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Abstract: An analysis of three-dimensional nanoelectromechanical systems (NEMS) is
presented. Nanotubes could be a key one-dimensional element in future NEMS devices; but
they would be inadequate when two- or three-dimensional structures are required. A general
free-energy-based formulation to treat statics and dynamics of three-dimensional NEMS,
according to classical or quantum mechanics, is derived and presented; the method is then
applied to nanoplates and nanowires. The equilibrium and stability of an elastic (e.g.,
graphene sheet) nanoplate-based NEMS under an electrical field and van der Waals forces
(Pauli’s repulsion and large displacements are also discussed) are evaluated by minimizing the
free energy and by the sign of the determinant of its Hessian matrix. The structural instability,
arising at the so-called pull-in voltage, would correspond to the switch of the device. The
amplitude and frequency of the thermal vibrations of the nanoplate are evaluated as a
function of the applied voltage. The effect of the van der Waals forces on the NEMS dynamics
is also presented. The amplitude and frequency of the oscillations at 0K, from the uncertainty
principle, are estimated.
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1 INTRODUCTION

Microelectromechanical systems (MEMS) — devices
with size of the order of a micrometer — have already
had a strong impact on different technology areas.
The natural evolution of these systems is their minia-
turization towards nanoelectromechanical systems
(NEMS), having a characteristic size of the order of
a nanometer. The potential for NEMS is tremendous,
reaching an integration level of the order of 10'?
elements/cm? and frequency in the GHz band [1-3].

NEMS are about three orders of magnitude smaller
than MEMS; and therefore new effects have to be
taken into account, as demonstrated for nanotube-
based NEMS [4], for example, thermal vibrations
(which will have a stronger influence on NEMS than
MEMS), as well as van der Waals forces, Heisenberg’s,
and Pauli’s principles, which can be (largely)
neglected when designing MEMS. Therefore, also
the Casimir’s force (a purely quantum-mechanical
effect arising from the zero-point energy, thus from

the Heisenberg’s principle) could also have a signifi-
cant role in the world of the nanosystems.

At large size scale, one- and two-dimensional struc-
tures, e.g., tubes and plates, are extensively used in
the design of mechanical components. Correspond-
ingly, a strong impact of nanotubes, nanowires, and
nanoplates can be expected in the design of NEMS
devices. Even if nanotubes have been widely analysed
in the last decade, much remains to do on nanowires
and nanoplates and in general on three-dimensional
nanostructures. Carbon is an interesting material for
NEMS design, because of its excellent electronic and
mechanical properties [5], as clearly shown by the
numerous analyses carried out on carbon nanotubes
during the last decade, after their discovery by lijima
[6]. In this paper it is assumed that the mechanical
strength of the NEMS is large enough. For its strength
prediction quantized fracture mechanics could be
applied [7].

Since carbon seems to be a key element for MEMS
and NEMS applications, after a general treatment,
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Fig. 1 Elastic nanoplate and grounded rigid plane under
electrostatic and van der Waals forces

attention is focused on the structural behaviour of
carbon nanoplates, such as graphene sheets (an
individual layer of graphite).

The structural behaviour of nanostructures is
usually analysed experimentally by scanning electron
and atomic force microscopy techniques, numerically
by molecular mechanics or dynamics simulations,
as well as theoretically by continuum mechanics.
Continuum theories seem to be very robust even con-
sidering structures with size in the nanometer range
[8]. Similarly, it has been shown [9, 10] that a conti-
nuum model can be used to calculate the van der
Waals energy, instead of only the discrete approach
based on the attractive term of the Lennard-Jones
potential. The same consideration could be extended
to the repulsive term, that essentially represents the
Pauli’s repulsion.

Figure 1 shows the analysed system consisting of an
elastic vibrating nanoplate at a given temperature,
and a rigid semi-infinite ground plane. The static
case of a nanotube suspended over an electrode
was numerically analysed in [10], as well as theoreti-
cally in [4] also considering the dynamic and finite
kinematic (large displacement) regimes. When a
potential difference is created between the nanoplate
and the ground plane, electrostatic charges are
induced on both structures. The opposite charges
give rise to attractive electrostatic forces. In addition,
van der Waals attractive forces also act between the
two structures. The elastic stiffness of the nanoplate
counteracts the attractive electrostatic and van der
Waals forces so that an equilibrium position is
reached. However, around this equilibrium position,
the NEMS is always oscillating as a consequence of
thermal vibration.

When the applied potential difference between the
nanoplate and the ground plane reaches a certain
value, the nanoplate becomes unstable and collapses
onto the ground plane. For NEMS it could correspond
to an ON state so that when the nanoplate and the
ground plane are separated the device is in the OFF
state. The potential that causes the nanoplate to
collapse onto the ground plane is defined as the

pull-in voltage. 1f the gap between the nanoplate
and the ground plane is very small, even without an
applied voltage, the nanoplate can collapse onto the
ground plane because of the van der Waals forces.
The Pauli’s repulsion plays the role of a mechanical
contact. If the elastic opposing force is not sufficient
to recover the relaxed configuration, the collapsed
configuration is maintained even after the applied
voltage is removed; thus, irreversible sticking of
NEMS becomes an increasing problem at the nano-
scale and can limit the range of operability and the
size of NEMS [10]. On the other hand, for some
applications, the sticking of the nanodevice could
be a desired effect (e.g., in acceleration or mass nano-
sensors — to be used only one time).

In describing the behaviour of NEMS, dynamic
effects could play a fundamental role. In particular,
important parameters are the amplitude and fre-
quency of the vibrations (e.g., thermal, free, or from
zero point vibrations even at 0K) of the NEMS, as a
function of the applied voltage imposed to control
the device, and including the effect of the van der
Waals forces. A dynamic analysis to estimate these
parameters concludes the paper. The use of the
equipartition theorem to treat thermal vibrations
will be emphasized [11].

The paper represents an extension to nanoplates
and nanowires of the analytical analysis on nano-
tubes carried out in [4]. The results are analytical
formulae to estimate oscillations and instability
(pull-in voltage) of the NEMS; they represent a clear
advantage with respect to the results obtained by
classical numerical approaches (e.g., FEMLAB).

2 ELECTRICAL FIELD, VAN DER WAALS FORCES,
AND PAULI'S REPULSION

The electrostatic forces between two oppositely
charged structures can be computed by using a
standard capacitance model assuming perfect con-
ductors. This implies that the electrostatic potential
is constant in the two structures. The electrostatic
energy is given by

Eelec :%CVZ (1)

where V' is the difference in voltage and C is the
capacitance, defined as C = Q/V, FQ being the two
opposite charges in the two conductors. For a
double-layer conductor, the contribution to the
capacitance of two infinitesimal surfaces dS oppo-
sitely charged and separated by a distance r, is
dC = ¢ydS/r where ¢y =8.85x 1072 C*N"'m? is
the vacuum permittivity.

The van der Waals energy can be computed by
using the well-known Lennard-Jones potential,
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Non-linear statics and dynamics of NEMS 31

which has an attractive term (oc 7 °, owing to the
van der Waals forces) and a repulsive term (o r -12)
basically owing to the Pauli’s repulsion). To compute
the total van der Waals energy a continuum model
can be employed [9, 10]. In the continuum model,

the total van der Waals energy is computed by the

double-volume integral of the Lennard-Jones
potential
C
Eav= | | "5 avian, 2)
vidv, 1

where V; and V, represent the two domains of
integration, n; and n, are the corresponding atom
densities, and r is the distance between any point
on V; and any point on V,. Cg¢ is a constant (for
example, for the carbon-carbon interaction it is
equal to Cg = 15.2eVA® =243 x 107* Nm').

The same approach can be applied to compute the
repulsive energy

C
Ep:J J MBRER 4y, dv, (3)
vy, 1

where C, is a constant.

3 FREE ENERGY, EQUILIBRIUM, AND
INSTABILITY

The elastic displacements u, v, w (along x, y, and z
orthogonal axes of a reference system) of the three-
dimensional nanostructure are approximated by a
linear combination of a sufficient number N of
opportune (e.g., satisfying the boundary conditions)
arbitrary functions u;, v;, w;, and unknown constants
¢;, representing the displacements of some character-
istic points (e.g., some atoms of the lattice) having
coordinates (x;,y;, z;)

‘Cy, Zcu,xy,

i=1

civi(x, 9, 2)
1

v(x,y,z) =

Mz éMa

v(x,y,z ewi(x,p,z

i=M+1
(4)
For given constitutive laws (e.g., linear elastic
material) the elastic energy stored in the nano-
structure is a function only of the displacements or,
according to equation (4), of the unknowns ¢;

= Eelast(ci) (5)

For example, for linear elastic material E,,, =
1€[Hge with [Hg] a constant matrix (the Hessian of

Eelast = Eelast(u’ v, W)

the potential elastic energy that describes the stiffness
of the material), and ¢ the strain vector, having the six
significant components of the symmetric strain
tensor [¢]. The tensor can be obtained directly from
the displacements as [¢] =1 ([J] + [J]7), where [J] is
the Jacobian matrix of u,v,w with respect to x, y, z;
for details see [12].

The free energy W (c;) of the NEMS must be written
as (4]

W(Ci) = Eelast(ci) - Eelec(ci) - EvdW(ci) - EP(Ci) (6)
where all four energies on the right-hand side (and
thus also the free energy) are functions only of the
unknowns ¢;. The integrals in equations (1) to (3)
can be computed according to the displacements
described by equation (4), in which only the con-
stants c¢; survive.

The equilibrium condition will be reached when
the free energy reaches a minimum value, thus
when the gradient of the free energy, with respect to
the unknowns ¢;, has vanishing components

v A. v _ W ()

VW = 0; (VW) = 9

ch j=1,...,N

(7)

This represents a system of N equations in the N
unknowns ¢;. From equation (7) the static equilibrium
configuration can be derived.

On the other hand, more important than the equi-
librium in this study is the prediction of the instability
of the system (governing the switch of the NEMS); the
voltage corresponding to this instability, the so-called
pull-in voltage, represents in fact the key parameter in
the design of NEMS. The system will lose its stability
when the Hessian matrix [Hy] of the free-energy
(evaluated at the equilibrium position) becomes
equal to zero

W (c;) .
(Hw)jx = m, Ve, jok=1,...,N (8)

From equation (8), the pull-in voltage of the system
can be derived.

4 VIBRATIONS AROUND A DEFORMED
CONFIGURATION

Consider a second-order Taylor’s expansion of the
free energy around the equilibrium position. Assum-
ing the free energy to be zero at the equilibrium (arbi-
trary constant) and noting that at the equilibrium
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equation (7) must hold, the expansion can be written
as

W ~ 1 Ach[Hy] Aep 9)

where (Acp), = cp; —¢; and the coefficients cp;
describe the dynamic positions of the system (the
coefficients ¢; refer to statics). The static equilibrium
imposed by equation (7) is identical with
[Hw] Acp = 0. For the fundamental frequency vibra-
tions around the equilibrium position (neglecting
the damping)

CDi(l) =~ Ci —+ ACDZ'(I) = C; —+ ACEI' Sin wt,
i=1,...,N  (10)

where Acp; are the amplitudes of the vibrations
around the equilibrium position described by the
coefficients ¢; at the fundamental frequency w. The
kinetic energy of the system is K ~ 1 Ach[M] Acp,
where [M] is the mass matrix of the system. Thus,
the dynamic equations around a deformed configura-
tion can be written as

[M]Aép + [Hw]Acp =0 (11)

from which the natural frequencies can be derived by
the following condition

det([Hw] — w*[M]) = 0 (12)

Equation (11) is for NEMS dynamics under a
deformed configuration according to classical
mechanics. The matrix [Hy| includes not only the
elasticity of the system (stiffness matrix) but also the
effects of the external fields around the equilibrium
position. By the eigenvectors of equation (11), the
classical variable substitution to normal coordinates,
i.e. Acp — 7, allow equation (11) to be placed in
the decoupled canonical form (in which the
matrixes become symmetric). For each normal
oscillator, Schrodinger’s equation is

nod
<_%d_772 + Wf(m)) Yin (M) = Eintbin () (13)

where FE;, are the energy eigenvalues and v, are the
eigenfunctions describing the fundamental vibra-
tional states of the normal oscillator / with associated
modal mass m; and free-energy W,. Assuming the
expansion of equation (9) for the free energy asso-
ciated with the normal coordinates (with frequencies
wp,), equation (13) represents the well-known quan-
tum harmonic oscillator and the solution gives the
discrete quantized energy levels

Ein ~ (% + n)hwin (14)

The zero point energy (as imposed by Heisenberg’s

principle) is

hw[r
Ey = TI (15)

With the kinetic energy at 0K given by equation (15),
the normal amplitude of the 0K oscillations can be
deduced; thus after the inverse transformation
1 — Acp the oscillation amplitudes of the NEMS are
estimated. To study the oscillations at temperature
T when the vibrational energy level spacing is small
compared with kg7 the equipartition theorem has
to be applied: each degree of freedom posses kinetic
energy E; ~ kgT/2. After giving the differential
equations of the nanoplate in the next section,
instead of solving them numerically, in sections 6
and 7 the previous approach is applied to make
quantitative predictions for describing the behaviour
of nanoplate-based NEMS.

5 DIFFERENTIAL EQUATIONS OF THE
NANOPLATE-BASED NEMS

Assume a nanoplate placed on an x—y plane (having a
small thickness along z). The electrostatic, van der
Waals, and repulsive (Pauli’s) forces can be obtained
by deriving the corresponding energy terms (1), (2)
and (3) with respect to the elastic gap r, the nominal
gap is H, see Fig. 1

dEeiec vaw.p
Felec,vdW,P = _% (16)

Consequently, the forces per unit surface area S will be

dFelec.vdW.P
elec,vdW.P = T (17)

The deflection w(x,y) (the correct one, without
assuming the approximation of equation (4)) for a
linear elastic isotropic nanoplate are obtained by
solving the equation of plates (see, for example, [13])

DV4W - qelec(w) - QVdW(W) - QP(W)
= F,yy Woxx F,xxw,y}’ —2F oWy -HW ¢ (18a)

VF = Et(wiv, — Wy — W) (18b)

Ny = F,yy’ ]vyy = F,xx’ ny = _F,xy (lSC)

with D = Er*/12(1 — v?), where E, v are the Young’s
modulus and the Poisson’s ratio respectively and ¢
is the nanoplate thickness.

The right-hand side of equation (18a) describes the
membrane regime and the inertia of the plate (u is
the mass per unit area and t is the time; the
symbol ‘,’ represents the derivation operator). If the
membrane regime and the inertia are neglected,
equation (18a) corresponds the well-known Sophie
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Non-linear statics and dynamics of NEMS 33

Germain equation, describing the static flexural
regime of the plate. In this case the axial loads (per
unit length) N.,, N,, N, can be neglected. In
general, equations (18a) and (18b) are two coupled
equations in the unknowns w and F (this function is
connected to the axial loads as reported in equation
(18c)). Equations (18) could be solved numerically
(e.g., with finite differences, finite element methods,
etc.).

The Pauli’s repulsion decays extremely fast and is
important only when the structures come into con-
tact (r/H — 0), so that, neglecting such contact we
can here assume ¢p ~ 0. The electrostatic and van
der Waals energies per unit surface, according to
equations (1) and (2) are respectively [10]

dEge. 1 172
=—gy— 1
as 27 (19)
2
dEVdW _ 7TC6I1 lz . 1 . (20)
ds 12 \rr (r+1

and consequently, from equations (16) and (17), the
forces per unit area S acting on the nanoplate are

2
&0 V
=20 21
Gelec 2,2 ( )
_mCyr” (i ! ) (22)
qvaw = 6 ,,3 (}’ + 1)3

where 7 is the atomic density (e.g., for graphite it is
equal to n = 1.14 x 10® m ) and for a single mono-
layer of graphite (graphene) ¢ = 0.335nm). Introdu-
cing equations (21) and (22) into equation (18) allow
us to study the deflection of the nanoplate. As for
nanotubes [10] it is shown that also for nanoplate
the van der Waals contribution becomes predomi-
nant as the size of the NEMS decreases: by scaling
each characteristic length of the system by a factor
of [/ in equation (6), the electrostatic contribution
scales as Fo, qelecl2 o ” and the van der Waals
contribution scales as F,qw o ¢uqw!> o< [~

6 APPROXIMATED SOLUTION FOR
EQUILIBRIUM AND INSTABILITY

6.1 Circular nanoplates

Instead of a numerical study of equation (18), the
author prefers to obtain an analytical solution for
the deflection w under simplified hypotheses, follow-
ing the proposed procedure described in sections 2
and 3. To simplify the problem (to treat it in a
simple analytical way) (a) it is assumed that the nano-
plate thickness ¢ is much smaller than the distance r
between nanoplate and ground plane, ie. 7/r < 1;

(b) in the Taylor’s expansions of the energy terms,
only the first two significant terms are considered to
capture the equilibrium and instability of the nano-
plate; (c) only one unknown ¢; = ¢ is considered
when describing the position of the structure; and
(d) the Pauli’s repulsion is neglected.

As a consequence of (a), considering that H > r =
H — w, the nanoplate deflection w must be much
smaller than the gap H, ie, w/H<1—1t/H=1.
Assuming ¢/r <1 and w/H <1 (a), as a conse-
quence of (b), equations (19) and (20) become

dE .. & V2 w w)\?
~—— | 1+— — 2
ds 2H * H + H (23)

dEgw 7rC6n2t 7rC6n21 w w\?
= ~ 1+3—-+6(— 24
+35+6(5) ) (24

ds 61 6H?

Let us focus our attention on a circular nanoplate,
for which w = w(p), with p radial coordinate with
respect to the centre of the nanoplate. For example,
free-rotating boundary conditions are assumed, for
which an approximated solution is searched in the
form, according to (c)

w(p) ~ ¢ (1 - %i) (25)

where R is the radius of the nanoplate, and c is the
unknown constant, i.e., the maximum central deflec-
tion of the nanoplate.

Nanoplates having different shapes (e.g., rectangu-
lar) and boundary conditions (e.g., fixed) can be
treated in the same manner (see next section). For a
nanoplate equation (5) becomes (see, for example,
(12])

D
Eelasir = 5 Js{kgc\ + kiy + 2kaxkyy
+2(1 = v)k3,}dxdy (26a)

Et
Eetasim = 2= 07) L{Eix +epy +20ee,

+2(1 —v)er, }dxdy  (26b)

ke =W ky=w,, kg =w,,

_ 1,2 o 1,2
Exx = Uy T3W €y =V, +35W),,

u,+v,.+w.w,
£y = (26¢)

Equation (26a) corresponds to the bending regime
and equation (26b) to the membrane regime of the
nanoplate and E,j,s; = Eqjasib + Eelast.m- Lhese expres-
sions are only functions of the displacements as
reported in equation (26c). The term of equation
(26b) describing the finite kinematics of the
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nanoplate is significant only in the description of
large displacements and when the boundary con-
ditions impose the stretching of the nanoplate. It is
expected that Eg m & Eeasnc /1 [4]; thus, focusing
the attention to moderate displacements the energy
related to the membrane regime can be neglected.
Owing to the structure and load axial symmetry,
and neglecting the role of the membrane regime, in
polar coordinates equation (26a) is rewritten as

D (R w o\ W W,
Egast = EL {(WW +?ﬂ) -2(1-v) p; p}

x 2mpdp (27)

from which, introducing equation (25)

4drD(1 + v
elast — ;72)62 (28)

On the other hand, the electrostatic and van der
Waals energies can be computed as

dEelec vdW
E = ——dS 29
elec,vdW JS ds ( )

The integrations of equations (27) and (29) can be
done directly in w noting that equation (25) implies
dS = 2npdp = —7R?/c dw; the results are

27,2 2
_gmRVT (1 1c¢ 1[c
Eaee =7 {2+4H+6 H (30)
2 2 p2 2
TCen" Rt (1 1c 1/(c
E =— 4 —— 4= 1
vaw H {6+4H+3<H>} (31)

Applying equation (7) we find
B 3eoRYH*V? 4 37R* Cn* tH
CSEPHY/(1 —v) —4cgR*H?*V? — 8T R*Cyn’t
(32)

whereas equation (8) gives the pull-in voltage (i.e. the
switch) of the device

v \/2Et3H5 J(1—v) —

27TC6 R4I’l2 t

33
€0R4H2 ( )

The condition for which the numerator of equation
(33) becomes zero corresponds to the structural
instability simply owing to the van der Waals forces
and it will be reached when the following dimension-
less number « reaches the unity

7(1 —v)Cen® R*

34
EfrH? (34)

o =

For large gaps H (e.g., larger than ~10nm) the van
der Waals forces can be neglected and equations (32)

and (33) become respectively

B 3egR'HV?
C8E/(1 —v)PH? — 45y R*V?
and
v 2EPH3
P (1 —v)go R

Scaling each characteristic length of the system by a
factor of /, the pull-in voltage of the nanoplate
scales as Vpy oc/, as for nanotubes [10]. Including
also the membrane regime would correspond to
Vorm ~ VT +ky Vpr, with k,, o H*/7* that can be
derived from equation (26) assuming a given mode-
shape for the deflection w, as in equation (25).

6.2 Rectangular nanoplates or nanowires

Rectangular nanoplates can be treated at the same
manner, and the corresponding equations hold also
for nanowires with rectangular cross-section B X t.
For cantilever nanoplate/nanowire of length L
(clamped at x = 0), we can assume an elastic line of
the form

X2

w(x,y) =w(x) =c 2 (35)
By applying equations (26a) and (29) we obtain [from
equation (35), dS = (BL/2) (dw//wc)]

2DB
elast — ?Cz (36&)
CeBLVP (1 1c 1 [cY
Eoee == 2+6H+10 H (36b)
7TC(,n BLt e 1
Egw = T {6 gﬁ 3 ( ) } (36¢)

Applying equation (7) we find

SegL*H?V? + 5nL*Cen*tH

T10EPHY /(1 — v) — 62y L*H?V? — 127L Cen’t
(37)
whereas equation (8) gives
SECH’ /(1 —v) — 6nCgL*n*t
Vor = e el (38)
360L H

and for vanishing van der Waals forces

EFH?

Vpr = ——
Pl C (1 — V)50L4
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with (¢ close to unity (considering only the first two
significant terms in the energy expansions ¢ ~ 1.3).
Assuming a rigid plate connected to the substrate
by a concentrated stiffness, as is usually done to
model MEMS, since for the cantilever the stiffness is
expected to be 8EI/L’ (here a constant force per
unit length is assumed), with / inertia moment,
this simple model would correspond to the same
formula of equation (38) with ¢ ~ 0.45 (and v =~ 0)
[10]. This comparison shows that the approach is
consistent. Considering additional terms in the
energy expansion as well as more appropriate forms
for the deflection w would correspond to a better
estimation for ¢. Rigorously, the coefficient ¢ could
be considered a numerical (derived from just one
simulation; or experimental) parameter as a
correction to the simplified hypotheses. However,
¢ is expected to be of the order of the unity as
suggested by the analysis. This comparison in
addition shows that the analysis can be applied
also for MEMS based on micro-plates and
beams; because F,qw o quqwl> o [~ increasing
the size / of the NEMS device by three orders of
magnitude as for MEMS, the van der Waals forces
become negligible.

Including also the membrane regime would
correspond to Vpp, ~ /T + km V1, With ky, o< H? /1%
the coefficient of proportionality can be derived
from equations (26) assuming a given modeshape
for the deflection w, as in equation (35), or more
precisely from one numerical simulation.

7 DYNAMICS OF THE NANOPLATE-BASED NEMS

The static configuration wg (the subscript S empha-
sises that it is related to statics) is assumed to be
given by equation (25) (or by an equivalent form for
different shapes and/or boundary conditions, e.g.,
equation (35)). The vibrations around the deformed
configuration wg (the solution obtained by minimiz-
ing the free energy in section 6) are

wp(x, », 1) = wg(x,y) + Awp(x,,1) (39)

where wp, is the dynamic deflection of the nanoplate
and Awp is the time-dependent component of wp.
For the fundamental frequency

) — M}S(x’y)
Cs Cs

Awp(x,y,1) = ¢p sin(wt)

(40)

where cg is the static displacement at the equilibrium
and c¢p represents the maximum amplitude of
the harmonic oscillations around the equilibrium
position c¢g. The kinetic energy of the system will

thus be
1 dwp (x,, 1)\
K(t) == _— M
(t) 2 JM < dr d
K dAwp(x, 1) 2
=3 L (7& ds (41)

where M is the mass of the nanoplate (u is the mass
per unit area).

Putting equation (40) into equation (41) and con-
sidering a circular (equation (25)) or rectangular
nanoplate (equation (35)), gives

K(1) = i meqcyw® cos® (wr) (42)
where for a circular nanoplate még) =1/3M and for
a rectangular nanoplate még) = 1/5M (everywhere
the superscript (C) will refer to circular and (R) to
rectangular nanoplates).

From the previous considerations for the quasi-
static regime, the free energy is

W(L) = Eelast(c) - Eelec(c) - EvdW(c) (43)
where according to equations (39) and (40)
¢ = cg + cp sin(wi) (44)

Let the reference system of the energy be fixed as
W(cs) = 0. In this hypothesis the maximum free
energy and the maximum kinetic energy of the
NEMS must be the same. The fundamental frequency
w is thus estimated as

2w
w= (C)ernax (45)
Meq ¢

From the quasi-static analysis, the form of W(c) is
known. If the kinetic energy of the system is known,
from equations (45) and (42) the dynamic displace-
ment ¢p, can be estimated.

If the oscillations are small, according to equation
(9), the free energy is estimated as

1d*w (e
i) =3 D (e
2 )
_ % d ZZ(‘) c:cs(c]*’ sin(wr))? (46)

Introducing the maximum value of equation (46)
into equation (45), the rotating frequency is predicted
to be

1 d®w(c)
w =
Meq  dc?

not dependent on the amplitude c¢p, but on the

(47)

c=cg
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external fields (e.g., the electrical field and the van der
Waals forces) as the second derivative of the free
energy. If the oscillations are not small the frequency
will be a function also of their amplitude (equation
(45)).

7.1 Free oscillations

For free vibrations
W= Eelast (48)

as given by equations (28) and (36a). From equation
(47), for circular and rectangular nanoplates the
fundamental (free) frequencies are

w(c) _ 87T(12+ V)D (49&)
\/ Rmeq

SR = [ 2DB (49b)
Lomeg

The ratio between the exact solution of the funda-
mental frequency for a cantilever beam and that
predicted by equation (49b) is 0.8 (assuming the
beam as a cantilever nanoplate with negligible
Poisson’s ratio), a coefficient close to unity. Thus,
the theory is consistent.

7.2 Thermal vibrations

For thermal vibrations, the equipartition theorem
implies a mean value of the kinetic energy

(K(x)) = ﬁLK(” @ = "ol (50)

where P = 27/w is the period of the oscillation and kg
is Boltzmann’s constant. Putting equations (50) and
(48) into the mean value of equation (42) gives the
amplitude ¢, of the thermal vibration around the
position described by cg

(51)

The frequency is given by equation (47).

For free oscillations, the equipartition theorem
applied to the higher modes m fixes their relative
amplitudes, that fall off as ~1/m’. Hence, the
vibration amplitude profile is dominated by the first
mode.

7.2.1 Relaxed configuration

Considering the thermal vibrations around a relaxed
configuration, introducing equations (28) and (36a)

into equation (51) yields

2
«c) _ | RkpT )
‘D = 4rD(1 4+ v) (522)

3
*(R) _ L’ kBT
p \/ DB (52b)

and w is given by equations (49).

7.2.2  Deformed configuration
From equations (30), (31), (36b), and (36¢c) we obtain

dzEelec _ Meq €9 V2 (53)
dc? w H3

d’Eqw B 27rC6nztmeq
de?  uH’?

(54)

so that from equations (47) and (51) the frequency
and amplitude satisfy

(CR) (CR2 €0 V2 27rC6n21 12 55
A = (om0 e (55)
s wH

€0 Vzmcq

ﬂ'Cénztmcq -1/2
,LLHSkB T

C*(C,R)_ 1 - _
PV \OR2 2uH kT
(56)

where the subscript V' emphasizes the influence of
the electrical field. According to equation (55) the
pull-in instability (displacement tending to infinity)
can be obtained also by setting w(“® =0, thus
d*W(c)/dc*|p; = 0. Approaching the pull-in, the
amplitude of the thermal vibrations will increase,
and their frequencies will decrease. Practically,
when they become large enough, the approximation
of small vibrations is no longer valid and the ampli-
tude will be limited. The kinetic energy released
after the pull-in can be evaluated as the difference
between the free energy (exact form) at the pull-in
and at the contact, i.e. Kp; = Wpp — Weoni-

7.3 Schrodinger’s equation: the oscillations
imposed by Heisenberg’s principle

The Hamiltonian of the NEMS can be written as
(W(es) = 0)
H(c,t) = K(e,t)+ W(c) (57)
Schrédinger’s equation takes a simple form as a

consequence of the reduction to one degree of
freedom of the system as

2 2
( "0 +W<c>)wn(c>=Enwn<c> (58)

B 2meq o2
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where E, are the energy eigenvalues and v, are the
eingenfunctions describing the fundamental vibra-
tional states. Equation (58) can be solved numerically.
For small dynamic displacements around a deflected
configuration and substituting the conditions of
equations (46) and (47) yields the (well-known) dis-
crete quantized levels of energy

E,~ (3+n)hw (59)

Note that here w is not the fundamental frequency
of the free NEMS but, according to equation (47),
takes into account the electrical field and van der
Waals forces. Obviously, the lowest energy level is
predicted to be different from zero also at zero
temperature

hw

2

as imposed by Heisenberg’s uncertainty principle.

The condition for which equation (50) equals
equation (60) corresponds to the temperature for
which the vibration of the zero point becomes equal
to the thermal vibrations

kBT ~ hw

(61)

According to equation (60), the corresponding
amplitude of the zero point can be obtained as

2h
d*w(c)
Mea ™42

cpo = (62)

c=cq

The corresponding frequency is given by equation
(49) and consequently

8 AN EXAMPLE OF APPLICATION

As an example of application of the developed
approach, some results for a circular carbon graphene
sheet ( = 0.335nm) assuming R = 10nm, H = 3nm,
E=1TPa,v=0,V =1V, and T = 300K (if not dif-
ferently specified), over a semi-infinite bulk-graphite
substrate are reported in Figs 2 to 4 for the statics,
and in Figs 5 to 7 for the dynamics of the NEMS.
The structural behaviours described by the grey
lines take into account the van der Waals forces. On
the other hand, the black lines describe structural
behaviours without considering van der Waals forces.

The pull-in voltages as a function of the horizontal
R and vertical H sizes of the NEMS are depicted in
Figs 2 and 3. When H reaches a lower bound, which
for the considered geometry is ~1.5nm, the nano-
plate collapses owing to the van der Waals forces
and the pull-in voltage vanishes. Increasing the initial
gap H, the van der Waals corrections tend to become
negligible and the two different lines in Fig. 2 tend to
coincide. For R = 10nm and H = 3nm, the pull-in
voltage is ~4.7 V.

In Fig. 4, the central deflection ¢ of the carbon
nanoplate versus the applied voltage V' is reported.
For the grey line the deflection corresponding to a
vanishing applied voltage represents the central dis-
placement of the nanoplate owing to the van der
Waals attraction. In general, van der Waals forces
increase the nanoplate deflections.

In Fig. 5 the frequency of the oscillations around
the equilibrium static position (described in Fig. 3)
is reported as a function of the applied voltage. The
frequency becomes negligible at the pull-in. Van der
Waals forces and the applied voltage reduce the
fundamental frequency. Thus, by controlling the

. R .
CD((? ) = \/ (63a) voltage, the operating frequency of the NEMS could
2nD(1 +v )meq be controlled (e.g., perhaps useful for ‘smart’ mass
7 sensors and accelerometers, etc.).
SR L"h (63b) In Figs 6 and 7 the amplitude of the oscillations is
bo /DB, shown as a function of the applied voltage (at 300 K)
54
4
=
Q
g 31
E
£ 24
3
[
0 ; ; . . . .
0 0.5 1 15 2 25 3
Gap [nm]
Fig. 2 Pull-in voltage versus vertical size (nominal gap) between nanoplate and plane. Grey line: with
van der Waals forces; black line: without
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Pull-in voltage [V]
w IN

N
1

1 T T

10 1" 12

13 14 15

Radius [nm]

Fig. 3 Pull-in voltage versus horizontal gap (nanoplate radius). Grey line: with van der Waals forces;

black line: without

N
[4)]
1

o
&)l
1

Central deflection [nm]

1.5 2 25 3
Voltage [V]

Fig. 4 Central deflection of the nanoplate versus applied voltage. Grey line: with van der Waals forces;

black line: without

and temperature (under 1V). In Fig. 7, the horizontal
lower line represents the amplitude of the oscillations
imposed by the Heisenberg’s principle.

The van der Waals forces and applied voltage
increase the amplitude of the oscillations. By control-
ling the voltage, NEMS with variable ‘global’ stiffness,
also tending to zero could be designed (e.g., perhaps
useful for highly sensitive temperature sensors,
capable to ‘observe’ the energy of the zero point).

At zero voltage, the frequency P~'=w/(27) of
the dominant mode of the thermal oscillations is

N
o
1

[N
[$)]
1

Fundamental frequency [GHz]
o o
1 1

o

~16 GHz. The amplitude of the thermal oscillations
at 300K is ~1A, whereas the zero-point oscillation
is ~0.05A.

Here a voltage control has been assumed resulting,
as shown, in a digital NEMS. Digital NEMS, owing to
their high integration level and operating frequency,
could revolutionize the electronic components of
the future, e.g., nanoswitches for computer memory
applications. On the other hand, a complementary
current control could be also proposed, as a con-
sequence of the quantum tunnelling effect. This

o
-
N

Voltage [V]

Fig. 5 Fundamental frequency of the nanoplate versus applied voltage. Grey line: with van der Waals

forces; black line: without
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0.8

0.6 1

0.4 1

vibrations at 300K [nm]

0.2 4

Amplitude of the thermal

3 4 5

Voltage [V]

Fig. 6 Amplitude of the thermal vibrations (300 K) versus applied voltage. Grey line: with van der Waals

forces; black line: without

0.3 4

0.2

0.1

Amplitude of the thermal
vibrations under 1V [nm]

0 200 400

600 800 1000

Temperature [K]

Fig. 7 Amplitude of the thermal vibrations versus temperature. Grey line: with van der Waals forces;
black line: without; under an applied voltage of 1V. The horizontal lower line represents the
amplitude of the oscillations imposed by the Heisenberg’s principle

would result, at least for small gaps, in a current
between the NEMS (especially for cantilever nano-
wires (or nanotubes, see [14, 15]), possessing a
sharp tip) and electrode with intensity related to
the smaller gap between the NEMS and electrode.
Thus, imposing a current would correspond to an
analogical NEMS (perhaps useful for innovative
microscope tips, electron counters, etc.).

9 CONCLUSION

The statics and dynamics of three-dimensional NEMS
have been analysed. The elastic equilibrium of a nano-
plate (or nanowire) under electrostatic and van der
Waals forces and suspended over a grounded semi-
infinite plane has been analysed for the static and
dynamic regimes (for a similar analysis of nanotubes
see [4]). The equilibrium position was obtained by
minimizing the total free energy of the nanoplate-
(or nanowire-) based NEMS. In addition, the structural
instability owing to the pull-in voltage has been theo-
retically predicted. In contrast to other analytical ana-
lyses the presented approach considers the flexibility
of the system in evaluating the elastic and van der

Waals energies. A simple approach to estimate the
amplitude and the frequency of the thermal vibrations
by applying the equipartition theorem, has been also
proposed. In contrast to other analytical analyses the
presented approach considers vibrations around a
generic deformed configuration, i.e. the influence of
the applied voltage and van der Waals forces in the
dynamics of the NEMS. The zero-point oscillations,
as imposed by the Heisenberg’s principle, have also
been evaluated. This work is meant as a step towards
an optimal dynamical design paradigm for three-
dimensional NEMS(/MEMY).
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APPENDIX

Notation

B
CDi

¢
C
D
E,v

Eelast,elec,vdW,P

E;
Felec,vdW,P, elec,vdW,P

=~ =

T
Ujy Uiy Wi

width of the nanowire
unknowns dynamic
displacements

unknowns static displacements
electrical capacitance
nanoplate rigidity

Young’s modulus and the
Poisson’s ratio

elastic, electrostatic, van der
Waals and Pauli’s energies
energy eigenvalues
electrostatic, van der Waals and
Pauli’s forces F, and ¢ if per unit
area S

Hessian matrix of the
free-energy

kinetic energy

length of the nanowire
equivalent mass of the
nanoplate/nanowire

modal mass

mass matrix

mass of the nanoplate/
nanowire

atom densities

gaps in the deformed and
undeformed configurations
radius of the nanoplate
nanoplate thickness;

D= Er/12(1 — v?)
temperature

displacements

difference in voltage

free energy

Eigenfunctions
fundamental frequency

Proc. IMechE Vol. 219 Part N: J. Nanoengineering and Nanosystems

JNN18 © IMechE 2005



