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Abstract Combining a series of atomistic simula-

tions with fracture mechanics theory, we systemati-

cally investigate the crack growth stability of graphene

under tension and indentation, with a pre-existing

crack made by two methods: atom removal and

(artificial) bonding removal. In the tension, the

monotonically increasing energy release rate G is

consistent with the unstable crack growth. In contrast,

the non-monotonic G with a maximum for indentation

explains the transition from unstable to stable crack

growth when the crack length is comparable to the

diameter of the contact zone. We also find that the

crack growth stability within a stable crack growth

regime can be significantly affected by the crack tip

sharpness even down to a single atom scale. A crack

made by atom removal starts to grow at a higher

indentation force than the ultimately sharp crack made

by bonding removal, which leads to a large force drop

at the onset of the crack growth that can cause

unstable crack growth under indentation with force

control. In addition, we investigate the effect of the

offset distance between the indenter and the crack to

the indentation fracture force and find that the

graphene with a smaller initial crack is more sensitive.

The findings reported in this study can be applied to

other related 2D materials because crack growth

stability is determined primarily by the geometrical

factors of the mechanical loading.

Keywords Fracture � Graphene � Indentation �
Tension � Crack tip blunting

1 Introduction

Due to its exceptional mechanical [1–3], electronic

[4, 5] and thermal properties [6, 7], graphene has been

widely used for various applications such as nanocom-

posites [8, 9], energy storage [10, 11], and conductive

electrodes [12, 13]. For the realistic application of

graphene, it is important to characterize its intrinsic

properties including the mechanical properties such as

strength, modulus, and stretchability. Because it is

difficult to conduct a uniaxial tension test on the

atomically thin layer, the mechanical properties of
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graphene have been characterized mostly by nanoin-

dentation tests [2, 14, 15]. The measured mechanical

properties of defect-free single crystal graphene are

reported to be a Young’s modulus of * 1 TPa and a

strength of * 120 GPa, which turns out to be consis-

tent with theoretical predictions [2]. However, there

has been some controversy over the strength and

modulus of large-area polycrystal graphene synthe-

sized through the CVD process that contains defects

such as grain boundaries (GBs) and cracks [16, 17]

which promote pre-stress and a stress concentration

near the defects [18–21].

The effect of GBs on the material properties of

graphene has been investigated by several simulation

and experiment studies [22–24]. Five to seven defects

along a GB are geometrically necessary to accommo-

date the misorientation angle between two grains

separated by the GB [25, 26]. Several theoretical and

computational studies have reported that the dipolar

pre-stress from the 5-7 defects is responsible for the

reduced tensile strength of polycrystal graphene

[19, 21, 22]. In contrast, there exist two different

claims about the tensile strength estimated from

nanoindentation experiments. Lee et al. [24] has

argued that polycrystal graphene is as strong as

pristine graphene regardless of the misorientation

angle, while Rasool et al. [27] reported that the GB

reduces the strength significantly. A previous compu-

tational and theoretical study performed by some of us

claimed that the fracture force cannot be mapped to the

tensile strength [18, 28] because of two reasons: (1) the

nanoindentation fracture force for a GB with a small

misorientation angle cannot be linked to the onset of

crack nucleation while the fracture strength under

tension can be linked because of a different crack

growth stability for the indentation and tensile loading,

and (2) a small offset distance between the indenter tip

and the GB (as small as the indenter radius) makes the

indentation fracture force be almost identical to that of

pristine graphene. The primary origin is suggested to

be the fast decaying stress field outside of the contact

area which is inversely proportional to the distance r

from the indenter tip. In previous studies, the energy

release rate G has not been directly calculated from

atomistic simulations but has been analytically esti-

mated by geometrical argument when the crack length

is larger than the diameter of the contact area.

Meanwhile, with the advancement of experimental

techniques, uniaxial tension experiments on graphene

have been reported in a few studies. However, due to

the difficulty in preparing a dog-bone shape graphene

sample (which is necessary to mitigate the stress

concentration at the grips), graphene samples with a

pre-notched crack using a femto-second laser have

been tested for toughness measurements [29]. How-

ever, although the crack tip sharpness is known to have

an important role down to the atomic scale [30, 31], it

is hard to obtain information on the crack tip sharpness

from experiments while most atomistic simulations

assume a pre-existing crack is made with the removal

of a single row of atoms [29, 32–35].

To achieve a deeper understanding, this study

investigates the crack growth stability under different

loading conditions and its sensitivity to the crack tip

sharpness with a pre-existing crack made by two

methods, atom removal and (artificial) bonding

removal. We directly compute the energy release rates

of graphene under two loading conditions which

explain the unstable crack growth under tension as

well as the transition from an unstable to a stable crack

growth regime under indentation when the crack size

becomes comparable to the contact zone. Interest-

ingly, the crack growth stability within the stable crack

growth regime can be significantly affected by the

crack tip sharpness down to a single atom scale. A

crack made by atom removal starts to grow at a higher

indentation force than the ultimately sharp crack made

by bonding removal. This results in a large force drop

at the onset of crack growth, which can cause an

unstable crack growth under indentation with force

control. In addition, we investigate the sensitivity of

the indentation results to the offset distance between

the indenter and the crack, which is present in realistic

experiments, showing that the indentation force for

graphene with a smaller initial crack is more sensitive

to the offset distance. The findings of this study can be

applied to the mechanical testing of other related 2D

materials.

2 Simulation method

We use the large-scale atomic/molecular massively

parallel simulator (LAMMPS) for the molecular

dynamics (MD) simulations [36] of a graphene sheet

about 55 nm� 55 nm. For the indentation modeling,

we use the NVT ensemble for the interior circular part

with a diameter D of 50 nm at a temperature of 1 K.
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Because internal force in radial direction by the

indenting loading is axisymmetric, we fix the exterior

part to mimic experimental condition where the

graphene is suspended over open hole in substrate.

(see Fig. 1). Although we chose 1 K instead of 300 K

for the ease of computing the energy release rate and

visualizing the stress distribution, the outcome at

300 K is expected to be identical but with a slightly

reduced fracture force. The AIREBO potential is used

to describe the interaction between carbon atoms [37].

The potential has been widely used in a variety of

modeling studies concerning the mechanical testing of

carbon material such as polycrystalline diamond [38],

graphene [18, 20, 28, 32, 34, 39] or carbon nanotube

[40, 41]. It consists of three terms: REBO, LJ, and

torsion where LJ is used for long-range atomic

interaction and torsional term describes torsional bond

interactions. In all of our simulation, we use the sigma

scale factor of 3.0 for LJ term in LAMMPS and the

cutoff radius of rcc as 2.0 Å to avoid any non-physical

hardening behavior at the low temperature [38, 42].

We consider a frictionless rigid spherical indenter by

using an artificial spherical potential field which exerts

a repulsive force to the atoms inside the spherical

indenter. The force on the graphene atoms is given by

¼ �k r � Rð Þ2, where k, R and r are the spring

constant, indenter radius and distance of the atom

from the indenter center, respectively. We use k ¼
10 eV=Å

3
and R ¼ 5 nm for all calculations. We use a

sufficiently large graphene sheet D=R ¼ 10ð Þ because
the rupture force does not depend on the sample size if

the sheet diameter is twice larger than the indenter

radius [27, 39]. We create a crack at the center of the

graphene sheet using two different methods and

consider two different crack orientations, the armchair

and zigzag. As shown in Fig. 1, we remove a single

atom layer to construct the atom-removal crack which

is a realistic pre-existing crack in experiments, while

we artificially turn off the interaction between the blue

and yellow region by assigning atom indices to

construct the bonding removal crack. The crack made

by bonding removal can be considered as the ideal

sharp crack (see Fig. 1) which appears during dynamic

crack growth.

We first obtain the graphene configuration by

minimizing the total potential energy using the

conjugate gradient method. For the thermal equilibra-

tion, we first conduct the NPT ensemble for 5 ps with a

timestep of 1 fs to relax the initial stress in the xy

direction and run the NVT ensemble for 5 ps after

fixing the outer atoms. The indentation simulation is

conducted under the NVT ensemble, and the indenter

tip velocity is 0.02 Å=ps in the out of plane zð Þ
direction (see the Fig. 1). The indenter tip moves

R = 5 nm

Fixed region

Depth

50 nm

Fixed region
(a)

Armchair crack
atom removal

Zigzag crack
atom removal

Armchair crack
bonding removal

Zigzag crack
bonding removal

(b)

Fig. 1 a Schematic of the graphene indentation testing. b Four different crack geometries
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downwards every 5 ps with a displacement increment

of 0:1 Å. The indenting force is measured for the

circular clamped graphene sheet and averaged over

2.5 ps at every increment to average out the thermal

fluctuation.

The uniaxial tensile test simulation is also per-

formed under 1 K. It is initially equilibrated by the

NPT ensemble for 5 ps after minimization; then, the

tensile testing is conducted using the NPT ensemble to

relax the stress in the lateral direction due to the

Poisson effect. The strain rate is 108/s with the strain

increment of 0.001, so the applied strain increases

every 10 ps. At each strain, we calculate the applied

stress by averaging the virial stress over last 5 ps out

10 ps equilibration period. We set the thickness of the

graphene as 0.33 nm [43] when considering the cross-

section area for the stress calculation. The virial

theorem and the atomic volume of carbon 8:8 Å
3
is

used to calculate the atomic stress [18, 22]. All of the

simulation results are visualized by OVITO [44].

3 Simulation results

We first conduct the indentation testing simulation for

pristine graphene as a reference, and the results are

shown in Fig. 2. The stress is highly concentrated

within the contact area, while the stress beyond the

contract area is inversely proportional to the distance r

from the center due to the force equilibrium condition

along the indentation direction:

F ¼ 2prtrrr sin h; rrr ¼
F

2prt sin h
ð1Þ

where rrr is the stress in the radial direction; t is the

thickness of graphene; F is the indentation force, and h
is the angle between the graphene sheet and the plane

perpendicular to the indentation force. The pristine

graphene shows catastrophic failure with a large

indenter force drop after crack nucleation shown in

Fig. 2. After crack nucleation, large cracks are formed

in multiple directions simultaneously because the

highly accumulated strain energy released at the onset

of crack nucleation is large enough to create such a

large crack edge.

The indentation testing results for the pre-cracked

graphene with different crack lengths are shown in

Fig. 3. The strength of the pre-cracked graphene is

lower than that of the pristine, regardless of the crack

types. For a short crack (* 1.5 nm), the initial crack

grows instantaneously creating a large crack edge area

which implies unstable crack growth; thus, the force

drops abruptly during which the crack size becomes

larger than the contact zone. Then, it sustains a short

period of stable crack growth until the crack size

increases so large that it cannot support the indenter

tip. This is different from the fracture of the pristine

graphene for which the accumulated strain energy

before the crack nucleation is so high that the crack

grows explosively to a scale much beyond the indenter

radius during the first force drop. The results are

qualitatively similar between the cracks made by the

two methods and also between the armchair and

zigzag graphene, except that the fracture force is

slightly lower for the bonding removal crack than for

the atom removal crack due to the sharper crack tip.

For a larger initial crack length over 5.8 nm, we

observe qualitatively different outcomes for cracks

made by the two different methods. The indentation

force for the bonding removal crack first makes a cusp

when the crack growth initiates but with continuous

increases and a lower rate without an overshoot

because graphene can sustain the indentation load

until the crack size becomes significantly higher than

the contact zone (as illustrated by Fig. 3a, b). The

indentation force at the initiation of crack growth and

its rising rate during the stable growth regime are

higher for the armchair graphene than for the zigzag

graphene because more atomic bonds are required to

be broken per unit length for the crack growth (see

Fig. 1b). In comparison, the indentation force for the

atom removal case shows a notable drop in force at the

initiation of crack growth with a sudden increase of the

crack length, and eventually follows the identical

force–displacement curve with the bonding removal

case because the growing crack is identical with the

ideal crack tip sharpness. This indicates that even the

single atom scale blunted crack induces a noticeable

and non-negligible effect on the fracture. The fracture

force overshoot has an even more interesting impli-

cation when we consider the indentation with force

control, or realistic displacement-control indentation

experiments where the response time of the feed-back

loop of the device is slower than the timescale of the

crack growth inside the graphene. For the zigzag case,

because the overshoot indentation force at the crack

growth initiation is the maximum in the entire force–
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displacement curves, only the unstable fracture mode

can be observed for the graphene containing the pre-

existing crack. With a larger initial crack (* 7 nm),

interestingly, the indentation force at the onset of

crack growth becomes higher compared to the 5.8 nm

case because the crack tip is located further from the

indenter center, reducing the stress level at the crack

tip at the same indentation depth. Otherwise, the crack

growth stability results are qualitatively similar to

the * 5.8 nm initial crack case.

In the tensile test simulations, the pre-cracked

graphene shows catastrophic failure regardless of the

initial crack length because the stress field within the

entire domain (except the vicinity of the crack) is

uniform (see Fig. 3). As shown in Fig. 3, the pre-

cracked graphene containing a longer initial crack has

a lower strength than that of the short crack graphene,

which matches well with the fracture mechanics

theory prediction. The difference between the atom

removal crack and the bonding removal crack is not

significant except for a small difference in the fracture

strength. Because the bonding removal crack is

sharper than the atom removal crack, a lower strength

is predicted due to a higher stress concentration at the

crack tip which is explained by the Inglis solution

given as rmax ¼ r 1þ 2
ffiffi

a
q

q

� �

, where a is half of the

initial crack length; r is the applied stress and q is the

curvature radius of the crack tip, respectively [45].

‘‘Appendix 1’’ presents all the force-depth curves from

the indentation testing and stress curves from the

uniaxial tensile testing considered in the present study.

In Fig. 4, we plot the predicted strength from the

indentation and uniaxial testing simulation. For

indentation, following the existing experimental and

simulation studies [2, 18, 24], we map the indention

force into a strength based on the indenting force–

strength relationship of the pristine graphene (obtain-

able from Fig. 2a, b). Such a strength estimation from

the indention is compared with the fracture strength

from the direct uniaxial tensile testing which shows a

monotonically decreasing behavior, as expected from

(a)

Contact
diameter

(b)

Crack nucleation
&

Unstable growth
+

2

50 GPa

0 GPa

(c)

Fig. 2 a Force-depth curve predicted from the pristine graphene indentation testing. b Atomic stress distribution along the center line.

c Stress distribution of the graphene before and after crack nucleation
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Initial crack : 1.56nm
Initial crack : 5.81nm
Initial crack : 7.51nm

Atom
removed

Armchair
crack

Bonding
removed

Initial crack : 1.47nm
Initial crack : 5.89nm
Initial crack : 7.85nm

Zigzag
crack

Atom
removed

Bonding
removed

Initial crack : 1.56nm
Initial crack : 5.81nm
Initial crack : 7.51nm

Atom removed
Armchair crack

Initial crack : 1.47nm
Initial crack : 5.89nm
Initial crack : 7.85nm

Atom removed
Zigzag crack

Initial crack : 1.56nm
Initial crack : 5.81nm
Initial crack : 7.51nm

Bonding removed
Armchair crack

Initial crack : 1.47nm
Initial crack : 5.89nm
Initial crack : 7.85nm

Bonding removed
Zigzag crack

(a)

depth=4.49nm depth=5.88nm depth=5.90nm

Stable
growth

Unstable
growth

(b)

strain=0.034 strain=0.035

Unstable
growth

50 GPa

0 GPa

(c)

Fig. 3 a Force-depth curve and stress–strain curve for the pre-

cracked graphene. The arrows indicate the snapshot points for b
and c at the indentation and tensile testing, respectively. Atomic

stress rxx for 2a ¼ 5:89nm for b nanoindentation testing and

c uniaxial tensile testing
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the fracture mechanics theory [45]. We find that the

estimated normalized strength (ratio to the pristine

strength) from the indentation follows that from the

uniaxial tension when the crack size is small, and thus,

an unstable fracture is observed. However, for the

larger initial crack length case where the onset of crack

growth occurs when the contact zone is comparable or

smaller than the crack size, the estimated strength

increases with the initial crack length because the

ultimate fracture force increases with the initial crack

length in the regime. Hence, the strength estimated

from the indentation in the stable crack growth regime

shows a different trend compared to the fracture

strength from the uniaxial tension.

3.1 Elastic fracture mechanics theory

We then make a detailed explanation on the crack

growth stability based on the energy release rate Gð Þ.
Because the crack growth stability is similar between

the two crack creation methods, we use the configu-

rations with the atom removal crack to obtain G. Here,

we consider G rather than the stress intensity factor

KI;II;III

� �

which is frequently used in other studies

[29, 32, 33] because the graphene shows a signifi-

cantly nonlinear stress–strain behavior with a large

stretchability and a maximum strain of about * 20%

(see ‘‘Appendix 2’’). For displacement control, the

energy release rate can be obtained as follows:

Zigzag crack
Armchair crack

Tension simulation
Zigzag crack
Armchair crack

Indentation simulation
(a)

Zigzag crack
Armchair crack

Tension simulation
Zigzag crack
Armchair crack

Indentation simulation

(c)

= 2.41nm

= 9.21nm

Contact area

(b)

Fig. 4 a Strength predicted from the indentation and tension testing normalized by the pristine strength. b The contact area between the
graphene and indenter tip just before crack growth initiation. c The energy release rate at a constant depth (3.85 nm) and strain (0.018)

123

Meccanica (2019) 54:1915–1926 1921



G ¼ � oF

oa
ð2Þ

where F is the Helmholtz free energy. Because the

temperature in our simulation is about 1 K, the

entropic effect is negligible compared to the potential

energy. Hence, at a low temperature, we calculate the

energy release rate as follows:

G ¼ � oF

oa
¼ � o P� TSð Þ

oa
� � oP

oa
ð3Þ

whereP is the total potential energy which is the strain

energy obtained from the simulation. We can compute

G from the derivative of the smoothed a versus P
curves from direct atomistic calculation by spline

fitting. From the elastic fracture mechanics with the

Indenter center

(a)
Indenter center

(b)

/ = 1.00
100 GPa

0 GPa
/ = 1.50

(c)

Initial
crack

Initial
crack

Fig. 5 Strength prediction for the indentation testing when the initial crack (a armchair, b zigzag) is shifted from the indenter tip. c
Atomic stress ryy distribution for a=R ¼ 0:18. The arrows indicate the initial crack position
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energy release rate, the crack growth initiation and

stability can be predicted as follows:

G ¼ Gc : Crack growth initiation

oG

oa

�

�

�

�

G¼Gc

\0 : Stable crack growth

oG

oa

�

�

�

�

G¼Gc

[ 0 : Unstable crack growth

ð4Þ

where Gc is the material-dependent critical energy

release rate.

As shown in Fig. 4, the energy release rate from the

tensile testing is a monotonically increasing function,

which implies the crack grows unstably regardless of

the initial crack length. The graphene with the zigzag

oriented initial crack has a higher energy release rate

under a fixed displacement because the surface (edge)

energy in the zigzag direction is lower than that of the

armchair direction [33]. Due to its lower surface

(edge) energy, the crack is likely to grow in the zigzag

orientation crack; thus, crack kinking in the initial

armchair orientation is captured (see Fig. 3).

The energy release rate from the indentation testing

results is an increasing function when the initial crack

is shorter than the contact diameter, which is consis-

tent with the unstable crack growth observed in the

atomistic simulations. With a longer initial crack, the

sign of oG
oa

is changed from positive to negative,

implying that crack growth stability is changed from

unstable to stable growth. The transition occurs when

the initial crack length is comparable to the size of the

contact zone (see Fig. 4).

3.2 Initial crack: indenter misalignment

All previous results are obtained when the indenter tip

is located right at the center of the initial crack.

However, in experiments, it is hard to locate the

indenter tip on the top of the defect exactly. Hence, we

study the effect of the offset distance between the

indenter tip and crack on the fracture behavior. We

conduct MD simulations for the pre-cracked graphene

for which the initial crack is located slightly away

from the center of the graphene and compute the

strength (mapped from the indentation fracture force)

with respect to the misalignment distance dð Þ. As

shown in Fig. 5, the estimated strength is recovered to

the strength of the pristine graphene as the offset

distance increases.

The strength of graphene with a short crack is

almost recovered to the strength of pristine graphene

when the offset distance is larger than 1:5R whereas

the strength of graphene with a larger crack in the

graphene is still less than that of the pristine graphene

at the same offset distance. For a short offset distance

of d=R ¼ 1, the crack growth initiates at the crack tip,

and it propagates following the zigzag direction which

has a low surface (edge) energy (see Fig. 5). When the

crack is sufficiently far away from the indenter tip

d=R ¼ 1:5ð Þ, the stress field at the tip is higher than the
stress at the crack tip. Accordingly, the crack nucleates

at the center of the contact area, and it shows

catastrophic failure creating a large crack surface

instantaneously, which is very similar with the fracture

pattern of the pristine graphene (see Figs. 2, 5).

4 Conclusion

In the present study, we systematically investigate the

crack growth stability of graphene under tension and

indentation by combining atomistic simulations and

fracture mechanics theory. The crack growth stability

observed in the two loading conditions are explained

by the energy release rates directly obtained from

atomistic calculations, and the effect of the crack tip

sharpness is also discussed by comparing the results on

the initial cracks made by atom removal and bonding

removal methods. We found that the crack tip

sharpness plays an important role below single atom

scale: such effect can be quantified by quantum

fracture mechanics framework by appropriately

accounting for the nonlinear response of graphene

[30, 31]. Moreover, we examine the sensitivity of the

indentation fracture force to the offset distance from

the initial crack. Our findings imply that the

stable crack growth mode for larger crack as well as

the sensitivity to the offset distance for indentation

may lead to an incorrect strength estimation and also

that even the blunting of the single atomic scale crack

tip can induce a notable difference in the fracture

behavior. Our reports can serve as a guideline for the

design and interpretation of indentation experiments

and simulations on graphene as well as other related

2D materials.
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Appendix 1: force-depth and stress–strain curve

of all pre-cracked graphene

We draw the results for all the indentation testing and

uniaxial testing for all pre-cracked graphene (see

Fig. 6). For the armchair (zigzag) crack, the shortest

and longest initial crack lengths are 1.56 nm

(0.984 nm) and 12.6 nm (9.33 nm), respectively, and

the interval between the crack lengths is

0.85 nm(0.49 nm).

Armchair
Atom removed

Armchair
Bonding removed

Zigzag
Atom removed

Zigzag
Bonding removed

(a)

Armchair
Atom removed

Armchair
Bonding removed

Zigzag
Atom removed

Zigzag
Bonding removed

(b)

Fig. 6 a force-depth and b stress–strain curve for all pre-cracked graphene
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Appendix 2: nonlinear stress–strain curve

of the pristine graphene

We plot the stress–strain curves of the pristine

graphene for two different loading directions to show

that the graphene is an anisotropic material with a

nonlinear response. As shown in Fig. 7, the graphene

has a high stretchability with a maximum elongation

limit of 20%. Accordingly, the energy release rate is

more suitable than the stress intensity factor (which is

only valid for linear elastic materials) for accurately

predicting the crack growth stability.
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