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a b s t r a c t

In this work we propose a few novel energetically and dynamically stable all-sp2 carbon-based archi-
tectures with low density obtained by augmenting planar three-coordinated uniform tessellations. Using
geometrical packing arguments, we show that such arrangements satisfy the locallyejammed packing
condition and represent some of the least dense structures of all-sp2 bonded carbon allotropes that could
ever be synthesised. We fully characterize from first principles these new architectures, by assessing i)
the electronic properties, such as the band structure and the density of states; ii) the dynamical char-
acteristics, such as the phonon dispersion; and iii) the mechanical properties, such as the elastic con-
stants and the stressestrain relationships. We compare our findings with already synthesised carbon-
based materials, in particular graphene, and we find that in the lowestedensity structures the me-
chanical rigidity is considerably depleted, while other specific mechanical characteristics, such as
toughness and strength, are comparable to the relevant specific values of graphene. Furthermore, a flat
band at the Fermi level emerges in the electronic band structure of the augmented geometries, which is a
feature similarly appearing in Kagome lattices.

© 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Over the last decade graphene is arguably one of the most
investigated materials among all the existing carbon allotropes
[1,2]. Indeed, despite the difficulties in synthesising high-quality
large-area graphene sheets [3e5], its key promises and achieve-
ments in the fields of microelectronics, of materials science and of
chemistry, motivate the great deal of scientific and technological
efforts that scientists are pursuing.

Further progress in the search of potential applications of gra-
phene to various materials and devices is mainly related to its
unique electronic and mechanical properties [6e15], even though
ironmental and Mechanical
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the quest for practical applications have shifted the focus over the
years to other layered materials, such as transition-metal dichal-
cogenides (TMDs) [16], silicene [17], germanene, the monolayer
form of black phosphorous [18,19], and boron-nitride. Moreover,
the power of modern supercomputer platforms, novel algorithms
[20] and approaches, e.g. based on artificial intelligence [21], have
paved the way also to the discovery of several other layered hybrid
materials [22] with the aim of combining together the most
desirable characteristics of each layered structure [11,23], starting a
specific research field on 2D materials.

Nevertheless, the possibility to introduce new interesting fea-
tures also in bi-dimensional carbon-based materials without
chemical functionalization, while keeping the desirable properties
of graphene, such as its planar periodic structure and the sp2

bonding network, might be very convenient to the existing tech-
nology. One parameter that can be modified is the atomic density,
which could be in principle lowered to obtain lightweight, strong
graphene allotropes. In this regard, one of the most striking prop-
erties of graphene is its Young’s modulus or strength to density
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ratio, probably the highest achieved so far. Thus, one may devise a
route to design novel carbon-based materials with a density lower
than graphene, while keeping its specific properties. Unfortunately,
investigations on this topic have been rarely pursued except for
some notable exceptions [24e27].

In this work, using an augmentation method applied to regular
and semi-regular tessellations of the plane with three-connected
vertices, we find some novel energetically stable sp2-bonded
carbon-based structures under the locally jammed packing condi-
tion with density lower than graphene. Our ultimate goal is to
decrease the surface density possibly up to the least dense form of
sp2-carbon allotrope that could ever be synthesised, while dis-
playing almost unchanged specific mechanical characteristics with
respect to graphene. Indeed, one of the possible routes to increase
the specific elastic modulus or strength with respect to graphene
can be pursued by reducing the surface density. Decreasing the
mass density is a typical request whereby the minimum structural
weight can be achieved. This challenge has far-reaching conse-
quences in a variety of applications, most notably in aerospace
technologies where weight saving is a mean to cost reduction.

Furthermore we show that the same augmentation procedure
can be extended to a larger class of planar tessellations, including
for example the Cairo tiling. The stability of parent and augmented
(daughter) carbon structures created via this augmentation
approach is probed by calculating the phonon dispersion from first
principles as well as ab-initio molecular dynamics (AIMD).

Finally, their response to external deformation and electro-
magnetic fields is probed by assessing the stressestrain curves,
including their specific mechanical properties, and the electronic
band structures. In the latter case in particular we find that the
augmentation procedure leads to a lower density but also to frus-
trated geometries with characteristics flat bands around the Fermi
level, therefore enabling the creation of realistic strongly-
correlated materials. From the mechanical point of view, we
observe that the mechanical properties are depleted by decreasing
the density, while other specific mechanical characteristics, such as
the strength and toughness, can remain significant.

2. Methods and computational details

2.1. The augmentation procedure

To generate graphene allotropic structures we devise and
implement an algorithm based on the augmentation of regular and
semi-regular tessellations of the plane with three-connected
vertices. These tessellations can be also represented by the two-
dimensional packing of congruent discs under the conditions that
i) each disc must be in contact with at least another disc without
overlap, ii) there exists a path connecting the discs through mutual
contacts. To restrict the possible structural search of planar carbon
architectures we also require that i) the atomic centers are three-
coordinated, ii) the maximum angle between two bonds is below
p rad, and iii) the structures are periodic. The choice of angles lower
than p rad corresponds to the so-called locally jammed (or stable)
packing and prevents the notable increase of angle strain in sp2

carbon allotropes far from equilibrium configuration. For locally
stable disc packing, contacts between circles should not lie all on
the same hemicircle [28].

With such a constraint in place, one might wonder whether
packings of arbitrarily low density exist or, in case they do not, what
the least dense arrangement of discs in the plane would be. It is an
interesting question on its own, given that the question addressing
the opposite problem e that of finding the densest arrangement of
discs in the planee received much attention for a long time [29,30]
and found a formal answer only in the last century [31]. In this
regard, it is worth noticing that if the packing is allowed to be non-
periodic, then discs can indeed be packed into locally stable con-
figurations with arbitrarily low density [32].

Under the local stability conditions, we achieve a decrease of the
structural density by substituting every vertex of the parent carbon
net with three atomic centers arranged in an equilateral triangle. In
this way we are able to produce carbon-based daughter architec-
tures that are still three-coordinated; furthermore, this procedure
can be in principle repeated until reaching all triangular nodes as
well as generalized beyond regular and semi-regular tessellations,
e.g. to the case of the Cairo pentagonal tiling in which two vertices
of the unit cell are four-coordinated. Below we will show the
application of our augmentation method to both well-established
and novel carbon materials. More details on the augmentation
procedure can be found in the Supplementary Information.

2.2. Structure optimization

The optimization of the atomic positions and unit cells, elec-
tronic and phonon band structure simulations, as well as the
assessment of the mechanical properties of the proposed archi-
tectures were performed within the density functional theory
(DFT) framework using the Quantum ESPRESSO (QE) suite [33]. QE
is a plane-wave code based on the pseudopotential approach to
deal with the interaction between valence electrons and lattice
ions.

Optimization of the atomic configurations was carried out by
using BroydeneFletchereGoldfarbeShannon (BFGS) algorithm.
The simulation cells in the direction orthogonal to the plane of the
structures was set to 20 Å, in order to avoid spurious interactions
among periodic images. The forces between the atoms in the
calculation supercells have been minimized below 0.01 eV/Å,
which ensures convergence of the structural parameters of gra-
phene to better than 0.05%. The optimized configurations along
with the supercell sizes of all graphene allotropes are reported in
the supplementary material.

The carbon structure optimization has been performed using
different exchange and correlation (XC) potentials respectively for
the phonon dispersion calculations, where we adopted the Local
Density approximation (LDA), and for the band structure simula-
tions, where we adopted the PBE XC. The former choice was
imposed for avoiding the presence of negative frequencies, which
are known to appear more likely with finite cut-offs using the
generalized gradient approximation (GGA) functionals, which have
functional forms more strongly varying with the position. The use
of PBE functionals is at variance suggested for electronic structure
simulations of carbon-based materials.

2.3. Phonon band structure simulations

To assess the stability of the parent and daughter structures we
computed the phonon bands using the ph.x utility of QE. We used
the LDA ultrasoft pseudopotential C.pz-rrkjus.UPF [33], with a
cuteoff of 30 Ry for wavefunctions and 240 Ry for the density,
respectively. These cut-off values were set-up after achieving a
well-converged phonon band structure of graphene in comparison
to experiments and previous simulations. The k-point grid used to
carry out phonon calculations was chosen so to obtain converged
DFT values below chemical accuracy (< 0.01 eV for the total energy
and <10�3 Ry/Å for the interatomic forces). Depending on the
simulation cell dimensions, we performed calculations on 2� 2� 1
up to 16� 16� 1 k-point grids for structural optimization, while
increasing the k-point mesh to 48� 48� 1 for the calculation of the
band structures. Convergence of the integrals over the Brillouin
zone was improved by smearing the occupancy with a 0.136 eV
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width Gaussian function. Simulation cells were carefully relaxed to
achieve the minimum-energy configurations with respect to this
pseudopotential. The convergence threshold for the self-consistent
electronic structure simulations was set to 10�14 Ry and to 10�17

Ry for the phonon calculations. These small values of the thresholds
were necessary to avoid the appearance of spurious imaginary
frequencies not due to instabilities of the structural arrangement.
2.4. Electronic band structure and Density of States (DOS)

To carry out DFTelectronic band structure simulations we used a
norm conserving PBE pseudopotential (C.pbe-mt_gipaw.UPF) and
an energy cut-off for the wavefuntions equal to 100 Ry. This large
value of the plane-wave cut-off is due to obtaining converged
values of the stress tensor, an observable notoriously more difficult
to converge with respect to the total energy. The electronic free
energy of the primitive cells was converged to within less than
0.1 meV. The k-point grids used to calculate observables in the
momentum space are the same than those used in phonon band
structure calculations.
2.5. Mechanical properties

The mechanical properties were assessed by using the same
parameters of the electronic band structure simulations (see sec-
tion 2.4). For carrying out the calculation of the mechanical prop-
erties in linear regime we used 0.001-spaced points up to 0.01
strain and further 0.005-spaced points up to 0.05 strain. To deal
Fig. 1. First row: in the upper panel parent (left, red color) and daughter (right, blue color) d
the discs connect the nearest neighbors. Bottom panel of the first row: 4� 4 supercells of
Second row: g) from left to right: pentagraphene structure; augmentation of the Cairo pentag
from left to right: top and side view of a 3� 3 pentagraphene supercell, where the sp3-hybrid
carbon centers; 3� 3 supercell of liskene and liskene daughter after performing DFT minimiz
made progressively less dense by elongating the hexagonal super-ring side highlighted in th
super-ring side length. (A colour version of this figure can be viewed online.)
with the elastic deformations we used supercells containing two
unit cells for the materials with trigonal symmetry, i.e. the gra-
phene and the flakene families. The C11 coefficient in these cases is
related to the strain along the zigzag direction. Upon deformation,
the atomic positions within the supercell were relaxed until
interatomic forces were smaller than 10�3 Ry/Å. In this regard, we
stress that in our ab-initio simulations we assess thus the “true
stress”, so the simulation supercell is allowed to change in the di-
rection orthogonal to the loading to obtain atomic stress below
0.5 kbar, equivalent to 0:5� 20=3:35 ¼ 3 kbar. The stressestrain
characteristics of graphene allotropes are reported by choosing a
conventional thickness equal to the interplanar distance in
graphite, namely 3.35 Å. This thickness is the value used in the
manuscript for all the structures.
3. Results and discussion

The carbon-based sp2 structures analysed in this work are re-
ported in Fig. 1. In particular in the panels from (a)e(h) of this
figure, we present in red what we call the parent geometries (that
are already known systems in literature), while in blue the
augmented-daughter structures. In the panels (i) and (l) we show
that by relaxing the locally jammed packing condition, an arbi-
trarily low density sp2 material can be designed. We notice that to
the best of our knowledge tilene, flakene, liskene and liskene
daughter are novel architectures. Nevertheless, to compare the
properties of these daughter structures with the relevant parent
nets we present also the structural arrangements and the
isc packing in the unit cells of a) graphene, c) tilene, and e) flakene. The lines internal to
parent (left) and daughter (right) structures of b) graphene, d) tilene, and f) flakene.
onal tiling: liskene; further augmentation of the liskene geometry: liskene daughter. h)
ized carbon atoms are reported in green color, while in gray we find the sp2-hybridized
ation. i) By relaxing the locally jammed packing constraint, the flakene structure can be
e picture. l) The low density structure obtained from flakene by doubling the hexagonal
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assessment of their electronic and mechanical properties, despite
they represent well established architectures [34e36].

3.1. Structural optimization

Prior performing the analysis of the mechanical and electronic
properties of the proposed carbon nets, we carry out the structural
optimization (see section 2 for the DFT parameters used).

In the third and fourth columns of Table 1 we report the energy
and the cohesive energy per atom after optimization of the atomic
positions within the cell for all structures. The cohesive energy of
graphene (7.74 eV) well agrees with the experimental value of
7.6 eV [37], and with previous DFT simulations [38] reporting a
value of 7.828 eV. We notice that graphene is still the most ener-
getically stable allotrope.

In general, with the notable exception of pentagraphene, we
observe that lowering the densities of the parent structures by
using the previously introduced augmentation method results in
daughter architectures characterized by lesser energetic stability
and lower intra-molecular bond strengths. We rationalize the
different finding in the case of pentagraphene, for which the
cohesive energy increases from parent to daughter, by noticing that
the augmentation starts from a non-planar sp2 � sp3 net and ends
up into a purely planar sp2 net. This atomic arrangement represents
thus a favourable solution from both the energetic and density
points of view.

For the flakene parent we find almost the same energy differ-
ence (0.6395 eV vs. 0.64 eV) with respect to graphene (see third
column of Table 1) as in Ref. [39], where this structure is labelled
“graphenylene”. Also for the tilene parent we calculate an energy
difference with respect to graphene equal to 0.5186 eV, which is
very similar to the value of 0.53 eV reported in Ref. [24], where the
structure was named T-graphene. Finally, in the case of penta-
graphene we find an energy-per-atom difference of 0.904 eV,
which is very much comparable to the value of about 0.9 eV re-
ported in Ref. [40].

While we notice that the loss of stability is not significant, as the
total energy difference per atom between the less stable material
(flakene) and graphene is of the order of 1%, the density is almost
two times lower than that one of graphene (see the second column
of Table 1).

3.2. Phonon band structures and thermodynamic stability of
graphene allotropes with lower density

To test the dynamical stability of the novel structures proposed
in this work we computed the phonon dispersion curves. The
phonon band structures, calculated with the parameters described
in section 2.3, are reported in Fig. 2 for the parent and the daughter
structures, respectively. The high-symmetry points in momentum
Table 1
First column: structure type. Second column: surface density. Third and fourth columns re
atom obtained upon structural optimization, respectively. With the exception of pentagr
table the following abbreviations were used: p. ¼ parent, d. ¼ daughter, dir. ¼ direct gap

Structure Density
(atoms/Å2)

Energy
(eV/atom)

Graphene 0.379 0
Graphene d. 0.256 0.9882
Tilene p. 0.336 0.5186
Tilene 0.233 1.0765
Flakene p. 0.301 0.6395
Flakene 0.212 1.1071
Pentagraphene 0.452 0.9044
Liskene 0.297 0.7789
Liskene d. 0.247 1.0506
space that have been selected to represent the phonon bands in
systems characterized by hexagonal lattice are G: (0,0), M: (1/2,0),
K: (2/3,1/3). The high-symmetry lines in the Brillouin zone connect
the points G�M � K � G to form a triangle in momentum space. In
systems characterized by simple square lattice the phonon bands
are at variance represented by the high-symmetry points G: (0,0),
M: (1/2,1/2), X: (1/2,0). The high-symmetry lines in the Brillouin
zone connect the points G� X �M � G to form a triangle in mo-
mentum space. In Fig. 2 we report also the typical labels of the
graphene phonon bands that are the TO, LO and LA branches, which
can also be found in the other structural configurations.

In general, good agreement between our calculations and ex-
periments [41] for the TO, LO and LA branches of graphene is found.
This shows the accuracy of the basis set and density functional
parameters used in this work. The small splitting of the LO and LA
phonons at the M point equal to 22 cm�1 well compares with the
experimental value of 35 cm�1 reported by inelastic X-ray scat-
tering [41]; the splitting between the TO and LA modes at the K
point equal to 93 cm�1 resembles the experimental value of
71 cm�1, closer with respect to other theoretical simulations, which
reported a value of 120 cm�1 [42] and 140 cm�1 [43], respectively.
The zone center phonon value 1577 cm�1 is slightly below the
experimental values for graphite and graphene (1582 cm�1)
measured recently [4,44]. These differences can be explained by
taking into account that other authors have estimated uncertainties
of 10 cm�1 for the frequencies higher than 1300 cm�1 [45,46].

In particular, we notice that all the proposed new systems are
dynamically stable as we could not find negative frequencies along
the momentum axis. This definitely means also that our structures
are accurately optimized.

Moreover, in the daughter architectures we notice the emer-
gence of a phononic gap, which is not present in the parent
structures, in the energy range 800e1200 cm�1. In this energy
range the phonon bands show an almost flat behaviour. These
modes arise owing to the presence of triangular shapes in the
daughter architectures and are characterized by very small group
velocities. Similar findings are reported in Ref. [47], where the au-
thors studied the propagation of elastic waves in 2D hierarchical
hexagonal lattice structures. The emergence of phonon band gaps
in the daughter structures above 800 cm�1 is also reported in
Ref. [48], where the insertion of micro-structures within the unit
cell, such as triangular shapes, could be used to prevent the prop-
agation of mechanical waves in this frequency range.

In order to verify the thermodynamic stability of our structures
we also carried out AIMD simulations at 500 K lasting 10 ps. The
results show that all our structures are thermodynamically stable
with no phase transition observed. Diffusion coefficients were
found to be below 0.03 mm2/s, which substantiates our structure
generation approach. A movie reporting the AIMD trajectory sim-
ulations in the case of tilene has been uploaded as supplemental
port the total energy per atomwith respect to graphene and the cohesive energy per
aphene, all structures are planar and each carbon atom is three-coordinated. In the
, indir. ¼ indirect gap.

Cohesive energy
(eV/atom)

Type Bandgap
(eV)

7.7404 Semi-met. 0 (dir.)
6.7523 Metal e

7.2219 Metal e

6.6640 Metal e

7.1009 Semi-met. 0.043 (dir.)
6.6334 Metal e

6.8361 Semicond 2.23 (indir.)
6.9615 Semicond 0.36 (indir.)
6.6897 Semicond 0.46 (indir.)



Fig. 2. Phonon band structures of the parent (left panel, red lines) and daughter (right panel, blue lines) architectures of a) graphene, b) tilene, c) flakene, and d) pentagraphene. (A
colour version of this figure can be viewed online.)
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information.
3.3. Electronic properties

In this sectionwe report the band structures and DOSs for all the
structural arrangements investigated in this work.
We begin with the well known electronic band structure of
graphene reported in the upper left panel of Fig. 3(a) alongside the
DOS (red filled curve in the lower panel of Fig. 3(a)), which we
reproduce to test our choice of the DFT parameters. The agreement
with previous simulations [49] is excellent so we can move to the
assessment of the electronic structure of the other systems.



Fig. 3. Upper panels: band structure of the parent (left, red lines) and daughter (right, blue lines) architectures of a) graphene, b) tilene, c) flakene, and d) pentagraphene. Lower
panels: relevant DOS of the parent (red filled area) and daughter (blue filled area) structures. Fermi level is shifted to zero and reported as an horizontal (vertical) green line in the
band structure (DOS) plots. (A colour version of this figure can be viewed online.)
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In the right panel of Fig. 3(a) we report the bands of the gra-
phene daughter. We observe that graphene loses its semi-metal
characteristics and acquires a striking metallic behaviour with a
loss of the typical graphene features near the Fermi energy (valence
and conduction bands do not touch in Dirac points as well as the
dispersion around the K-point is not linear). This is due to the
appearance of a narrow band close to the Fermi level (reported as
an horizontal (vertical) green line in the band structure (DOS)), a
feature that appears also in tilene and flakene, as can be seen in the
upper right panels of Fig. 3(b) and (c). This is of course reflected into
the DOS, characterized by a narrow peak close to the Fermi energy,
as shown in the blue filled curves reported in the lower panels of
Fig. 3(a), (b), and 3(c).

Tilene parent and flakene parent electronic band structures (see
upper left panels in Fig. 3(b) and (c), respectively) are not
dramatically changed by augmentation, as the daughter structures
stay metallic (see lower panel in Fig. 3(b) for tilene daughter) or
increase their metallic character (see lower panel of Fig. 3(c) for
flakene daughter).

At odds with the previous architectures, pentagraphene band
structure (see upper left panel of Fig. 3(d)), which has the typical
characteristics of a semiconductor (in agreement with previous DFT
calculations [40]), is heavily affected by augmentation, as the
daughter structure (see upper right panel of Fig. 3(d)) presents an
almost semi-metallic behaviour characterized by a very narrow
band gap. The relevant DOSs of pentagraphene (filled red curve of
Fig. 3(d)) and liskene (filled blue curve of Fig. 3(d)) are typical of a
semiconductor and semi-metal, respectively. The presence of an
almost flat band (FB) around the Fermi energy in the daughter
structures can be rationalized by using a Tight Binding (TB)
approach. In such FBs, the kinetic energy of electrons is quenched in
favour of the enhancement of their Coulomb interaction.

We argue that the appearance of a FB in the band structure of
our daughter architectures can be attributed to the electronic
orbital frustration, similarly to the Kagome lattice, reported in
Fig. 4(a), left panel. The Kagome lattice [50,51] is composed of in-
terlaced triangles in which each lattice point interconnects two
neighboring hexagons. This geometry is very similar to the gra-
phene daughter architecture, where at variance each unit cell
contains six carbon atoms, which form two separate equilateral
triangles symmetrically placed with respect to an inversion center
at the center of the unit cell (see Fig. 4(b), left panel). The origin of
FBs in the Kagome lattice has been explained in terms of destruc-
tive interference between nearest neighbors, which results in



Fig. 4. a) Kagome lattice (left panel) and TB calculations of the band structure using an hopping parameter t ¼ 1 (right panel). b) The graphene daughter lattice and the relevant TB
electronic structure simulations using an hopping parameter t ¼ 1. In both cases we perform the simulations by including only the pz orbital. (A colour version of this figure can be
viewed online.)
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localized eigenstates of the Hamiltonian [51]. Indeed, the wave-
function amplitude alternates its sign around the six vertices (see
Fig. 4(a), left panel). Consequently, electrons are trapped within the
hexagon as net hoppings originating from the two adjacent vertices
cancel each other [52], and a FB appears (see Fig. 4(a), right panel).
In these TB simulations we include one pz orbital for each carbon
atom, due to the planar geometry of the Kagome lattice, and we
project the DOS over this manifold. We interpret the existence of
FBs in the electronic structures of our graphene allotropes as due to
the same frustration effect of the orbitals in the lattice. In particular,
in Fig. 4(b), right panel, we report the TB simulations of the gra-
phene daughter electronic band structure. Notice that the only
exception to this rule is liskene, where the presence of square
polygons spoils the orbital frustration and favours electron delo-
calization. Nevertheless, liskene daughter geometry restores
triangular shapes via our augmentation procedure and, thus, a FB
reappears.

3.4. Elastic properties

To characterize the mechanical properties of the daughter ar-
chitectures in comparison to the parent structures we carried out
first the ab-initio simulations of the elastic stiffness tensor C. The
matrix C provides in linear approximation the proportionality or
elastic constants relating the stress and the strain, s ¼ εC where ε is
the six-component strain vector, and s is the stress tensor. The
stiffness tensor is in principle characterized by six independent
terms in bi-dimensional materials, being Cij ¼ Cji for symmetry
considerations. The elastic behaviour of orthotropic 2D materials
can be described thus by four elastic constants C11, C22, C12 and C44
[53]. For the square lattice structures, such as tilene parent, tilene
and liskene, the symmetry constraint sets C11 ¼ C22, so that one has
only three independent elastic constants. Graphene, graphene
daughter, flakene parent and flakene at variance show isotropic
hexagonal symmetry, reducing the independent elastic constants
to only two according to the relations C11 ¼ C22 and 2C44 ¼ C11 �
C12.

In harmonic approximation, so for small displacement, the
straineenergy density function F at 0 K can be expressed as

F ¼ F0 þ
1
2
Fð2Þε2 þ o

�
ε
3
�

(1)

where F0 and 1=2Fð2Þε2 are the static energy of the system and the
vibrational contribution of the lattice, respectively. In our simula-
tions we neglect the thermal electronic contribution, which is ex-
pected to be low.

The elastic constants Cij can be then expressed as follows:

Cij ¼
v2F
vεivεj

(2)

The Cijs can be derived by fitting the energy density of equation
(1) with a second order polynomial in the imposed strain.

In particular, on the one side for isotropic materials the fitting
parameter Fð2Þ can be identified with C11 for uniaxial deformation
and with 2ðC11 þC12Þ under hydrostatic deformation, respectively.
On the other side, in the case of orthotropic materials further cal-
culations are needed in order to fully characterize the stiffness
matrix. In this case, the elastic constants C11, C22 can be identified
as the fitting parameters of the total energy under uniaxial strain,
while Fð2Þ corresponds to C11 þ C22 þ 2C12 or 4C44 in the case of
hydrostatic deformation or shear deformation, respectively. From
the knowledge of the elastic constants, the Young’s modulus E,
which measures material stiffness, and the Poisson’s ratio n, which
measures the material tendency to expand in directions perpen-
dicular to the direction of compression, can be computed as
E ¼ ðC2

11 �C2
12Þ=C11 and n ¼ C12=C11, respectively.

In Table 2 we report the elastic constants, Young’s modulus and
Poisson’s ratio of all the 2D carbon allotropes studied in this work in



Table 2
Elastic constants (C11, C12, C44), area Young’s modulus (EA), Young’s modulus (E),
Poisson’s ratio (n) and (area) specific Young’s modulus (EA=rA ¼ E=r) of the parent
and daughter carbon structures. To evaluate the accuracy of our simulations, we
report a comparison with data in the literature where available. In the table the
following abbreviations were used: p. ¼ parent, d. ¼ daughter.

C11
(N/m)

C12
(N/m)

C44
(N/m)

EA
(N/m)

E
(TPa)

n EA=rA ¼ E=r

(10�3 Nm kg�1)

Graphene 348 53.8 e 340 1.015 0.154 1.79
[34] 358 60 e 349 e 0.17 e

Graphene d. 149 94.0 e 89.6 0.267 0.631 0.70
[34] 152 98 e 92.6 e 0.64 e

Tilene p. 294 44.1 48.3 288 0.860 0.150 1.70
[54] 296 46 49 306 e 0.13 e

Tilene 124 75.5 11.3 78.6 0.235 0.607 0.67

Flakene p. 220 57.7 e 205 0.612 0.263 1.36
[34] 227 61 e 210 e 0.27 e

Flakene 87.0 64.9 e 38.6 0.115 0.746 0.36

Liskene 187 94.8 52.0 138 0.412 0.508 0.93

Liskene d. 127 65.6 19.4 93.1 0.278 0.517 0.75

Figure 5. Biaxial elastic modulus versus area density. The inset reports the linear fit of
the absolute biaxial modulus from our simulations of graphene allotropes (black line)
along with that of Ref. [34] (dashed line). In the larger graphic the linear fit has been
divided by the surface area to obtain the specific biaxial modulus; the gray dashed line
shows the data of Ref. [34], while the black curve report our simulated data. (A colour
version of this figure can be viewed online.)
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comparison with the DFT values reported in the literature [34,54],
finding a remarkable agreement with previous available calcula-
tions and experiments. We remind that, at variance with a stable,
isotropic, linear elastic 3D material where the bounds on Poisson’s
ratio are � 1< n<1=2, for 2D materials one has � 1< n< 1 [55].
Therefore, it is not surprising to obtain values of the Poisson’s ratios
higher than 1/2 for our 2D architectures.

The Young’s modulus of graphene obtained from our DFT sim-
ulations is in good agreement with the experimental value of 1±
0.1 TPa (assuming a graphene thickness equal to 0.335 nm), ob-
tained by nanoindentationmeasurements on single-layer graphene
[56]. The analysis of the Poisson’s ratio of tilene, flakene and liskene
shows that these materials are almost incompressible. More pre-
cisely, the Poisson’s ratio of tilene (as of graphene daughter, flakene,
and liskene) is higher than the limit of isotropic incompressible 3D
materials (which is 0.5) while lower than the corresponding upper
bound on Poisson’s ratio for 2D materials (which is 1 [55]): this
material presents a hyper-restriction correspondent to a decrease
of the area under tension.

Tilene presents an area Young’s modulus EA ¼ 78:6 N/m and a
Poisson’s ratio n ¼ 0:607, which are similar to those of the gra-
phene daughter. Flakene has an area Young’s modulus EA ¼ 38:6 N/
m and a Poisson’s ratio n ¼ 0:746. Generally, we notice that gra-
phene has the highest Young’s modulus, and that moving from
parent to daughter structures the Young’s modulus decreases and
the Poisson’s ratio increases.

Moreover, one of the most significant observables to be
computed for low density materials is of course the specific
modulus, namely the Young’s modulus divided by themass density.
Thus, we computed the Young’s modulus per mass density EA=
rA ¼ E=r, where rA is the density in units of Kg/m2 and r the mass
density in Kg/m3. The outcome of our simulations concerning this
quantity are reported in the last column of Table 2. We notice that
graphene presents the highest specific Young’s modulus among the
materials studied here. At odds flakene, while displaying the lowest
density among the investigated structures, shows a major drop in
both the absolute and specific elastic moduli, which are from 8 to 5
times lower than graphene. Nevertheless, while we do not find a
material outperforming the specific properties of graphene in this
respect and, thus, we do observe that the augmentation is only
partially an advantageous route to follow in order to increase the
specific Young’s modulus of graphene-like materials, the difference
in the specific Young’s modulus is less remarkable than for the
absolute values, with the exception of flakene.

The drop of flakene Young’s modulus suggests that there is a
threshold to the decrease of the density of these carbon-based
planar materials, below which this mechanical characteristic is
significantly depleted. In order to get further insights on this issue,
we report in Fig. 5 the Young's specific modulus of our carbon al-
lotropes versus area density. In particular, we plot the Young’s
biaxial modulus (Ebi ¼ C11 þ C12) versus the area atomic density, in
comparison to the fit of the data reported in Ref. [34] by the formula

Ebi ðN=mÞ ¼ 1184:3 ððN=mÞ=ðatoms=�A
2ÞÞ � rat ðatoms=�A

2Þ �
56:88 ðN=mÞ where rat is the surface atomic density (gray dashed
curve in Fig. 5). Notice that the gray dashed line in Fig. 5 represents
a fit of the specific (and not of the absolute) biaxial modulus vs.
density for several graphene allotropes. We stress that the non-
linear behaviour concerns thus the specific and not absolute
quantities. In the inset of Fig. 5 we report indeed the untouched
data provided in Ref. [34] referred to the absolute biaxial modulus
vs. density for the graphene allotropes therein investigated. In
this case the fit of our data is closer to a straight

line (EbiðN=mÞ ¼ 1445:7ððN=mÞ=ðatoms=�A
2ÞÞ � rat ðatoms=�A

2Þ
�147:78 ðN=mÞ with an R2 value exceeding 0.965) and is similar to
that provided in Ref. [34]. It is worth to notice that in Ref. [34] the
authors analyse also sp� sp2 2D carbonebased structures, in this
way further lowering the density. Here at variance, we only
consider sp2econnected architectures. This feature explains the
small difference between the two angular coefficients of the linear
fits of the absolute biaxial modulus reported in the inset of Fig. 5.

Our findings clearly point towards the existence of a correlation
between density and specific biaxial modulus; nevertheless, we
notice that density cannot be the only factor that in principle affects
the mechanical properties. Additionally, we point out that for fla-
kene a clear depletion of this mechanical characteristic is found,
meaning that the density decrease does not compensate the loss of
mechanical stiffness. These findings led us to the conclusion that
the idea of decreasing the density, retaining the specific mechanical
characteristics, can be pursued only to some extent at least as far as
the Young’s modulus is concerned.
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3.5. Stressestrain curves

To gain further insight on the dependence of the mechanical
properties of our structures on the density, we carried out the first-
principles simulations of the stressestrain curves from which
several observables can be obtained, such as the fracture strain, the
tensile strength and the toughness. DFT calculations of the true
stress tensor in response to strain, from which one can develop
constitutive equations to fit the ab-initio data, were performed on
the unit cell of the materials. We remind that all structures were
relaxed below 3 kbar in the direction orthogonal to loading, and we
plot the stress obtained by using the relaxed surface (true stress as
opposed to engineering stress).

In Fig. 6 we start from analyzing the stressestrain curves of
graphene and graphene daughter to benchmark our results against
the extensive number of computational and experimental (re-
ported as crosses in Fig. 6) studies carried out in this respect, along
the Cartesian directions x; y, which represent the zigzag and
armchair directions of graphene (or, better to say, of the zigzag and
armchair ribbon that can be obtained by cleaving along the x; y
directions), respectively. The stressestrain characteristics under
uniaxial tensile loading along the zigzag (x, empty red squares) and
armchair (y, empty green circles) directions, reported in Fig. 6,
show the known anisotropic response of graphene that results in
nonlinear constitutive equations [58,59]. The lines connecting the
calculated points of the stress-strain characteristics of all structures
only work as a guideline for the eye.

The mechanical response of graphene to uniaxial tension is
almost linear until about 10% strain for both the armchair and
zigzag directions, with the curve slope progressively decreasing
with increasing strain. Beyond that value the stressestrain curves
deviate significantly from linearity, keeping the isotropic behaviour
up to 15% strain, where the mechanical characteristics along the
two loading directions fork. The anisotropy develops at rather
moderate strain with the zigzag stiffness dramatically decreasing
with respect to the armchair direction. In Fig. 6 we sketch also the
mechanical response to loading along the x (empty blue squares)
and y (empty violet circles) directions of the graphene daughter.
We notice that the absolute mechanical properties deplete signif-
icantly from graphene to its daughter in all respect, with a strong
decrement in toughness and strengths (see also Table 3, where we
report the absolute mechanical characteristics of these structures
along with those of the other novel 2D architectures proposed in
this work, that is tilene, flakene and liskene).

In this respect, we notice that the architecture of the graphene
Fig. 6. Stressestrain curves of graphene and graphene daughter along the x-direction
(or zigzag, represented by red and blue empty squares for the two architectures,
respectively) and the y-direction (or armchair, represented by green and violet empty
circles for the two architectures, respectively). The differently colored lines represent
only a guideline for the eye. Experimental data from Refs. [56,57].
daughter is largely dominated by the presence of triangular shapes,
at variance with graphene (see Fig. 1(b)). This feature is shared also
by tilene (see Fig. 1(d)). This seems the major reason of the similar
mechanical response to uniaxial strain along the x-direction be-
tween the graphene daughter (see violet empty circles in Fig. 6) and
tilene (see blue empty squares in Fig. 7 for a comparison). Along the
y direction the mechanical response of graphene daughter is
similar to graphene (see violet empty circles in Fig. 6), showing a
high fracture strain at lower stress than graphene.

Tilene parent and tilene (see Fig. 1(d)) belong to the dihedral
group of symmetries (D4) and, thus, in Fig. 7 we reproduced the
stressestrain characteristics along the x (empty squares, a strain
along the y direction would provide the same results) and the di-
agonal (45+, empty triangles) directions. Tilene parent displays a
behaviour under mechanical loading similar to graphene along the
x-direction (empty red square in Fig. 7) with comparable strength
and proportional limit stress (see Table 3). However, in the diagonal
direction (see empty green triangles in Fig. 7) the presence of
sp2-carbon squares reduces the absolute mechanical performances
of the tilene parent, but with a significantly higher fracture point
(see Table 3). Nevertheless, the stressestrain characteristics do not
overlap along the two different directions. Tilene shows a me-
chanical response to uniaxial strain comparable to graphene
daughter in both the x (blue empty squares of Fig. 7) and diagonal
directions (violet empty triangles of Fig. 7), being its structure
characterized by a similar occurrence of sp2 triangles.

We notice that the data points in the stress-strain curves beyond
the ultimate tensile strength (UTS) correspond to a bounce in stress
due to structural modifications. However, while these points reveal
that a phase transition occurs in our simulations, we point out that
the calculations are performed using alternatively deformation and
optimization steps. This procedure completely excludes dynamical
effects such as heating due to the release of elastic energy or
thermal fluctuations. The points beyond UTS in the stress-strain
curves only emphasise the need of further studies aimed to
investigate these possible structural transformations in the
framework of molecular dynamics.

Furthermore, in Fig. 8 we report the stressestrain curves of
flakene parent and daughter along the orthogonal directions x
(empty squares) and y (empty circles) as their lattices display
hexagonal symmetry. The mechanical characteristics of flakene
parent are similar to those of graphene, showing a split between x
(empty red squares) and y (empty green circles) curves at about 13%
strain, and an almost linear regime up to 10% strain. However, the
values of the strength are 60% lower than in the case of graphene
(see Table 3). Flakene daughter shows a behaviour comparable to
graphene daughter, being characterized by a similar large presence
of sp2-carbon triangular lattices, with lower absolute values of the
strength (see Table 3).

We notice that the augmentation procedure to obtain the lis-
kene daughter architecture from liskene concerns only the carbon
atoms that belong to the square shapes. In Fig. 9 we report the
stressestrain curves of liskene and liskene daughter along the
orthogonal x-(empty squares) and 45+- directions (empty circles).
Even in this case we find the general trend previously observed of a
decrease of the fracture strain and tensile strength from the parent
to the daughter structure.

In Fig. 10 we present a comparison between the stressestrain
characteristics along the x and y directions of liskene in compari-
son to tilene and flakene. As previously noticed, within the linear
steep the uniaxial x (blue empty squares) and y (violet empty tri-
angles) loading curves are overlapping, and at about 6% strain they
fork and deviate progressively from linearity up to the fracture
strain at about 14% and 18% strain, respectively. The values of lis-
kene mechanical characteristics are slightly higher than the other



Table 3
Loading direction (first column), Fracture strain (second column), strength (third column), strength�t (fourth column) and toughness�t (fifth column) of the parent and
daughter planar structures alongside the specific strength and specific toughness (sixth and seventh columns). The ratio E=UTS is reported in the eighth column. The pa-
rameters A and B of the fit of the stressestrain curves (Eq. (3)) are reported in the two last columns. The conventional thickness of the graphenic materials is considered to be
t ¼ 3:35 Å. In the table the following abbreviations were used: p. ¼ parent, d. ¼ daughter.

Loading
direction

Fracture
strain
(%)

Ultimate tensile
Strength (UTS)
(GPa)

Strength
� t
(N/m)

Toughness
� t
(J m�2)

Specific
strength
(MNm kg�1)

Specific
toughness
(MJ kg�1)

E=UTS A (Eq. (3)) B (Eq. (3))

Graphene x > 35 112 37.5 > 9.83 49.7 > 13.0 9.06 �2.57 1.39
y 26e28 102 34.2 6.51 45.2 8.61 9.95 �2.22 �1.33

Graphene d. x 18e20 29.3 9.81 0.83 19.2 1.62 9.11 2.15 �26.4
y > 30 67.7 22.6 > 3.63 44.3 > 7.11 3.94 1.91 �8.26

Tilene p. x,y 24e26 99.6 33.4 5.55 49.7 8.27 8.63 �1.37 �3.56
45+ 32e34 79.1 26.5 5.68 39.5 8.47 10.87 1.88 �11.0

Tilene x,y 20e22 44.8 15.0 1.66 32.3 3.57 5.25 2.34 �12.9
45+ 18e20 30.3 10.2 0.92 21.9 1.97 7.76 11.3 �41.4

Flakene p. x 22e24 66.7 22.3 3.37 37.2 5.61 9.18 �1.79 �2.37
y 22e24 57.9 19.4 3.01 32.3 5.02 10.57 �0.90 �10.1

Flakene x 12e14 23.6 7.92 0.49 18.7 1.16 4.87 19.4 �114
y 14e16 25.8 8.63 0.63 20.4 1.49 4.46 15.5 �81.8

Liskene x,y 18e20 63.2 21.2 2.19 35.8 3.70 6.52 1.72 �14.0
45+ 14e16 43.8 14.7 1.27 24.7 2.14 9.40 2.49 �29.9

Liskene d. x,y 12e14 27.8 9.32 0.59 18.5 1.20 11.15 �0.29 �8.68
45+ 14e16 28.0 9.37 0.68 19.0 1.37 11.07 5.45 �31.6

Fig. 7. Stressestrain curves of tilene parent and tilene along the x-direction (red and blue empty squares for the two architectures, respectively) and the 45+-direction (green and
violet empty triangles for the two architectures, respectively). The differently colored lines represent only a guideline for the eye. On the left and right sides of the image we report
the simulation cells of tilene for different strain values and directions. (A colour version of this figure can be viewed online.)

Fig. 8. Stressestrain curves of flakene parent and flakene along the x-direction (red and blue empty squares for the two architectures, respectively) and the y-direction (green and
violet empty circles for the two architectures, respectively). The differently colored lines represent only a guideline for the eye. On the left and right sides of the image we report the
simulation cells of flakene for different strain values and directions. (A colour version of this figure can be viewed online.)
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Fig. 9. Stressestrain curves of liskene and liskene daughter along the x-direction (red and blue empty squares for the two architectures, respectively) and the 45+-direction (green
and violet empty circles for the two architectures, respectively). The differently colored lines represent only a guideline for the eye. (A colour version of this figure can be viewed
online.)

Fig. 10. Comparison between the stressestrain curves of liskene, tilene, and flakene along the x-direction (blue, red and cyan empty squares for the three architectures, respec-
tively), along the 45+-direction (violet and green triangles for liskene and tilene, respectively) and along the y-direction (black empty circles for the flakene architecture). The
differently colored lines represent only a guideline for the eye. On the left and right sides of the image we report the simulation cells of liskene for different strain values and
directions. (A colour version of this figure can be viewed online.)
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proposed architectures (see Table 3). We notice that after the
disruption of the first set of bonds at 14% and 17% strain along the x
and y directions respectively (see the structures reported in the left
and right hand sides of 10), liskene stressestrain curves in both
directions bounce into a second linear regime with different slope.

We notice that tilene parent (green line in Fig. 7) and liskene
(red line in Fig. 9) basically present comparable stressestrain
curves up to 10% strain. We rationalize this by noting that for
both structures the stressestrain characteristics are initially
dominated by the deformation of sp2-carbon atom arranged in
square forms. However, as the strain increases, the liskene
stressestrain curve departs from that one of tilene parent. This is
due to the fact that the former architecture undergoes the fracture
of the bonds within the squares, and the stronger bonds of carbon
triangles come into play. The bifurcation shown in Figs. 6 and 8e10
is related to the symmetry of the unit cell of the materials. The
symmetry imposes, within the linear regime, the equality of the
elastic response along orthogonal directions for all the structures,
while moving beyond the linear regime no constraints on the
mechanical response exist.

As final remarks, we point out that the picture so far described,
concerning the absolute values, slightly changes when we look at
the specific properties reported in the seventh and eighth column
of Table 3. Indeed, the strength of our novel 2D structures can be
comparable to graphene. Nevertheless, the trend of the specific
toughness, which measures the ability of a material to absorb en-
ergy before fracture, is generally favourable to graphene with
respect to the other structures.
Finally, we notice that Griffith [60] extrapolated from experi-

mental data a maximum value of UTSzE=9. Later Polanyi and
Orowan set UTSzE=10 from theoretical arguments. We notice that
none of our structures go beyond the theoretical value of this
cohesive strength and they are typically found in the range
E=11 � UTS � E=4. We reported the values of E=UTS in the ninth
column of Table 3 alongside the other mechanical characteristics.
Our findings agree well with the trend given by Sun et al. [61],
where structural arrangements characterized by sp carbon bonds,
such as Gr10, show a significantly reduced Young’s modulus but an
undiminished UTS.

We found indeed that the square and triangular nodes are the
most frequent points where our structures tend to break. The
motivation of the failure is of course case dependent, nevertheless
it can be generally attributed to two mechanisms. Indeed, the
square and triangular nodes are characterized by high potential
energy owing to the large angle strain (90+ or 60+ instead of 120+)
and, thus, weaker bonds. Furthermore, also the alignment of bonds
along the load direction influences the response. In this regard, the
analysis of the non-linear parameters to identify changes in the
material properties as the deformation progresses, particularly in
large deformation regime, could be revealing. However, to establish
universal relations between these parameters for quantifying
nonlinear elastic responses in these novel bi-dimensional material
is a cumbersome task, which goes beyond the scope of the present
work more focused on methodological aspects. Nevertheless, we
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notice that the nonlinear behaviour of our materials is determined
by reproducing the stressestrain curves. Thus, we present an
analytical expression for the tangent modulus Et . While for a wide
set of materials a second order expression allows the fit of the
stressestrain curves [62] up to the maximum stress, in order to
properly describe the S-shape of the stressestrain of some mate-
rials under study we used a third order expression

sðεÞ¼ E , ε,
�
1þA , εþB , ε2

�
(3)

where E is the constant Young’smodulus, ε is the uniaxial strain and
A, B fitting parameters. In the case of the stressestrain curves along
45+ direction the Young’s modulus has been taken as a free
parameter, otherwise it was taken from Table 2. The fit was per-
formed only up to the strain corresponding to the maximum stress.
From this fit, one can evaluate the tangent modulus Et ¼ E, ð1 þ
2A ,ε þ 3B ,ε2Þ. The values of the parameters A and B are reported
in the last two columns of Table 3. The R2 of the fits are all higher
than 0.99. The values of E for the stressestrain curves along the 45+

direction are extracted from the fit. We found 407 GPa for tilene
parent, 99.6 GPa for tilene, 413 GPa for liskene and 175 GPa for
liskene daughter.
3.6. Routes to synthesis and application of graphene allotropes

Some concern is often raised on the experimental realization of
theoretically proposed novel 2D carbon allotropes, whose potential
is still hampered by the availability of synthesis effective routes.
Standard approaches consist in exfoliation, or sono-chemical,
chemical vapour deposition and lithographic methods [63], but
typically work effectively only for graphene growth.

Nevertheless, recently several successful developments have
been reported for the synthesis of complex structures by surface-
assisted bottom-up routes [64e67] that aim to assembly mole-
cules on ametallic substrate, which catalyses the chemical reaction.
In particular, these approaches are based on a specific combination
of suitable precursors, diffusion and reaction barriers, catalytic
properties of metallic substrates, and finally topology of the sub-
strate surface to drive the formation of intricate carbon nano-
structures [68]. These techniques made it possible the
experimental realization of e.g. doped graphene nanoribbons [69],
single-chirality nanotubes [70], and quantum dots [71,72]. For
example, the reproducible manufacturing of graphene nanoribbons
with different topologies and widths has been achieved via a
bottom-up approach based on the surface-assisted coupling [69,70]
of molecular precursors, such as the hexaiodo substituted macro-
cycle cyclohexa-m-phenylene (CHP) into covalently bonded poly-
phenylene networks and their subsequent cyclodehydrogenation
on Cu(111), Au (111), and Ag (111) surfaces.

Another route to build up 2D carbon allotropes of different
geometrical shapes could be pursued by sublimating precursor
monomers functionalized with halogen species, such as Br, on a
solid surface. The molecular building blocks, after removal of the
halogen atom by thermal activation, form bi-radical surface-stabi-
lized intermediate species able to diffuse across the substrate sur-
face and to covalently link via radical addition reactions in aromatic
chains, whose final geometry is dictated by the i) functionalized
precursor shape, and ii) surface characteristics. By tuning the latter
two variables, for example by using cycloalkanes, such as cyclo-
propane or cyclopropenium ions, and different metallic substrates
one can in principle design a wide range of different 2D carbon
allotropes.

Furthermore, very recent results were reported concerning the
synthesis of other 2D carbon allotropes, such as the radiaannulene
oligomers by iterative acetylenic coupling reactions [73]. These
oligomers have rectangular rather than the hexagonal symmetry of
graphene, and their geometry is obtained by adding sp-hybridized
carbon atoms into the sp2-carbon graphene framework. In partic-
ular the 6,6,12-graphyne carbon allotrope was synthesised by using
iterative series of Pd-catalyzed Sonogashira coupling reactions
between terminal alkynes and a suitable vinyl- or arylhalide (Br, I)
electrophile.

Finally, we remind that the augmentation procedure to produce
our daughter architectures induces a flat band in the band struc-
ture, similarly to the Kagome lattice. Dimerized Kagome lattices
were experimentally realized [74] e.g. by placing CO molecules on
Cu(111) into an anti-lattice configuration of the Kagome geometry
to act as repulsive barriers to the 2D electron gas at the Cu(111)
surface. The latter approach to the synthesis of Kagome lattices may
represent thus a further route to the experimental realization of our
structures. Summarizing, we devise that a bottom-up approach can
be used to achieve the atomically precise fabrication of our gra-
phene 2D allotropes, enabling detailed experimental investigations
of the properties of this exciting new class of materials.

The synthesis of novel stable 2D carbon allotropes characterized
by low density, while retaining possibly the wonderful specific
mechanical properties of graphene, could be beneficial for many
fields, such as aeronautics, as it enables to fabricate light-weight
materials having high stiffness, strength and toughness. In partic-
ular, the theoretical cohesive strength of a brittle defectless solid is
approximately in the range of E/10 [60]. Our daughter structures
typically fall in this range. In this regard, they could find application
as wear-resistant structural materials. Nevertheless, depending on
the loading axis they also display remarkable strength and tough-
ness, whereby they could be also used as energy absorbers.

In addition, owing to a high surface-to-volume ratio, they can be
useful for surface-based sensing mechanisms.

We also stress that owing to the augmentation procedure a FB
emerges in the electronic band structure of daughter geometries,
similarly to that found in frustrated Kagome lattices. The formation
mechanism of this topologically nontrivial dispersionless band has
been rationalized in terms of destructive interference of the elec-
tronic wavefunctions with only nearest-neighbor (NN) hopping.
Consequently, fractional quantum Hall states are expected to
emerge as the electronic FB mimics the Landau levels without the
need of a magnetic field.

The non-trivial topological electronic structure emerging in the
daughter lattice could have potential applications in low energy
consumption electronics and spintronics devices, as much the
recently discovered magnetic topological insulators [51,75].
Furthermore, novel electronic states could be created via interlayer
twisting by manipulating interlayer interactions. Also this exotic
electronic behaviour could lead to dispersionless plasmons and
polaritons.

From the fundamental physics point of view, these non-trivial
topologies could represent a suitable platform for understanding
the behaviour of complex quantum materials, nowadays mostly
based on ultracold atoms in optical lattices and photonic devices.
Simulating topological states is indeed one of the holy grails in
condensed matter. Finally, the fascinating mechanical and elec-
tronic characteristics of these graphene allotropes could be com-
bined and have far-reaching impact on a variety of fields. For
example, these intrinsic properties could lead to their imple-
mentation in devices integrating electrical and mechanical func-
tionality on the nanoscale, such as in NEMS technologies.
Additionally, due to the different mechanical response to loading
along different directions, the interplay between mechanical and
electronic properties could lead to a direction-dependent electronic
conduction.
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4. Conclusion

To conclude, in this work we present a method for designing
thermodynamically stable all-sp2 carbon allotropes with density
lower than graphene and we fully characterize them from first-
principles simulations.

In particular, we argue that flakene represents the least dense
possible structure among the families of all-sp2 generated carbon
allotropic forms starting from planar parent architectures under
the local stability constraint and that the specific strength of tilene
parent is comparable to that of graphene. Nevertheless, novel ge-
ometries could also be obtained by initiating the augmentation
from non-planar architectures, e.g. from pentagraphene. The rele-
vant atomic arrangement, which is named liskene, displays a high
cohesive energy at a density lower than 22% with respect to
graphene.

By comparing the specific Young’s modulus of these structures
with graphene, we notice that there is a threshold below which is
not possible to reduce further the density without a considerable
depletion of this elastic property. In particular, we found a reduc-
tion of about 40% of the specific Young’s modulus below the liskene
density. This can be clearly seen in the case of flakene, which dis-
plays the lowest density among the proposed planar structures as
well as the smallest absolute and specific Young’s modulus. Thus,
we conclude that the search for materials with high specific
Young’s modulus should occur among the high-density carbon al-
lotropes or proceed by changing the paradigm of interaction, for
example by enhancing electrostatic and/or van der Waals
interactions.

We also find that while the absolute mechanical characteristics
of the proposed structures, such as fracture strain, strength, and
toughness, deplete moving from parent to daughter architectures,
their specific counterparts can be comparable to those of graphene.
In this regard, we conclude that our structures could be used to
replace graphene when weight decrease is an issue of paramount
importance.

We further notice that the novel graphene allotropes are char-
acterized by a higher Poisson’s ratio and low area density of atoms,
leaving more free space for bond rotation. Thus, these geometries
may lead to new strategies for enhancing the fracture strains of
graphene allotropes. In this regard, the lower density of these
graphene allotropes leaves more freedomwith respect to graphene
for further engineering or for further modifications by chemical
functionalization. This would open up interesting prospects also in
the adsorption and sieving of gases. We also stress that our
augmentation method could be extended to design novel light-
weight one-dimensional (carbon nanotubes) and three-
dimensional (foams [76,77]) carbon allotropes.

Furthermore, we find that owing to the presence of frustrated
triangular shapes in the augmented structures a narrow band close
to the Fermi level appears. We rationalized this behaviour as due to
destructive interference of the electronic wavefunctions. In this
respect, these architectures resemble Kagome lattices and this
feature extends their use as topological materials or for revealing
unexpected quantum phases of matter.

Finally, we believe that our proposed architectures could be
synthesised via surface-assisted bottom-up techniques recently
used to produce covalently-linked 2D polymers and carbon
allotropes.
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1. Augmentation method for lowering the structure density

The structure of graphene–like materials corresponding to the three-coordinated
regular and semi–regular tessellations can be represented by the packing of con-
gruent discs touching each other exactly in three points. A two-dimensional
packing can be achieved by a collection of congruent discs in the plane under
the following constraints:

• No discs overlap.

• Each disc is in contact with at least another disc.

• For any choice of two discs in the packing there is always a path connecting
them through mutual contacts.

In our approach to augmentation we impose three further constraints to re-
strict the possible structural search. These are the three-coordination of atomic
centers, the maximum angle between two bonds, which must be below π rad,
and the periodicity in the plane. Indeed, angle strain in sp2 carbon allotropes
increases noticeably when far from the equilibrium configuration, in which bond
angles are equal to 2π/3 rad. The choice of angles lower than π rad corresponds
to a specific condition for packing, called local stability or locally jammed pack-
ing. For locally stable disc packing, contacts between circles should lie not all
on the same hemicircle [1]. With such a constraint in place, one might wonder
whether packings of arbitrarily low density exist or, in case they do not, what
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the least dense arrangement of discs in the plane would be. It is an interesting
question on its own, given that the question addressing the opposite problem −
that of finding the densest arrangement of discs in the plane − received much
attention for a long time [2, 3] and found a formal answer only in the last cen-
tury [4]. In this regard, it is worth noticing that if the packing is allowed to be
non-periodic, then discs can indeed be packed into locally stable configurations
with arbitrarily low density [5].

To decrease the structural density of three-coordinated regular and semi-
regular nets, our method proceeds first by substituting every disc of the parent
structure with three smaller congruent discs inscribed in the former whose cen-
ters are arranged in an equilateral triangle, a process called augmentation when
referred to nets [6]. The inscribed discs, representing the daughter geometry,
are designed so that they touch each other to respect the locally jamming con-
dition.

In the equivalent description, in which we place a carbon atom at the center
of each disc, a daughter net emerges which corresponds to design equilateral tri-
angles around every vertex of the parent net. This representation can be easily
generalized to the case of non–regular polygons also containing n-coordinated
vertices, where the daughter net is created via augmentation by regular n-
polygons. This extension consists in particular of a first step in which each
n-coordinated node is augmented by a polygon with the same number of ver-
tices, resulting in a three-coordinated net, followed by a second step in which the
three-coordinated net is further augmented by triangles only. This procedure
stops after reaching triangular nodes, as a further augmentation would fail the
local jamming conditions by producing angles equal to π rad. We notice that
the class of possible structures that can be augmented is in principle infinite,
nevertheless the final density is likely to present a lower bound strictly related
to the initial parent structure. We will show an application of this generalized
tessellation which goes beyond regular and semi-regular polygons to the Cairo
pentagonal tiling in which two vertices of the unit cell are four-coordinated.

2. Parent and augmented geometries with low density

In this section we discuss the application of our augmentation approach
to create novel sp2 carbon-based architectures. We start from an initial par-
ent topology and proceed to generate daughter architectures under the locally-
jammed constraints.

2.1. Graphene and graphene daughter.

Consider the packing of discs associated with the structure of graphene. This
arrangement has density of π/(3

√
3) ∼ 0.6046, as shown in figure 1(a), and de-

fines the structural net of graphene reproduced in the left hand side of figure 1.
Now replacing each disc with three smaller discs (reducing thus the disc radius
by a factor 1

1+2/
√
3

with respect to the radius of graphene discs) leads to a less
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a)

π
3√3

≃0.6046 π (7√3−12)≃0.3907

b)

Figure 1: a) Parent (left) and daughter (right) disc packing in the unit cells of graphene. The
lines internal to the discs connect the nearest neighbors. b) 3 × 3 supercells of parent (left)
and daughter (right) structures of graphene.

dense packing π(7
√

3) − 12 ∼ 0.390675, as shown in figure 1(a). The result-
ing structure, which we name “graphene daughter” (gr11 in [7]), corresponds
to a semi-regular tessellation and is reproduced in the right panel of figure 1.
Unfortunately, the substitution cannot be pursued any further as contacts be-
tween circles on the half-hemicircle would spoil the local stability condition.
This applies to any packing, whose associated net (or tiling) contains triangles.
The lattice parameters of the calculation supercell of graphene are (units are in
Å) {2.4681, 0.0, 0.0; 1.23405, 2.13744, 0.0; 0.0, 0.0, 20.0}, while for graphene
daughter are {5.200277, 0.0, 0.0; 2.600138, 4.503572, 0.0; 0.0, 0.0, 20.0}.

2.2. Tilene parent and tilene.

By considering semi-regular tiling with polygons having four and eight sides,
in figure 2 we show what is probably the simplest structure after graphene,
that is the packing associated with the well known square-octagon tiling. This
defines a net of carbon atoms that we label “tilene parent” (octagraphene in
[7]), which is reported in the left hand side of figure 2(a). Its packing fac-
tor is π(3 − 2

√
2) ∼ 0.539012, which is lower than that of graphene. Its

augmentation, carried out under the previously described principles, leads to
an even rarer packing, as shown in figure 2(a), where the packing factor is
3π/(2 +

√
2 +
√

3)2 ∼ 0.355866. The resulting structure, reported in the
right hand side of figure 2, is called “tilene” in this manuscript. The lattice
parameters of the calculation supercell of tilene parent (units are in Å) are
{3.4479, 0.0, 0.0; 0.0, 3.4479, 0.0; 0.0, 0.0, 20.0}, while for tilene are
{7.1757, 0.0, 0.0; 7.1757, 0.0, 0.0; 0.0, 0.0, 20.0}.
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a)

b)

π (3−2√2)≃0.539
3 π

(2+√2+√3)
2 ≃0.356

Figure 2: a) Parent (left) and daughter (right) disc packing in the unit cells of tilene. The
lines internal to the discs connect the nearest neighbors. b) 4 × 4 supercells of parent (left)
and daughter (right) structures of tilene.

2.3. Flakene parent and flakene.

The semi-regular tiling of the plane by regular polygons with the largest
rings is the truncated trihexagonal tiling reported in figure 3(a) for which the
packing factor before the geometry optimization is π(2/

√
3 − 1) ∼ 0.486006.

The resulting geometry is called “flakene parent” (C64 graphenylene in [7, 8, 9])
and is reported in the left hand side of figure 3. Its augmentation, shown
in figure 3(a), shows a tiling containing 24-sided polygons whose density is
3
√

3π/(20+3
√

3+6
√

7+2
√

21) ∼ 0.324951. Although topologically equivalent,
this packing differs from a previously reported example [6] as its density is
appreciably lower. The resulting structure, obtained by placing carbon atoms
at the disc centers, is reported in the right hand side of figure 3(b) and we call
it “flakene”. It can be shown that it is one of the sp2 structures with lowest
density ever studied which agree to the locally–jammed packing and periodic
conditions. The lattice parameters of the calculation supercell of flakene parent
(units are in Å) are {6.7697, 0.0, 0.0; 3.3849, 5.8627, 0.0; 0.0, 0.0, 20.0}, while
for flakene are {13.9941, 0.0, 0.0; 6.9970, 12.1192, 0.0; 0.0, 0.0, 20.0}.

2.4. Beyond the regular and semi-regular tessellations: the Cairo pentagonal
tiling. Liskene and liskene daughter.

Other carbon structures can be designed by using a tiling conceptually dif-
ferent from what we have seen so far. In particular, one may think to mod-
ify the carbon three-coordination, and to allow also four-coordinated vertices.
The Cairo pentagonal tiling is known to be the planar projection of the pen-
tagraphene structure [10] and it cannot be packed using congruent discs as the
previously proposed structures. In this arrangement not all carbon atoms are
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b)

a)

2π

√3
−π≃0.486 3√3 π

20+3√3+6√7+2√21
≃0.325

Figure 3: a) Parent (left) and daughter (right) disc packing in the unit cells of flakene. The
lines internal to the discs connect the nearest neighbors. b) 3 × 3 supercells of parent (left)
and daughter (right) structures of flakene.

  

pentagraphene liskene liskene
daughter

a)

b)

Figure 4: a) From left to right: pentagraphene structure; augmentation of the Cairo pentag-
onal tiling: liskene; further augmentation of the liskene geometry: liskene daughter. b) from
left to right: top and side view of a 3× 3 pentagraphene super cell, where the sp3 -hybridized
carbon atoms are reported in green color, while in grey scale we find the sp2 -hybridized carbon
centers; 3 × 3 supercell of liskene and liskene daughter after performing DFT minimization.

three-coordinated and the resulting structure is not planar. The unit cell of pen-
tagraphene, whose 3×3 periodic arrangement is reported in figure 4(a), is made
by 4 three-coordinated and 2 four-coordinated vertices, characterized thus by
sp2-sp3 and sp2-sp2 hybridization, respectively. This diversity of coordination
leads the system to develop into the third dimension. This reflects the fact that
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one cannot tile the plane by regular pentagons. Top and side views of the calcu-
lation supercell used in our simulation are reported in the left hand side of figure
4(b). To find the daughter structure, we apply our augmentation method also to
the Cairo pentagonal tiling, characterizing the pentagraphene cell. In this way,
we obtain a planar three-coordinated structure that we name “liskene”, which is
shown in the central panel of figure 4. While we notice that this is a different case
study with respect to the other structures, we find that the daughter architec-
ture is still a three-coordinated system with a density lower than the parent. In
the central panel of figure 4 we show the DFT optimized geometry of this tiling.
Furthermore, by further augmenting the vertices not belonging to the triangular
polygons of liskene, we obtain the daughter architecture (see the right panel of
figure 4), which represents the maximal limit of the planar packing of penta-
graphene. Finally, in the right panel of figure 4 we report the DFT-optimized
structure. The lattice parameters of the calculation supercell of liskene (units
are in Å) are {8.2092, 0.0, 0.0; 0.0, 8.2092, 0.0; 0.0, 0.0, 20.0}, while for liskene
daughter are {12.0716, 0.0, 0.0; 0.0, 12.0716, 0.0; 0.0, 0.0, 20.0}.

2.5. Relaxing the locally jammed packing constraint.

By relaxing the condition of having all the angles between two carbon bonds
strictly less than π, the flakene architecture can be used as a basis for building
up structures with arbitrary low density. This can be achieved by progressively
elongating the sides of the hexagonal super-ring highlighted in figure 5(a), at
fixed width. In particular, a sketch of the structure derived by doubling the
hexagonal super-ring sides is reported in figure 5(b). Concerning stability, by
increasing the length of the hexagonal sides to achieve an arbitrarily low den-
sity the energy-per-atom is 1.372 eV/atom higher than graphene, which can be
assumed to be the asymptotic value for area density going to zero. Thus, while
here we stress the fact that this work focus on all-sp2 carbon-based geometries
with low density that satisfy the locally jammed packing condition, nevertheless
by relaxing this constraint one can achieve progressively low density.
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a) b)

Figure 5: a) By relaxing the locally jammed packing constraint, the flakene structure can be
made progressively less dense by elongating the hexagonal super-ring side highlighted in the
picture. b) The low density structure obtained from flakene without the local jammed packing
condition by doubling the hexagonal super-ring side length.
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