order to gather a general validity.

Concerning numerical applications to quasi-brittle materials, the goal of coupling the two above mentioned
approaches has been achieved by means of the fictitious crack model introduced by Hillerborg et al. [12],
which takes into account both the tensile strength and the fracture energy of the given material. The fictitious
crack model, as well as the cohesive crack model [4], requires a specific numerical algorithm to be inserted in
structural design codes, thus providing a very versatile tool for the analysis of quasi-brittle material structures.
For what concerns the application of the cohesive crack model to V-notched specimens, a detailed analysis can
be found in the recent paper by Gómez and Elices [9].

Anyway, easier criteria can be put forward by introducing a material length, which allows one to get ana-
lytical results, at least with sufficiently simple geometries, or to couple the failure criterion with a linear elastic
analysis performed numerically, for instance by the finite element method. The task of the characteristic length
is to take into account the fracture toughness for stress based criteria and the tensile strength for energy based
criteria. We will show how in the following section.

2. Finite fracture mechanics

Let us consider a specimen where the crack of length a (already present or not, i.e. a P 0) will grow in the x

direction under mode I condition as soon as critical conditions are met. The origin of the orthogonal coordi-
nate system (x,y) is placed at the point where crack will propagate as in the specimen of Fig. 1.

A stress based failure criterion can be set assuming that failure takes place when the average stress ahead of
the crack tip over a DS-long segment reaches the critical value ru. Or, equivalently, when the force resultant
over a segment of length DS in front of the crack tip reaches the critical value ruDS. In formulae:
Fig. 1.
crack g
Z DS

0

ryðxÞdx ¼ ruDS ð1Þ
Obviously, this criterion provides r = ru for a crack-free specimen under a tensile load (and without
stress gradient). On the other hand, the value of the material length must be determined imposing the LEFM
x
y

a
P P

Specimen subjected to mode I loading condition. The origin of the cartesian frame is placed at crack tip, x being the direction of
rowth.
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criterion KI = KIc for a specimen containing a relatively large crack (a� DS). In such a case, only the asymp-
totic stress field at the crack tip ryðxÞ ¼ KI=

ffiffiffiffiffiffiffiffi
2px
p

is required; its substitution in Eq. (1) provides the length of
the segment the stress must be averaged on:
DS ¼
2

p
KIc

ru

� �2

ð2Þ
If an analytical solution is not available, the stress field to be inserted in (1) can be obtained numerically, e.g.
by a standard finite element analysis.

The stress criterion is sometimes referred to as ‘‘average stress criterion’’ or ‘‘line method’’ and the length
DS as ‘‘critical distance’’; it dates back to Neuber and Novozhilov [21,22]. Afterwards, several researchers
applied this criterion in a wide range of geometries and materials: see, for instance, notch analysis
[24,30,6], fatigue problems [28] and composite materials [32].

Symmetrically, the LEFM criterion can be modified in order to provide the same result as the stress crite-
rion for the limit case of plain specimens. We simply assume that failure is achieved when the energy available
during a DE-long crack extension reaches the critical value GFDE. This can be expressed as
Z aþDE

a
GðaÞda ¼ GFDE ð3Þ
or, according to Irwin’s relationship:
Z aþDE

a
K2

I ðaÞda ¼ K2
IcDE ð4Þ
Obviously, this criterion coincides with the LEFM criterion KI = KIc for a specimen containing a relatively
large crack (a� DE). On the other hand, the value of the material length must be determined imposing
r = ru for a vanishing crack (a = 0). In such a case, considering only through cracks for two-dimensional
geometries, the asymptotic value for the stress intensity factor is given by KI ¼ cr

ffiffiffiffiffiffi
pa
p

, where c is a dimension-
less factor equal to 1 for center cracks and equal to 1.122 for edge cracks (which is, for instance, the case of the
specimen in Fig. 1) and r is the opening stress acting at the point where crack will grow. Substituting this
expression in Eq. (4) allows the determination of DE:
DE ¼
2

p
KIc

cru

� �2

ð5Þ
Note that the crack extensions (2)–(5) for the stress and energy criteria are the same for a center crack but
slightly differ for an edge crack. Furthermore, the simulations performed till now have shown that the predic-
tions of the two criteria [29] are usually close but not identical.

From a computational point of view, it is worth pointing out that, if the critical load is required for several
crack lengths a, the energy criterion (4) is much easier to apply than the stress criterion (1) as long as the SIF
vs. a functions are available in the SIF handbooks (or numerically by specific LEFM codes). In fact the stress
function ry(x) to be inserted into Eq. (1) (usually not available analytically) has to be computed for each value
of a, whereas only one function, KI(a), is needed to determine the critical load by means of Eq. (4) for every

value of a.
Although there are some differences, the physical meaning of the two criteria (1)–(4) is the same: fracture

does not propagate continuously but by a finite crack extension, whose length is a material constant. Hence,
the framework is a finite fracture mechanics (FFM) approach.

The energy FFM criterion (4) contains as a particular case (vanishing crack increments) the classical
LEFM. It should be noted, however, that for a material with finite strength and toughness, FFM cannot pre-
dict a stable, continuous crack growth, whereas the cohesive crack model can. On the other hand, from a phys-
ical point of view, it should be noted that several (perhaps all) fracture processes involve discontinuous crack
growth rather than smooth, continuous growth, at least at the beginning of the cracking phenomenon (see,
e.g., [1] for metals, [16] for polymers and [11] for bones). These crack jumps are likely related to material
microstructure (i.e. barrier spacing or grain boundaries), giving rise to material instabilities such as snap
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backs. However, these microstructural processes are far from being completely understood and, in what fol-
lows, the finite extension of a crack will be assumed a priori.

The energy criterion as expressed by Eq. (4) was developed in [23], under the heading quantized fracture
mechanics (where its validity for nano-structures and microscopic specimens was established) and in [29],
where it was named finite fracture mechanics. These two papers have demonstrated that the approach can
be used for all classes of materials, at all size scales from point defects in carbon nanotubes to large notches
in engineering structures. Note that the term FFM has been already used by [10,15] in a different framework,
i.e. the multiple cracking of coating layers and of composite laminates. In those cases, the term finite refers to
the creation of new cracks of (although small) finite size. In spite of the different context, it was decided to use
the same name since the idea to substitute the infinitesimal increase of crack surface with a finite increment is
the same both for our and their approach. Finally, note that a slightly different form of the energy criterion (4)
has been introduced by Seweryn [25] within the analysis of V-notched components.

In spite of the fact that criteria (1) and (4) provide predictions generally in good agreement with experimen-
tal data, it has been shown by Cornetti et al. [7] that they still contain some flaws. They arise if we consider
specimens whose structural size is close to the finite crack extensions (2)–(5).

Let us consider for instance a three point bending (TPB) un-notched specimen with a ligament length equal
to the finite crack extension. The resultant of the stresses acting over the ligament is null; hence the average
stress criterion (1) provides an infinite failure load. On the other hand, the energy available at constant load is
infinite: the integral at the right-hand side of Eq. (4) diverges and therefore the critical load predicted is zero.
Both the predictions are obviously unacceptable: it is argued that sound predictions can be obtained only for
specimen heights one order of magnitude larger than the finite crack extension. Unfortunately, this is not
always the case, especially for materials with a large critical distance, as, e.g., concrete-like materials.

In order to overcome these drawbacks, a new FFM criterion has been proposed by Cornetti et al. [7], where
it was applied to the prediction of size effect upon strength of TPB cracked and un-cracked specimens. Com-
parison with experimental data on concrete beams [13] proved the soundness of the approach, which is briefly
recalled hereafter and applied to V-notched specimens in the following section.

According to the criteria (1)–(4), the internal lengths DS and DE are determined imposing the fulfilment of
limit cases: long crack failure load for the stress-based criterion and no crack failure load for the energy-based
criterion. Nevertheless, the two approaches remain distinct and the fulfilment of one of them usually implies
the violation of the other one. In other words, when applying the average stress criterion, the energy released
in the crack extension is not always GFDS: hence the energy balance is violated (under the assumption that the
kinetic energy associated with the dynamics of crack growth is negligible). On the other hand, when applying
the energetic criterion, the resultant of the stresses acting on the crack extension can differ from the product
ruDE. In order to overcome this incongruence, the hypothesis that D is a material constant has to be removed.
Note that the crack is still propagating by finite steps, i.e. we remain in the framework of FFM. The value of
the finite crack extension is determined by the contemporaneous fulfilment of stress and energy criteria, i.e.
when both the following equations are satisfied:
R DSE

0
ryðxÞdx ¼ ruDSER aþDSE

a K2
I ðaÞda ¼ K2

IcDSE

(
ð6Þ
This means that failure takes place whenever there is a segment of length DSE over which the stress resultant is
equal to ruDSE, and, contemporarily, the energy available for that crack extension is equal to GFDSE. Eq. (6)
represents a system of two equations in the two unknowns: rf, i.e. the failure load (implicitly embedded in the
functions ry(x) and KI(a)), and DSE, i.e. the crack extension. While each single equation represents only a nec-
essary condition for failure, the fulfilment of both of them represents a necessary and sufficient condition for
fracture to propagate. From a physical point of view, the criterion expressed in Eq. (6) is equivalent to state
that fracture is energy driven but a sufficiently high stress field must act in order to trigger crack propagation.
Since the present fracture criterion is obtained by coupling the stress and energy FFM criteria (Eqs. (1)–(4)),
henceforth, we will refer to Eqs. (6) as the coupled FFM criterion. As will be shown in Section 3, the length DSE

ceases to be a material constant and becomes a structural parameter, thus able to take into account the inter-
action between the finite crack extension and the geometry of the specimen.
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Finally, among recent advances in the analysis of V-notched structures, we want to cite: the failure criterion
proposed by Lazzarin and Zambardi [17], which assumes as a critical parameter the strain energy in a small
region around the notch tip; the fracture criterion proposed by Leguillon [18,19], which is similar to Eq. (6) (it
differs because it is based on the point-wise stress criterion); the promising technique proposed by Tovo et al.
[31], where the critical parameter is a non-local equivalent stress expressed by an implicit differential equation;
the paper by Kashtanov and Petrov [14], where an intriguing idea to extend Griffith’s energy balance to
V-notched structures is set by means of a fractal crack growth.

3. Generalized fracture toughness for a V-notch

In this section, the coupled FFM criterion (6) is applied to the strength prediction of TPB specimens with a
V-notch at mid-span. We are interested in the variation of the strength along with the notch opening angle x.

As well-known from Williams’ analysis, geometries with re-entrant corners show a stress field singularity
weaker than 1/2, this value being typical of cracked configurations. Therefore, as already stated in the Intro-
duction, both the strength (r = ru) and the toughness (KI = KIc) criteria do not succeed in predicting failure of
V-notched components. We will show that FFM can overcome the drawbacks of classical failure criteria.

The coefficient of the leading term in the asymptotic expansion of the stress field in the neighborhood of the
corner tip is named generalized stress intensity factor and marked by K�I henceforth [3]. In formulae this means
that, if we consider a symmetrical (with respect to x-axis) geometry such as the one of Fig. 2, the asymptotic
stress field ahead the notch tip on the axis of symmetry is provided by:
ryðxÞ ¼
K�I

ð2pxÞ1�k ð7Þ
where k is an exponent which depends on the angle x according to the classical work by Williams: k = k(x).
Observe that, varying x, the physical dimensions of K�I change. For the sake of clarity, it should be highlighted
that also other definitions of the generalized SIF are used in the literature: their difference lies in the exponent
of the term (2p) at the right-hand side of Eq. (7). Some authors prefer to raise that term to 0 (as in [18]) or to
1/2 (as in [17] or [26]) instead of (1 � k). However, the use of the definition corresponding to the expression (7)
has the nice property that the generalized SIF coincides respectively with the SIF and the stress at the notch tip
in the extreme cases of a crack and a flat edge.

If the crack advancement D is small enough with respect to the other geometrical quantities, the stress field
to be inserted into Eq. (1) or (6) is sufficiently well described by its leading term (Eq. (7)). Let us consider firstly
the average stress criterion. Substituting Eq. (7) into Eq. (1) shows that critical conditions are achieved when
the generalized SIF reaches the critical value K�Ic:
K�I ¼ K�Ic ð8Þ

where [24]
K�Ic ¼ k
ð2KIcÞ2ð1�kÞ

r1�2k
u

ð9Þ
and it is named generalized fracture toughness [3].
ω
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d

Fig. 2. Three point bending (TPB) test of a V-notched specimen.
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Observe that not only the value but also the physical dimensions ([F][L]�(1 + k), F = force, L = length) of
the generalized fracture toughness vary along with the notch opening angle: the extreme cases are the flat edge
(x = p, k = 1), when K�Ic coincides with the tensile strength ru, and the crack (x = 0, k ¼ 1

2
), when K�Ic becomes

the fracture toughness KIc.
When failure is governed by Eq. (8), i.e. when the generalized SIF is the critical parameter [3,8], the struc-

tural behavior is defined to be brittle. We showed that this statement is a consequence of the smallness of the
finite crack advancement with respect to the specimen size. This means that brittleness is more a structural
property rather than a material property. Brittle collapse will proceed ductile collapse not only if the material
has low toughness and a high strength (i.e. the material is brittle), but also if the structural size is large. In
other words, a typical brittle material can show a ductile behavior if the structural size is small enough or,
vice-versa, a typical ductile material can show a brittle behavior if the structural size is large enough. In
formulae, this concept is very well summarized by introducing the brittleness number s:
Fig. 3.
stress d
s ¼ KIc

ru

ffiffiffi
b
p ð10Þ
where b is a size characteristic of the structure. The brittleness number s is a non-dimensional quantity intro-
duced by Carpinteri [2]: brittle structural behaviors are generally expected for low brittleness numbers.

Concerning V-notched specimens, theoretical predictions provided by the average stress criterion are usu-
ally satisfactory [24]. Nevertheless, from a physical point of view, Eq. (8) coupled with Eq. (9) is not very con-
vincing since an energy background is missing. On the other hand, as well known, the LEFM criterion
KI = KIc, valid for cracked bodies, derives from an energy balance, the SIF being related to the strain energy
release rate G by Irwin’s relationship KI ¼

ffiffiffiffiffiffiffi
GE
p

. According to the average stress criterion, Eq. (8) lacks this
energy counterpart.

Our aim is now to apply the coupled FFM criterion (6) to symmetrical specimens with sharp V-notches, i.e.
loaded in mode I. It will be shown that FFM provides an energetic meaning to Eq. (8) and, at the same time,
yields a different estimate of the generalized fracture toughness with respect to Eq. (9).

In order to use Eq. (6), the SIF for a short crack of length a growing from the notch tip is required (see
Fig. 3a). This function is not available in the literature, but it can be obtained from the weight functions pro-
viding the SIF for a crack at a V-notch tip of an infinite plate loaded by a pair of forces acting on the crack lips
(see Fig. 4). It should be observed that this geometry is not the actual one. Nevertheless the solution for the
specimen geometry tends to coincide with the one for the infinite plate for sufficiently small cracks. This is
exactly what happens in the present case since, assuming a brittle structural behavior (low brittleness number),
the finite crack extension is much shorter than the other specimen geometrical quantities.
– σy(x)

P
σy(x)

P

= +
a

Principle of effect superposition to determine the SIF of a crack at a notch tip. The SIFs of the schemes (a) and (c) are equal and the
istribution of schemes (b) and (c) are given by Eq. (7). Observe that the geometry (b) coincides with the un-cracked case of Fig. 2.
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Fig. 4. Crack at a V-notch tip loaded by a pair of forces P.
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The SIF for a pair of forces P is [27]:
KI ¼ P

ffiffiffiffiffiffi
2

pa

r
F

x
a
; a

� �
ð11Þ
with
F
x
a
; a

� �
¼

~f ðaÞ þ x
a ~gðaÞ þ x

a

� �2~hðaÞffiffiffiffiffiffiffiffiffiffi
1� x

a

p ð12Þ
where a = p � x/2 (see Fig. 4). The expressions of the functions ~f ; ~g; ~h are as follows:
~f ðaÞ ¼
ffiffiffi
p
2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aþ sin 2a

a2 � sin2 a

s
ð13aÞ

~gðaÞ ¼ �1� 3~f ðaÞ þ ~f 1ðaÞ ð13bÞ
~hðaÞ ¼ 2þ 2~f ðaÞ � ~f 1ðaÞ ð13cÞ
with:
~f 1ðaÞ ¼
6:142þ 2:040a2 � 0:1290a3

a
3
2

ð14Þ
Eq. (11) can be seen as a weight function, since it allows one to determine the SIF for any stress field ry(x)
acting on the crack faces:
KIðaÞ ¼
Z a

0

ryðxÞ
ffiffiffiffiffiffi
2

pa

r
F

x
a
; a

� �
dx ð15Þ
The principle of effect superposition can now be invoked to determine the SIF of the geometry in Fig. 3a. In
fact the geometry we are dealing with can be seen as the sum of the two cases of Figs. 3b and c, where the crack
faces are subjected to the stress field of the un-cracked specimen, i.e. Eq. (7). In the former scheme (Fig. 3b) the
stresses cause crack closure, whereas in the latter one (Fig. 3c) they tend to open the crack lips. It is evident
that the first case correspond to the un-cracked (but notched) configuration, i.e. the geometry in Fig. 2, where
the SIF is null. Hence the SIF of the second scheme (Fig. 3c) coincides with the SIF of the geometry we are
interested in (Fig. 3a). Note that, since we use only the asymptotic stress field (7), this argument is valid as far
as the crack length a is short with respect to all geometrical quantities, i.e. specimen height b, length l and
notch depth d; however, these requirements are fulfilled since we assumed a brittle structural behavior.

The SIF of the geometry of Fig. 3c can be obtained substituting the stress field (7) into Eq. (15), yielding:
KIðaÞ ¼ wðxÞ K�I
ð2pÞ1�k ak�1

2 ð16Þ
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where
wðxÞ ¼
Z 1

0

ffiffiffi
2

p

r
F ðt; aÞ

t1�k
dt ð17Þ
t = x/a being a dummy variable. Function w depends only on the notch opening angle x through a and k.
Solving the integral in Eq. (17) provides the following analytical expression for w:
wðxÞ ¼
ffiffiffi
2

p

r
~f ðaÞB k;

1

2

� �
þ ~gðaÞB kþ 1;

1

2

� �
þ ~hðaÞB kþ 2;

1

2

� �	 

ð18Þ
where B is the beta function. Function w is plotted vs. x in Fig. 5.
According to what was stated above, Eq. (16) provides the expression of the SIF not only for the geometry

of Fig. 3c, but also for the geometry of Fig. 3a, i.e. the SIF for a crack at a V-notch tip loaded in mode I.
Observe that the SIF KI is a function of the generalized SIF K�I for the un-cracked configuration, of the notch
opening angle x and of the crack length a. Concerning the dependence on the crack length, it is worthwhile to
observe that Eq. (16) encompasses the limit case of an edge crack, KI /

ffiffiffi
a
p

(x = p, k = 1) and a pre-existing
crack, KI / a0, i.e. constant (x = 0, k ¼ 1

2
). This last result is coherent with the assumption a� d: in fact, since

the crack a is much shorter than the notch depth d, if the notch becomes a crack we have KI(d + a) ffi KI(d).
Note that a formula analogous to Eq. (16) providing the energy required for creating a small crack at a V-

notch tip has been recently derived by Leguillon [18]. He exploited a different technique (i.e. the theory of
asymptotic matching); however, he did not provide an analytic expression for the SIF of a crack at a notch
tip as we did here by means of Eqs. (16) and (18). Furthermore, according to the authors’ knowledge, the
exponent of the power law between the crack driving force and the length of a crack at a V-notch tip dates
back to the work by Morozov [20].

We are now able to apply the coupled FFM criterion (6). We need to substitute Eqs. (7) and (16) into the
system (6). Analytical passages provide the values of the finite crack extension DSE:
DSE ¼
2

kw2

KIc

ru

� �2

ð19Þ
and the critical value of the generalized SIF (i.e. the generalized toughness):
K�Ic ¼ kk 4p

w2

	 
ð1�kÞ K2ð1�kÞ
Ic

r1�2k
u

¼ nðxÞK
2ð1�kÞ
Ic

r1�2k
u

ð20Þ
where function n(x) is introduced for the sake of simplicity. Observe that both the finite crack extension DSE

and the generalized toughness K�Ic are functions of the material parameters and of the notch opening angle
(w and k are functions of x). Therefore, as it should have been expected from the general framework outlined
in Section 2, the finite crack extension DSE is a structural property since it depends on the material (through KIc
0
6 3 2 3 6

2

2.2

2.4

2.6

Fig. 5. Function w vs. notch opening angle x. It varies from
ffiffiffiffiffiffi
2p
p

ffi 2:51 for x = 0 to 1:12
ffiffiffi
p
p
ffi 1:99 for x = p.
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Fig. 6. Ratio between the finite crack extension DSE and the characteristic length DS of the average stress criterion. Observe that the finite
crack extension DSE varies from DS for x = 0 to DE for x = p, i.e. the ratio varies from 1 to 1.12�2 ffi 0.797.
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Fig. 7. Function n vs. notch opening angle x according to the FFM coupled criterion (continuous line) and to the average stress criterion
(dashed line).
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and ru) as well on the geometry (through x). More in detail, as highlighted in Fig. 6, the finite crack extension
varies from DS for x = 0 to DE for x = p.

Function n is plotted vs. x in Fig. 7, where, for the sake of comparison, also the value of n corresponding to
the generalized fracture toughness (9) estimated by the average stress criterion is drawn (i.e. n = k41�k). Since n
is equal to 1 for x equal to 0� and 180�, Eq. (20) shows that the generalized fracture toughness is intermediate
between the strength and the toughness. This feature is obviously shared with the expression of K�Ic provided
by the average stress criterion (i.e. Eq. (9)). However, by means of Eq. (20), the criterion (8) gained a deeper
physical consistency with respect to the average stress criterion, since it now derives from energy balance
considerations.

Finally, observe that the extension of the present fracture criterion to mixed mode problems is not straight-
forward, since, in such cases, it is necessary to determine firstly the crack orientation. On the other hand, in
spite of a weaker (according to the authors’ opinion) physical background, failure criteria such as [17,31] are
easily extended to mixed mode problems since they do not pay attention to the direction of crack growth.

4. Computation of the generalized stress intensity factor

Once the specimen geometry is set, in order to apply the FFM criterion proposed in the previous Section, it
is necessary to know the generalized SIF K�I for a unit load. Then, by means of Eqs. (8)–(20), the load causing
failure is readily established.
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The value of K�I can be achieved by different methods, usually starting from a finite element analysis (FEA)
of the geometry to be analyzed. The simplest method (but not the most accurate) is to observe that, by def-
inition, K�I is the coefficient of the leading term of the stress expansion in the neighborhood of the corner, see
Eq. (7). Hence K�I can be determined by comparing Eq. (7) with the stress field obtained by a FEA. The
method can be further improved [8] by considering the displacement field (function of K�I as well) instead
of the stress field, since the FEA provides better approximations for the displacement values than for the stress
ones.

However, some problems arise when dealing with this kind of approach: standard FEAs are not able to
catch the stress singularity at the notch tip, thus providing incorrect values in its neighborhood. Furthermore,
it is not clear over which interval the stress field must be considered if one aims to determine K�I , since, after a
certain distance from the tip, other terms than the asymptotic one contribute to the stress values.

In order to avoid such problems, more accurate methods can be set on the basis of path independent inte-
grals, which allow to work far from the notch tip. More in detail we will make use of the so called H-integral,
whose computational procedure is outlined in [26] and briefly sketched in the following.

For the sake of simplicity, only mode I configurations will be dealt with. Let us fix (Fig. 8a) a cartesian (x,y)
and a polar (r,h) reference system whose origin is at the notch tip. As well known from Williams’ analysis the
generic stress r and displacement g components show the following power law dependencies on r in the neigh-
borhoods of the tip:
F

r ¼ Oðr�1þkÞ; r ! 0 ð21aÞ
g ¼ OðrkÞ; r! 0 ð21bÞ
where k is the eigenvalue characterizing the only singular stress field possible at the re-entrant corner. That is,
k is the root of the following transcendental equation (0 < k < 1):
sin 2ka ¼ �k sin 2a ð22Þ

We may observe that, if k is a solution of Eq. (22), so is �k. It means that there exists a complementary stress-
displacement (~r; ~g) field that satisfies the two-dimensional stress equations of equilibrium in absence of body
forces as well as the stress-free conditions on the notch faces and whose dependence on r is given by
~r / r�1�k ð23aÞ
~g / r�k ð23bÞ
Let us indicate by {tn} the stress vector acting on a segment with unit normal vector {n} and by {g} the dis-
placement vector. By [r] we mark the two-dimensional stress tensor, so that {tn} = [r]{n}. Referring to the
actual and complementary stress-displacement fields, we can now apply Betti’s reciprocal theorem to state
that, in absence of body forces, the identities of mutual works yields:
Z

C

fggTf~tngds ¼
Z
C

f~ggTftngds ð24Þ
where C is any closed contour inside the plane region occupied by the elastic plate, s the curvilinear abscissa
defined upon the contour in a counter-clockwise sense and {n} is directed outward. From Eq. (24), it follows:
x
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θ 
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ig. 8. Computation of the generalized SIF at a V-notch tip: (a) cartesian and polar reference system; (b) integration paths.



1746 A. Carpinteri et al. / Engineering Fracture Mechanics 75 (2008) 1736–1752
Z
C

ðfggT½~r� � f~ggT½r�Þfngds ¼ 0 ð25Þ
We can now choose as integration path the closed contour composed by the line C, the segments on notch
flanks AB and CD and the arc of circumference R (see Fig. 8b), whose center is at notch tip. Because of
the boundary conditions, the integrand vanishes along notch faces. Therefore, we have (the senses of integra-
tion are displayed in Fig. 8b):
Z

C
ðfggT½~r� � f~ggT½r�Þfngds ¼

Z
R
ðfggT½~r� � f~ggT½r�Þfngds ð26Þ
This relationship holds for every line C starting from a flank and ending onto the other one. In other words the
integral at the left hand side is path-independent; it is named HI-integral (the subscript I is because of mode I
loading conditions).

Next, we shrink the arc of the circumference R toward the notch tip, where the actual stress-displacement
field has the behavior provided by Eqs. (21). Note that, along the circumference R, ds = rdh. Furthermore,
because of Eqs. (21)–(23), the integral at the right hand side of Eq. (26) is made by terms of the kind
g~rr � ~grr � r0 ¼ constant. This means that the integral along R (i.e. the H-integral) is proportional to the
generalized SIF. The complementary stress field is defined up to a multiplicative constant (the generalized
complementary SIF eK �I ). Hence eK �I can be chosen in such a way that H I ¼ K�I , thus providing the following
formula for the computation of the generalized stress intensity factor K�I :
H I ¼ K�I ¼
Z

C
ðfggT½~r� � f~ggT½r�Þfngds ð27Þ
where the complementary stress-displacement fields are given, in polar coordinates, by the following formulae
(valid under plane strain conditions):
~rr ¼ �eK �I r�1�k½ðkþ 3Þ cosðkþ 1Þh� b cosðk� 1Þh� ð28aÞ
~rh ¼ eK �I r�1�k½ðk� 1Þ cosðkþ 1Þh� b cosðk� 1Þh� ð28bÞ
~srh ¼ �eK �I r�1�k½ðkþ 1Þ sinðkþ 1Þh� b sinðk� 1Þh� ð28cÞ

~ur ¼
eK �I r�k

2Gk
½ðkþ 3� 4mÞ cosðkþ 1Þh� b cosðk� 1Þh� ð28dÞ

~uh ¼
eK �I r�k

2Gk
½ðk� 3þ 4mÞ sinðkþ 1Þh� b sinðk� 1Þh� ð28eÞ
The first three quantities are the normal and tangential components of the symmetric stress tensor ½~r� and the
last two are the components of the displacement vector f~gg. G is the shear modulus and m the Poisson’s ratio.
Furthermore:
eK �I ¼ pGk
1� m

k sin2 aþ sin2 ka
sin 2aþ 2a cos 2ka

ð29aÞ

b ¼ k2 � 1

k cos 2aþ cos 2ka
ð29bÞ
Eqs. (28) and (29) can be found in [26]. They were slightly modified because of the different definition of gen-
eralized SIF we adopted (i.e. ry ¼ K�I=ð2pxÞ1�k as in Eq. (7) instead of ry ¼ K�I=ð

ffiffiffiffiffiffi
2p
p

x1�kÞ used by Sinclair
et al. [26]).

To summarize, the generalized stress intensity factor at a re-entrant corner of a specimen loaded in mode I
condition can be computed by means of the H-integral (27). The values of the complementary stresses and
displacements are provided by Eqs. (28) and (29), whereas the values of the actual stresses and displacements
have to be computed by a FEA. The integration path C is arbitrary; therefore it can be chosen at a certain
distance from the stress singularity, i.e. the notch tip, where the solution provided by standard FEAs breaks
down.
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5. Comparison with performed experiments

Aiming to prove the soundness of the present approach, comparisons with ad hoc experiments as well as
with data available in the literature are provided. Concerning ad hoc experiments, a series of tests with
notched three-point flexure specimens made of polystyrene was carried out.

The specimen geometry is as in Fig. 2. The thickness t was equal to 3.7 mm (which is enough to achieve
plane strain conditions); the length l and the height b were, respectively, 76 mm and 18 mm. The notch depth
d was 1.8 mm, i.e. the relative notch depth was 1/10. Specimens were machined with three notch angles x: 60�,
120� and 150�. For each geometry five specimens were prepared and tested. Five plane specimens were also
tested to obtain the tensile strength value ru, which was found to be equal to 70.6 MPa. Finally, note that
the notch root radius was kept very small for each specimen (the maximum value was 0.02 mm for the geo-
metry with x = 60�): since this is more than one order of magnitude less than the finite crack extension (19) it
is assumed that the notch radius did not affect the experimental results, and, therefore, the notch can be
considered sharp as in the theoretical analysis of Sections 3 and 4.

In order to apply criteria of the kind of Eq. (8), the generalized SIF is needed. Therefore, FEAs were carried
out by the LUSAS� code for each geometry, followed by the computation of the H-integrals as outlined in the
previous Section. Exploiting symmetry, only half of the specimens were analyzed. Details of the mesh used as
well of the integration path chosen for the specimen with x = 120� can be seen in Fig. 9. Note that, wishing to
have a more complete description of the effect of the notch opening angle, the generalized SIFs were computed
also for geometries that were not tested, i.e. for x equal to 0�, 30�, 90�.

By means of dimensional analysis, it is possible to write the generalized SIF as
Fig. 9.
of the
K�I ¼
Pl

tb1þk f
l
b
;
d
b
;x

� �
ð30Þ
where f is the so-called shape function. Since the slenderness and the relative notch depth were kept constant
for all the specimens, in the following the shape function will be considered just a function of the notch open-
ing angle, i.e. f = f(x). Therefore, by means of the generalized SIFs (Eq. (27)) and of the relationship (30), the
values of the shape function f(x) have been computed every 30� in the interval 0–180�.

Eq. (30) in critical conditions becomes:
K�Ic ¼
Px

crl

tb1þk f ðxÞ ð31Þ
and, if x = 180�, yields:
ru ¼
P p

crl

tb2
f ðpÞ ð32Þ
Γ

Computation of the generalized SIF for the specimen with a notch opening angle equal to x = 120�. Mesh for the FEA and detail
integration path C (dashed line).
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where the value f(p) (equal to 1.782 for the given geometry) can be found in structural mechanics classical
books (it provides the maximum normal stress in an un-notched TPB specimen). Px

cr and P p
cr are respectively

the failure load for a notch opening angle equal to x and equal to 180�. Taking the ratio side by side of Eqs.
(31) and (32) and using the expression (20) of the generalized fracture toughness provided by the coupled FFM
criterion derived in Section 3, yields:
Fig. 10
Px
cr

P p
cr

¼ nðxÞ f ðpÞ
f ðxÞ s

2ð1�kÞ ð33Þ
where the brittleness number defined in Eq. (10) appears. The ratio between the failure loads for a notched and
an un-notched specimen is therefore function only of the opening angle and of the brittleness number. In
Fig. 10 the relative failure loads are plotted versus x for various values of s. The curves with low brittleness
numbers refer to a more brittle structural behavior: they are more sensitive to the stress singularity at notch tip
and hence show a faster decay of the failure load on decreasing the notch opening angle.

Eq. (33) as well as Fig. 10 clearly show that brittleness does not depend uniquely on the material, as already
observed in Section 3. In fact, by the definition of s (Eq. (10)), a relatively ductile material can provide a brittle
structural response for sufficiently large structural size and vice-versa. For a review about the significance of
the brittleness number in structural mechanics, see [5].

Interestingly, all the curves in Fig. 10 show a minimum for notch opening angles larger than zero, an effect
which is frequently met in experiments. Note that the minimum becomes more pronounced for higher values
of s.

Finally, observe that curves with brittleness numbers too high (or, in terms of FFM, structures where the
ratio between the finite crack extension and the ligament length is not much smaller than unity) have not been
drawn in Fig. 10 since, in such cases, the assumptions made in the derivation of the present FFM criterion (e.g.
considering only the asymptotic stress field) are no longer acceptable.

In order to check the predictive capability of the FFM criteria, beyond the tensile strength, also the fracture
toughness is required. This was not obtained experimentally. Thus, for the present case, a best fit procedure
exploiting the data of all the notched specimens was used to get the value of the toughness (note that an ana-
logous procedure was used in [24]): KIc ¼ 2:23MPa

ffiffiffiffi
m
p

and, consequently, s = 0.236. Results are presented in
. Relative failure loads of the TPB polystyrene specimens vs. notch opening angle for different values of the brittleness number s.
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Fig. 11, together with the predictions provided by the average stress criterion (Eqs. (8) and (9)) and by the
fitting formula proposed in [6]:
Px
cr

P p
cr

¼ P 0
cr

P p
cr

� �2ð1�kÞ

ð34Þ
where P 0
cr is the failure load of the cracked specimen. Obviously, a best fit is needed for each failure criterion,

yielding three different values of the fracture toughness. Fig. 11 shows that the FFM coupled criterion pro-
vides the best results. Formula (34), which is a monotonic function of the notch opening angle, is very easy
to apply since it does not require the knowledge of the generalized SIF; however, in the present case, it pro-
vides the worst predictions.

6. Comparison with experimental data from the literature

The FFM criterion has been applied also to the data obtained in [3,24]. Concerning the former data, they
were obtained testing PMMA specimens under flexure load having a geometry similar to that of our specimens
(see Fig. 2). The dimensions were as follows: thickness t = 50 mm; length l = 290 mm; height b = 50 mm;
notch depth d = 20 mm, i.e. the relative notch depth was 4/10. Specimens were prepared with a notch opening
angle x, respectively equal to: 0�, 45�, 90�, 120�, 150� and 180�. For each geometry three specimens were
tested.

Also in this case, a FEA was performed by using the LUSAS� code for each geometry. Then, by means of
the H-integral, the generalized SIFs were evaluated leading to the values of the shape function f to be inserted
into Eq. (33).

Observe that, since Carpinteri [3] tested plain as well as cracked specimens, both tensile strength and frac-
ture toughness were determined experimentally and there was no need to perform a best fit procedure as in the
previous case. A brittleness number equal to 0.0693 was found: note that the structural response is much more
brittle than the one obtained in Section 5, since specimen size was larger and PMMA has a higher strength and
a lower toughness with respect to polystyrene (i.e. PMMA is more brittle than polystyrene).
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The relative failure load is then provide by Eq. (33). Results are presented in Fig. 12, together with predic-
tions provided by the average stress criterion. Observe that, in this case, formula (34) provides results very
close to the average stress criterion and therefore it has not been drawn within Fig. 12.

Fig. 12b shows that the coupled FFM criterion provides the best results for all the geometries. Note that
both the criteria tend to overestimate the failure loads; the maximum percentage error is about 17% for the
coupled FFM criterion while it rises to 23% for the average stress criterion.

Carpinteri [3] tested also PMMA specimens with a relative notch depth equal to 2/10: in this case, we found
that the coupled FFM predictions are better than the average stress estimates for three of the four values of re-
entrant corners tested.
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Finally, the coupled FFM criterion has been applied to the data obtained by Seweryn [24] from double edge
notched specimens with nine different notch opening angles (from 20� to 180� every 20�) under tensile load.
Interestingly, for each geometry, he tested three specimens made of PMMA and two made of duraluminum
(DA). In the same paper, the experimental data were compared with the predictions obtained by the average
stress criterion, after the toughness of the two materials and the generalized SIFs had been determined, respec-
tively by a best fit procedure and by FEAs.

In Fig. 13, the theoretical predictions obtained by the FFM coupled criterion are plotted for several s

values, according to Eq. (33). The different curves relate to specimens with the same geometry but different
material property: predictions for PMMA specimens refer to a brittleness value s = 0.0798 whereas predictions
for the DA specimens refer to s = 0.345. In the same figure also the experimental data are represented by
means of the average relative failure loads, for the sake of clarity. It is interesting to point out there is a rather
good agreement between theory and experiments both for a very brittle material, i.e. PMMA, and for a less
brittle one, DA. However, it should be noted that, for these data, also the average stress criterion provides
satisfactory results (see [24]).

7. Conclusions

• A fracture criterion involving both stress requirements and energy balances is implemented to predict the
failure of specimens containing sharp V-shaped notches.

• The criterion is capable of predicting experimental data on the effect of notch opening angle, in three dif-
ferent materials: two brittle polymers and duraluminum.

• Predictions obtained using this criterion are better than the ones given by the classical average stress
criterion.
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