
International Journal of Mechanical Sciences 133 (2017) 376–386 

Contents lists available at ScienceDirect 

International Journal of Mechanical Sciences 

journal homepage: www.elsevier.com/locate/ijmecsci 

Free vibration analysis of cylindrical panels with spiral cross section 

A. Taraghi Osguei a , b , M.T. Ahmadian 

a , c , ∗ , M. Asghari a , N.M. Pugno 

b , d , e 

a Department of Mechanical Engineering, Sharif University of Technology, Tehran, Iran 
b Laboratory of Bio-Inspired and Graphene Nanomechanics, Department of Civil, Environmental and Mechanical Engineering, University of Trento, Trento, Italy 
c Center of Excellence in Design, Robotics and Automation (CEDRA), Sharif University of Technology, Tehran, Iran 
d School of Engineering and Material Science, Queen Mary University of London, London, UK 
e Ket Lab, Edoardo Amaldi Foundation, Italian Space Agency, Via del Politecnico snc, 00133 Rome, Italy 

a r t i c l e i n f o 

Keywords: 

Thin shell 

Free vibration 

Noncircular cylinder 

Spiral cross section 

Rayleigh-Ritz technique 

a b s t r a c t 

In this paper, free vibration of open noncircular cylinders with spiral cross section are studied under arbitrary 

boundary conditions. For deriving the strain energy function, Kirchhoff-Love hypotheses are employed. To obtain 

the solutions, Rayleigh-Ritz technique is implemented by selecting Chebyshev orthogonal polynomials of first kind 

as admissible displacement functions in three directions. Convergence of the proposed formulation is verified for 

spiral cylindrical panel and the results are compared with those of ABAQUS. Parametric study is undertaken 

to highlight the effect of inner radius, separation distance, subtended angle, thickness, and length of the spiral 

cylinders on the free vibration characteristics. Results obtained in this research are the first step toward modeling 

spiral cylinders and can be used for comparison in future studies. Finally, the design strategy for the spiral 

cylinders with specific vibration characteristics is presented. The results imply that spiral cylinder with specific 

vibration characteristics can be designed using equivalent open circular cylinder. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

Research on the vibration of cylindrical shells is not a new topic and

he first reference dates 1970s [1] . Shells are one of the most useful el-

ments in industry and civil to construct complicated Structures. These

tructures vary from roof of a building to wing of a flight. Their applica-

ion in different fields requires precise analysis of the static and dynamic

ehavior considering design and safety issues. 

Cylindrical shells are one of the most principal elements used in en-

ineering structures and the vibration behavior of them is an interest-

ng topic for researchers even after decades [2–5] . Numerous studies

n closed circular cylinders cover different aspects of their vibration be-

avior [6–8] . The effect of variable thickness of closed circular cylinder,

n axial and circumferential directions, on vibration of shell has been

tudied [9,10] . Different boundary conditions and vibration behavior of

omposite cylinders are other interesting topics for researcher [11–14] .

eanwhile, similar studies have been carried out on open circular shells

15–19] . 

Noncircular cylinders have been studied as closed shells and open

anels in two different categories like circular cylinders [20] . Suzuki

t al. investigated the vibration characteristics of closed noncircular thin

nd thick shells [21,22] . Most of the researches on closed noncircular

ylinders are focused on special cross sections such as oval [23] and el-
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iptic profiles [24–26] . Although some of researchers have investigated

he closed noncircular cylindrical shells with arbitrary cross section,

hey have treated oval and elliptic shells as examples. 

Soldatos reviewed the studies on mechanics of cylindrical shells with

oncircular cross section including vibration characteristics [27] . As

larified in the survey, due to difficulties of open noncircular panels

omparing with circumferentially closed cylindrical shells, the research

n the open noncircular cylindrical panels have received little attention.

rinivasan and Bobby studied the vibration characteristics of oval pan-

ls by considering all edges of panel are clamped and investigated the

ffect of parameters such as curvature, thickness and aspect ratio [28] .

assalas et al. used Donnell’s theory to study the natural frequencies

f noncircular shells with arbitrary boundary conditions and applied

his method on oval shells in special boundary conditions [29] . Kou-

ousis and Armenakas investigated free vibration of noncircular cylin-

rical panels with simply supported curved edges using Flugge and Don-

ell type equations and applied the method on symmetric panels [30] .

n addition, Koumousis and Armenakas analyzed the free vibration of

val cylindrical panels with simply supported curved edges [31] . Suzuki

t al. developed and exact solution procedure for determining the natu-

al frequencies of open noncircular shells supported by shear diaphragm

n curved edges and the method was applied for shells having ellipti-

al cylindrical curvature and circumferentially varying thickness [32] .
nology, Tehran, Iran. 

http://dx.doi.org/10.1016/j.ijmecsci.2017.07.044
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijmecsci
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2017.07.044&domain=pdf
mailto:ahmadian@sharif.edu
http://dx.doi.org/10.1016/j.ijmecsci.2017.07.044


A. Taraghi Osguei et al. International Journal of Mechanical Sciences 133 (2017) 376–386 

Fig. 1. Geometry of a cylindrical panel with spiral cross section (a) cylindrical panel (b) spiral cross section of mid-surface. 
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p  
oumousis presented a new method for obtaining the dynamic charac-

eristics of cylindrical panels with noncircular cross section having sim-

ly supported curved edges using Flugge and Donnell type equations

33] . The researcher claimed that mentioned method is efficient in de-

ermining the eigenfrequencies and corresponding mode shapes. Grig-

renko et al. investigated free vibration of elastic isotropic open cylindri-

al shell with elliptic cross section using spline-collocation method [34] .

There are rare publications on the vibration of open noncircular

hells comparing with the circular ones in the literature. Additionally,

hese studies on noncircular shells are concentrated on oval and elliptic

ross sections. In this paper, free vibration of a cylindrical panel with

piral cross section as an open noncircular shell is studied. Spiral cross

ection is a well-known configuration in some general structures like

arge span roofs [35] and specific applications like carbon nanoscrolls

36–39] . In addition, spiral cylinders can be the result of imperfection

n production process of circular cylindrical panels. 

Although some of pervious researches studied open noncircular shell

s an arbitrary profile, they are usually limited to Flugge and Donnell’s

heory with special boundary conditions on the edges of panel [33] . In

he present research, with no limitation on the boundary conditions, any

lassical and non-classical constrains can be applied along the straight

nd curved edges of the panel for analyzing vibration characteristics of

piral cylinders. In this study, displacement functions of the shell in each

irection are expanded as Chebyshev polynomials of first kind. After

onvergence analysis, results are compared with finite element model

sing ABAQUS commercial software. 

. Modeling 

Fig 1 shows an open noncircular cylindrical shell with length, L , cir-

umferential subtended angle, 𝜙, and linearly varying radius. The cylin-

rical coordinate system ( x 𝜃 z ) illustrated on the shell segment might

e used for describing the equations of motion. u , v , and w denote the

isplacement components in these directions, respectively. The radius of

urvature in circumferential direction of mid-surface is R 𝜃 . The global

artesian coordinate system ( XYZ ) would be used to describe the posi-

ion vector of a typical point on mid-surface of shell. The translational

prings ( k u ,k v ,k w ) and torsional spring ( k T ) are uniformly distributed

long the boundaries to model the resultant forces in each boundary.

he inner and outer radii of the cross section are R 0 and R 1 , respec-

ively. The term t shows the distance between two successive turns of

piral which is called separation distance and the thickness of shell is

ssumed to be h. 

The position of a typical point in the mid-surface of a cylindrical

hell with Archimedean spiral cross section can be defined in terms of x

nd 𝜃 as: 

⃗ ( 𝑥, 𝜃) = 𝑥 ̂𝐼 + ( 𝑅 + 𝑎𝜃) cos 𝜃 𝐽 + ( 𝑅 + 𝑎𝜃) sin 𝜃 �̂� (1)
0 0 

377 
here 𝐼 , 𝐽 , and �̂� denote the unit vectors along X , Y , and Z . Parame-

er a which controls the distance between two successive turns of spiral

quals t /2 𝜋. By considering the ratio a / R 0 to be small and using formu-

ation presented in Appendix A , the Lame parameters for the cylindrical

anel with spiral cross section could be described as: 

 = 1 (2.a)

 = 

√ 

𝑎 2 + ( 𝑅 0 + 𝑎𝜃) 2 ≈ 𝑅 0 + 𝑎𝜃 (2.b)

nd the curvature radii of the shell along two directions can be deter-

ined by: 

 𝑥 = ∞ (3.a) 

 𝜃 = 

√ 

( 𝑎 2 + ( 𝑅 0 + 𝑎𝜃) 2 ) 3 

2 𝑎 2 + ( 𝑅 0 + 𝑎𝜃) 2 
≈ 𝑅 0 + 𝑎𝜃 (3.b) 

By considering linear variation of in-plane displacements through

he thickness of the shell and satisfying the Kirchhoff-Love assumptions,

he components of strain in an arbitrary point of a shell are commonly

xpressed by separating membrane and bending strains as: 

 xx = 𝜀 0 xx + 𝑧 𝑘 xx 

 𝜃𝜃 = 𝜀 0 
𝜃𝜃

+ 𝑧 𝑘 𝜃𝜃

𝛾𝑥𝜃 = 𝛾0 
𝑥𝜃

+ 𝑧 𝑘 𝑥𝜃 (4) 

n which 𝜀 0 𝑥𝑥 , 𝜀 
0 
𝜃𝜃

, and 𝛾0 
𝑥𝜃

are normal and shear strains independent

f z direction. k xx , k 𝜃𝜃 , and k x 𝜃 represent variation of curvatures and

wist in mid-surface, respectively. Considering the geometric parameters

f a spiral cylindrical panel, described in relations ( 1 )–(3), and using

irchhoff-Love assumptions, the strain-displacement relations of mid-

urface are: 

𝜀 0 xx = 

𝜕𝑢 

𝜕𝑥 
; 𝜀 0 

𝜃𝜃
= 

1 
𝑅 0 + 𝑎𝜃

𝜕𝜈

𝜕𝜃
+ 

𝑤 

𝑅 𝜃

𝛾0 
𝑥𝜃

= 

𝜕𝜈

𝜕𝑥 
+ 

1 
𝑅 0 + 𝑎𝜃

𝜕𝑢 

𝜕𝜃
; 𝑘 xx = − 

𝜕 2 𝑤 

𝜕𝑥 2 

𝑘 𝜃𝜃 = 

1 (
𝑅 0 + 𝑎𝜃

)2 𝜕𝜈𝜕𝜃 − 

1 (
𝑅 0 + 𝑎𝜃

)3 𝜕𝑅 𝜃

𝜕𝜃
𝑣 

+ 

1 (
𝑅 0 + 𝑎𝜃

)3 𝜕𝐵 

𝜕𝜃

𝜕𝑤 

𝜕𝜃
− 

1 (
𝑅 0 + 𝑎𝜃

)2 𝜕 2 𝑤 

𝜕 𝜃2 

 𝑥𝜃 = 

1 
𝑅 0 + 𝑎𝜃

𝜕𝜈

𝜕𝑥 
− 

2 
𝑅 0 + 𝑎𝜃

𝜕 2 𝑤 

𝜕 𝑥𝜕 𝜃
(5) 

Generalized Hook’s law determines the components of stress in each

oint of the shell according to strain components calculated through
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elations (4) and (5) : 

xx = 

𝐸 

1 − 𝜈2 
𝜀 xx + 

𝜈 𝐸 

1 − 𝜈2 
𝜀 𝜃𝜃

𝜃𝜃 = 

𝜈 𝐸 

1 − 𝜈2 
𝜀 xx + 

𝐸 

1 − 𝜈2 
𝜀 𝜃𝜃

𝜏𝑥𝜃 = 

𝐸 

2 ( 1 + 𝜈) 
𝛾𝑥𝜃 (6)

here, 𝜎xx , 𝜎𝜃𝜃 , and 𝜏x 𝜃 represent normal stresses and shear stress, re-

pectively. E is Young Modulus and 𝜈 shows Poison ratio of open cylin-

rical shell. Force and moment applied on the panel can be calculated

y integrating components of stress along the thickness of shell: 

𝑁 xx = 

𝐸 ℎ 

1 − 𝜈2 
𝜀 0 xx + 

𝜈 𝐸 ℎ 

1 − 𝜈2 
𝜀 0 
𝜃𝜃

𝑁 𝜃𝜃 = 

𝜈 𝐸 ℎ 

1 − 𝜈2 
𝜀 0 xx + 

𝐸 ℎ 

1 − 𝜈2 
𝜀 0 
𝜃𝜃

 𝑥𝜃 = 

𝐸 ℎ 

2 ( 1 + 𝜈) 
𝛾0 
𝑥𝜃

(7a)

𝑀 xx = 

𝐸 ℎ 3 

12 
(
1 − 𝜈2 

)𝑘 xx + 

𝜈 𝐸 ℎ 3 

12 
(
1 − 𝜈2 

)𝑘 𝜃𝜃
𝑀 𝜃𝜃 = 

𝜈 𝐸 ℎ 3 

12 
(
1 − 𝜈2 

)𝑘 xx + 

𝐸 ℎ 3 

12 
(
1 − 𝜈2 

)𝑘 𝜃𝜃
 𝑥𝜃 = 

𝐸 ℎ 3 

24 ( 1 + 𝜈) 
𝑘 𝑥𝜃 (7b)

Using relations (5) and (7) one can write the total strain energy of

he deformation stored in the spiral cylindrical panel as: 

 = ∬
𝑆 

1 
2 
( 𝑁 𝑥𝑥 𝜀 

0 
𝑥𝑥 + 𝑁 𝜃𝜃𝜀 

0 
𝜃𝜃

+ 𝑁 𝑥𝜃𝜀 
0 
𝑥𝜃

+ 𝑀 𝑥𝑥 𝑘 𝑥𝑥 + 𝑀 𝜃𝜃𝑘 𝜃𝜃 + 𝑀 𝑥𝜃𝑘 𝑥𝜃) 𝑑𝑠 

(8)

The corresponding kinetic energy of the shell can be written as: 

 = ∬
𝑆 

𝜌ℎ 

2 

( (
𝜕𝑢 

𝜕 𝑡 

)2 
+ 

(
𝜕𝜈

𝜕 𝑡 

)2 
+ 

(
𝜕𝑤 

𝜕 𝑡 

)2 ) 

𝑑𝑠 (9)

here 𝜌 denotes the mass density of the shell and t represents time pa-

ameter. The energy stored in the boundary springs which simulates the

oundary conditions effect is other component of energy. This energy

ould be calculated as following: 

 𝑏 = ∫
𝜙

0 

[ 
𝑘 
𝑥 0 
𝑢 𝑢 

2 + 𝑘 
𝑥 0 
𝑣 𝜈

2 + 𝑘 
𝑥 0 
𝑤 𝑤 

2 + 𝑘 
𝑥 0 
𝑇 

(
𝜕𝑤 

𝜕𝑥 

)2 ] 
𝑥 =0 

(
𝑅 0 + 𝑎𝜃

)
𝑑𝜃

+ ∫
𝜙

0 

[ 
𝑘 
𝑥 𝐿 
𝑢 𝑢 

2 + 𝑘 
𝑥 𝐿 
𝑣 𝜈

2 + 𝑘 
𝑥 𝐿 
𝑤 𝑤 

2 + 𝑘 
𝑥 𝐿 
𝑇 

(
𝜕𝑤 

𝜕𝑥 

)2 ] 
𝑥 = 𝐿 

(
𝑅 0 + 𝑎𝜃

)
𝑑𝜃

+ ∫
𝐿 

0 

[ 
𝑘 
𝜃0 
𝑢 𝑢 

2 + 𝑘 
𝜃0 
𝑣 𝜈

2 + 𝑘 
𝜃0 
𝑤 𝑤 

2 + 𝑘 
𝜃0 
𝑇 

(
𝜕𝑤 

𝜕𝑥 

)2 ] 
𝜃=0 

dx 

+ ∫
𝐿 

0 

[ 
𝑘 
𝜃𝜙
𝑢 𝑢 

2 + 𝑘 
𝜃𝜙
𝑣 𝜈

2 + 𝑘 
𝜃𝜙
𝑤 𝑤 

2 + 𝑘 
𝜃𝜙
𝑇 

(
𝜕𝑤 

𝜕𝑥 

)2 ] 
𝜃= 𝜙

dx (10)

n which 𝑘 
𝑗 𝑠 
𝑖 
𝑖 = 𝑢, 𝑣, 𝑤, 𝑇 ; 𝑗 𝑠 = 𝑥 0 , 𝑥 𝐿 , 𝜃0 , 𝜃𝜙 represent the stiffness of

prings located at boundary edge j s in different directions. For example,

 

𝑥 0 
𝑤 shows the stiffness of spring in z direction located at boundary x = 0 .

sing the energy components calculated through relations (8) –(10) , to-

al Lagrangian energy functional for a noncircular cylindrical panel with

piral cross section and arbitrary boundary condition in straight and

urved edges could be written: 

 = 𝑇 − 𝑈 − 𝑈 𝑏 (11)

In this study, Rayleigh- Ritz method is used to determine the natural

requencies and mode shapes of the panel. Effect of boundary condi-

ions are embedded in energy function, consequently, any independent

e  

378 
nd complete bases functions can be considered as admissible functions

nd they are not needed to satisfy any boundary condition. Therefore,

hebyshev polynomials of first kind are considered as admissible func-

ions for displacement components in three directions: 

𝑢 ( 𝑥, 𝜃, 𝑡 ) = 

∞∑
𝑚 =0 

∞∑
𝑛 =0 

𝑈 mn 𝑃 𝑚 ( 𝑥 ) 𝑃 𝑛 ( 𝜃) 𝑒 𝑗𝜔 𝑡 

𝑣 ( 𝑥, 𝜃, 𝑡 ) = 

∞∑
𝑚 =0 

∞∑
𝑛 =0 

𝑉 mn 𝑃 𝑚 ( 𝑥 ) 𝑃 𝑛 ( 𝜃) 𝑒 𝑗𝜔 𝑡 

 ( 𝑥, 𝜃, 𝑡 ) = 

∞∑
𝑚 =0 

∞∑
𝑛 =0 

𝑊 mn 𝑃 𝑚 ( 𝑥 ) 𝑃 𝑛 ( 𝜃) 𝑒 𝑗𝜔 𝑡 (12) 

here, U mn , V mn , and W mn are unknown coefficients of displacement

unctions. P m 

( x ), and P n ( 𝜃) represent Chebyshev polynomials of first

ind as following: 

 0 ( 𝑠 ) = 1; 𝑃 1 ( 𝑠 ) = 𝑠 

𝑃 𝑖 ( 𝑠 ) = 2 𝑠𝑃 𝑖 −1 ( 𝑠 ) − 𝑃 𝑖 −2 ( 𝑠 ) 𝑖 > 1 (13) 

Chebyshev polynomials of first kind are defined on the interval

 − 1, 1]. Therefore, the length of the cylinder should be transformed

o this interval. A coordinate transformation between the dimensions of

ylinder and mentioned interval, �̄� = 2 𝑥 ∕ 𝐿 − 1 ; �̄� = 2 𝜃∕ 𝜙 − 1 , is needed.

Due to limitations of calculation, the series expansion should be trun-

ated. Therefore, proper precision can be achieved by the selection of

 and N as the summation limits. Substituting relation (12) into Eqs.

8 )–( 11 ) and minimizing total Lagrangian energy with respect to un-

nown coefficients of displacement, leads to the following eigenvalue

roblem. 

 

 

 

 

 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝐾 uu 𝐾 𝑢𝜈 𝐾 uw 

𝐾 vu 𝐾 𝜈𝜈 𝐾 𝜈𝑤 

𝐾 wu 𝐾 𝑤𝜈 𝐾 ww 

⎤ ⎥ ⎥ ⎥ ⎦ 
− 𝜔 2 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝑀 uu 0 0 
0 𝑀 uu 0 
0 0 𝑀 uu 

⎤ ⎥ ⎥ ⎥ ⎦ 
⎞ ⎟ ⎟ ⎟ ⎠ 
⎧ ⎪ ⎨ ⎪ ⎩ 

𝑈 

𝑉 

𝑊 

⎫ ⎪ ⎬ ⎪ ⎭ 

= 0 (14) 

here K ij and M ij ; i, j = u, v, w denote sub-matrices of generalized

tiffness and generalized mass matrices which their elements are repre-

ented in Appendix B . The vectors U, V , and W are undetermined coeffi-

ients of displacement which construct the corresponding mode shapes

f each natural frequency: 

𝑈 

𝑇 = 

[
𝑈 00 , … , 𝑈 0 𝑁 , 𝑈 10 , … , 𝑈 1 𝑁 , … , 𝑈 𝑀0 , … , 𝑈 MN 

]
𝑉 𝑇 = 

[
𝑉 00 , … , 𝑉 0 𝑁 , 𝑉 10 , … , 𝑉 1 𝑁 , … , 𝑉 𝑀0 , … , 𝑉 MN 

]
 

𝑇 = 

[
𝑊 00 , … , 𝑊 0 𝑁 , 𝑊 10 , … , 𝑊 1 𝑁 , … , 𝑊 𝑀0 , … , 𝑊 MN 

]
(15) 

One can obtain the natural frequencies of noncircular shell with spi-

al cross section by solving the standard eigenvalue problem. Substi-

uting corresponding eigenvector of each natural frequency to displace-

ent relations gives the mode shapes. 

. Results and discussion 

In order to study the effect of geometric parameters of spiral cylin-

rical panel on the vibration characteristics, a computer program has

een developed. Although there is no limitation on the application of

ny boundary condition, reporting the results of every combination of

oundary conditions is impossible. In this research, one of the main

oals is selecting appropriate geometrical parameters of a spiral cylin-

rical panel to achieve desired vibration behavior. Therefore, in most of

he simulations, all edges of the panel are considered to be free. In this

nvestigation, simply support boundary condition beside the free bound-

ry condition is interested to serve suitable results for future studies. In

ddition, some results are reported for completely clamped and com-

letely supported by shear diaphragm boundary conditions in all edges

f spiral panel. 

Defining the stiffness of springs uniformly distributed along each

dge of the panel depends on the boundary conditions. Based on the
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Table 1 

Convergence of first seven natural frequencies for completely free cylindrical panel with spiral cross 

section ( R 0 = 2 m, t = 1 m, 𝜙= 2 𝜋, L = 5 m, h = 0.1 m ). 

Mode Shape M = N ABAQUS 

4 8 11 12 13 14 15 

1 4 .36 1 .75 1 .74 1 .75 1 .75 1 .75 1 .75 1 .74 

2 4 .58 2 .32 2 .47 2 .32 2 .32 2 .32 2 .32 2 .47 

3 11 .75 3 .89 3 .80 3 .82 3 .82 3 .82 3 .82 3 .80 

4 12 .35 5 .34 5 .34 5 .30 5 .30 5 .30 5 .30 5 .34 

5 104 .00 9 .31 8 .50 8 .54 8 .54 8 .54 8 .54 8 .49 

6 168 .28 9 .94 9 .21 9 .61 9 .60 9 .60 9 .60 9 .20 

7 175 .63 18 .29 15 .02 15 .78 15 .78 15 .78 15 .78 15 .00 
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Table 2 

Comparison of first four frequency parameters for 

FCCC cylindrical panel with circular cross section 

( R 0 = 2 m, t = 0, 𝜙= 𝜋/2, L = 3 m, h = 0.02 m ). 

Mode shape Present Ref. [18] 

1 0 .1529 0 .1529 

2 0 .1787 0 .1787 

3 0 .2819 0 .2819 

4 0 .2877 0 .2877 

Table 3 

First four frequency parameters for Examples 1 and 2 determined 

through proposed method and ABAQUS software . 

Example 1 Example 2 

Mode shape Present ABAQUS Present ABAQUS 

1 0 .0514 0 .0516 0 .0027 0 .0027 

2 0 .0517 0 .0519 0 .0070 0 .0070 

3 0 .0644 0 .0648 0 .0076 0 .0076 

4 0 .0673 0 .0677 0 .0084 0 .0085 
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3

 

e  
nalysis presented in Section 3.1 , the boundary spring rigidities can be

xpressed for classical boundary conditions including free, simply sup-

ort, clamped, and shear diaphragm on the curved edge x = 0 as an ex-

mple: 

Free (F): 𝑘 
𝑥 0 
𝑢 = 0 , 𝑘 𝑥 0 𝑣 = 0 , 𝑘 𝑥 0 𝑤 = 0 , 𝑘 𝑥 0 

𝑇 
= 0 

Simply Support (S): 𝑘 
𝑥 0 
𝑢 = 10 9 𝐷, 𝑘 𝑥 0 𝑣 = 10 9 𝐷, 𝑘 𝑥 0 𝑤 = 10 9 𝐷, 𝑘 𝑥 0 

𝑇 
= 0 

Clamped (C): 𝑘 
𝑥 0 
𝑢 = 10 9 𝐷, 𝑘 𝑥 0 𝑣 = 10 9 𝐷, 𝑘 𝑥 0 𝑤 = 10 9 𝐷, 𝑘 𝑥 0 

𝑇 
= 10 9 𝐷

Shear Diaphragm (D): 𝑘 
𝑥 0 
𝑢 = 0 , 𝑘 𝑥 0 𝑣 = 10 9 𝐷, 𝑘 𝑥 0 𝑤 = 10 9 𝐷, 𝑘 𝑥 0 

𝑇 
= 0 

here D = Eh 3 /12(1 − 𝜈2 ) is bending stiffness of the panel. Since there

re four edges for an open cylindrical panel, a simple letter string like

SCD is employed to represent the boundary conditions of the spiral

ylinder. FSCD indicates a spiral cylinder with free, simply support,

lamped, shear diaphragm boundary conditions at the edges x = 0, x = L ,

= 0, and 𝜃 = 𝜙, respectively. 

.1. Convergence and accuracy 

The first crucial step to use the proposed method in vibration analy-

is of spiral cylinder is determination of truncation number for displace-

ent series expansion. Although the values of M and N depend on the ge-

metric properties of panel, boundary conditions, mode number, and the

ccuracy of results, usually there is a constant value for specific struc-

ure. In the convergence study, the natural frequencies of a completely

ree spiral cylinder with different truncation numbers are presented.

able 1 demonstrates first seven natural frequencies of a spiral cylinder

ith following geometric parameters: R 0 = 2 m, t = 1 m, 𝜙= 2 𝜋, L = 5 m ,

nd h = 0.1 m. For all numerical results in this research, unless other-

ise stated, the material properties are E = 210 GPa, 𝜌= 7800 kg/m 

3 ,

= 0.3. The results show that the natural frequencies converge quickly.

erification of the formulation in this study could be achieved by com-

arison between the results of the proposed method and those obtained

hrough ABAQUS. The geometric profile of the spiral cross section is

reated in ABAQUS through the Python script and 3465 uniform shell

lements are used for simulation. The applied elements are four-node

oubly curved thin or thick shell elements (S4R) of ABAQUS standard

lement library. 

The previous researchers usually studied the circular cylinders and

esearches on noncircular cylindrical panels are limited to oval and ellip-

ic ones. Considering the lack of results on the vibration characteristics

f spiral cylinders in the literature, a possible strategy for verification of

esults and comparing with the literature can be achieved by simplifying

he formulation of a noncircular spiral cylinder into a circular cylinder

nd comparing with previous studies. Therefore, by putting separation

istance, t, equal to zero a circular cylinder is modeled as: R 0 = 2 m,

 = 0, 𝜙= 𝜋/2, L = 3 m , and h = 0.02 m. The first four frequency param-

ters, Ω = 2 𝜋 𝜔 𝑅 

√
𝜌∕ 𝐸 , of the cylinder are given in Table 2 and corre-

ponding mode shapes are shown in Fig 2 . However, more verification

f the presented method on circular cylindrical, spherical, and conical

anels could be found in Refs. [18,40,41] . 

If the separation distance of a cylindrical panel is not zero, the com-

arison of results with literature is impossible and the results obtained
379 
y proposed method can be compared with those of ABAQUS software.

herefore, two cylindrical panels with spiral cross sections are mod-

led as: Example 1 ( R 0 = 3 m, t = 1 m, 𝜙= 𝜋, L = 5 m , and h = 0.01 m),

xample 2 ( R 0 = 4 m, t = 1.5 m, 𝜙= 5 𝜋/2, L = 30 m , and h = 0.01 m). The

oundary conditions FCCC and FCFC are considered for Example 1 and

xample 2, respectively. The first four natural frequencies of these cylin-

ers are determined and reported in Table 3 and the corresponding

ode shapes are illustrated in Figs 3 and 4 using proposed method and

BAQUS model. For the ABAQUS simulation, the model contains 5100

nd 14,550 shell elements for Example 1 and Example 2, respectively. 

The effect of boundary springs rigidity on the natural frequency is

tudied to check the appropriateness of boundary conditions modeling.

ig 5 shows the frequency parameter, Ω = 𝜔 𝐿 

2 
√
𝜌ℎ ∕ 𝐷 , versus different

lastic restraint parameter in one of the boundaries. A spiral cylinder

ith R 0 = 2 m, t = 1 m, L = 3 m , and h = 0.05 m by two subtended an-

les 𝜙= 𝜋/3 and 𝜙= 𝜋 is studied and the results compared with circular

ylinder by putting separation distance equal to 0. When three springs

tiffness of a boundary condition is zero and elastically restrained in

ne direction the boundary could be defined as E I . Consequently, when

he three groups of the springs get infinite stiffness, 10 9 D, the boundary

ould be represented with E II . 

Fig 5 (a) and (b) show the variation of first frequency parameter in

E I FF and CE II FF boundary conditions for spiral and circular cylinders

hen subtended angle equals to 𝜙= 𝜋/3. The results for a bigger sub-

ended angle, 𝜙= 𝜋, in Fig 5 (c) and (d) reveal the effect of cross section

n natural frequencies. 

.2. Parameter study 

From design perspective, it is important to know the influence of

ach parameter on the vibration characteristics of the panel. In this
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a b c d

Fig. 2. First four mode shapes of FCCC cylindrical panel with circular cross section. 

Fig. 3. First four mode shapes of Example 1 calculated through the proposed method (a-d) and ABAQUS (e-h). 

a b c d

e  f g h

Fig. 4. First four mode shapes of Example 2 calculated through the proposed method (a-d) and ABAQUS (e-h). 

380 
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Fig. 5. Variation of first frequency parameter for spiral cylinder with two different subtended angles for elastic boundary conditions (a) 𝜙= 𝜋/3, CE I FF (b) 𝜙= 𝜋/3 CE II FF (c) 𝜙= 𝜋, 

CE I FF (d) 𝜙= 𝜋 CE II FF. 
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ection, the effect of each geometric parameter in natural frequency and

orresponding mode shape is studied by considering the other parame-

ers are constant. Table 4 represents the lowest four natural frequencies

f the spiral cylinder with different classical boundary conditions to in-

estigate the frequency change with respect to variation of separation

istance. 

When separation distance increases the cylinder degenerates from a

ircular to spiral cylinder. According to formulation, ratio of separation

istance to radius should be small. However, comparison of the results

btained by proposed method and ABAQUS demonstrate high accuracy

f the proposed formulation even for t / R 0 = 1. 

Generally, separation distance shows a decreasing effect on the nat-

ral frequencies of spiral cylindrical panel and it is more considerable

n FFFF boundary condition comparing with other boundary condi-

ions. However, the first natural frequency shows an opposite behavior

or FFSS boundary condition and corresponding mode shape is a spe-

ial mode which appears only in this boundary condition. Restricting

traight edges by simply support shows more effect on natural frequen-

ies than restriction on curved edges. Meanwhile, results for completely

lamped and shear diaphragm boundary condition are reported. 

In Table 5 , a set of examples are conducted to illustrate the influ-

nce of inner radius on the vibration behavior of spiral cylinder with

ifferent boundary conditions. Although like separation distance, the

ecreasing influence of inner radius on natural frequency in completely
381 
ree boundary condition is dominant, the first natural frequency in FFSS

oundary condition shows different manner. In addition, the first natu-

al frequency obtained in FFSS is lower than that of FFFF. This strange

onsequence depends on the appearance of a particular mode shape in

FSS boundary condition. 

To study the effect of subtended angle on vibration characteristics,

ariation of the lowest two natural frequencies of the spiral cylinder

gainst subtended angle with FFFF boundary condition is illustrated in

ig 6 . The results are achieved using the parameters of previous example

ith different subtended angles. Additionally, the corresponding first

wo mode shapes of the spiral cylinder in selected subtended angles are

epresented to enhance the understanding of vibration behavior. It can

e observed from the figure that first natural frequency increases and

eaches the crest in 𝜙= 45° and declines while second natural frequency

ontains three extrema in 𝜙= 25°, 45° and 65°. This firstly reported

esult shows a different behavior with respect to previously results pub-

ished on open circular cylinders and could be helpful significantly from

esign perspective. 

Fig 7 shows the trend of first two natural frequencies for SSSS re-

tricting condition versus the subtended angle. From the results it is

lear that first two natural frequencies have decreasing trend for SSSS

oundary condition while for FFFF boundary condition do not. Although

he mode shapes corresponding to this boundary condition are entirely

ifferent from FFFF, in both of them as subtended angle increase the
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Table 4 

First four natural frequencies of spiral cylinder with different separation distances and boundary conditions ( R 0 = 2 m, 𝜙= 2 𝜋, L = 5 m, h = 0.1 m). 

Separation Distance Mode Shape Boundary Conditions 

t (m) FFFF SFFF FFSS SSFF FSSS SSSF SSFS SSSS CCCC DDDD 

0 1 2 .72 19 .80 0 .00 48 .47 49 .17 48 .48 48 .48 106 .92 112 .07 80 .94 

2 3 .11 20 .14 5 .59 48 .49 50 .78 95 .32 95 .32 107 .96 112 .19 86 .18 

3 5 .91 41 .62 5 .91 95 .32 66 .22 103 .38 103 .38 120 .69 128 .57 88 .92 

4 6 .89 46 .50 15 .18 95 .32 69 .37 107 .81 107 .81 125 .14 128 .80 106 .29 

0 .5 1 2 .15 18 .19 0 .10 43 .94 46 .58 43 .94 48 .16 99 .79 104 .67 77 .24 

2 2 .66 19 .77 4 .43 48 .15 47 .26 87 .89 94 .92 100 .84 105 .46 80 .12 

3 4 .68 40 .95 4 .69 87 .89 59 .81 95 .45 98 .70 111 .68 117 .09 88 .39 

4 5 .99 42 .27 12 .00 94 .88 63 .48 101 .06 100 .76 114 .22 119 .95 90 .15 

1 1 1 .75 16 .82 0 .15 40 .50 43 .62 40 .50 47 .83 92 .97 98 .11 72 .54 

2 2 .32 19 .58 3 .61 47 .83 44 .90 82 .30 92 .83 94 .11 98 .71 77 .74 

3 3 .82 38 .37 3 .82 82 .30 54 .47 88 .40 93 .92 103 .75 109 .69 80 .37 

4 5 .30 42 .49 9 .72 88 .38 58 .38 94 .32 94 .46 106 .12 110 .48 90 .79 

1 .5 1 1 .45 15 .71 0 .18 37 .79 41 .45 37 .79 47 .53 86 .72 91 .98 68 .43 

2 2 .05 19 .41 3 .01 47 .53 42 .11 77 .92 86 .71 87 .98 92 .75 73 .48 

3 3 .18 36 .51 3 .17 77 .92 51 .69 82 .29 87 .92 96 .99 102 .31 78 .42 

4 4 .74 40 .36 8 .04 82 .29 52 .49 88 .21 94 .06 99 .03 103 .88 81 .30 

2 1 1 .22 14 .80 0 .18 35 .59 39 .23 35 .59 47 .23 81 .21 86 .68 64 .76 

2 1 .83 19 .24 2 .56 47 .23 39 .95 74 .39 81 .19 82 .45 87 .26 69 .96 

3 2 .70 34 .73 2 .68 74 .39 47 .58 77 .03 82 .46 91 .11 96 .46 74 .06 

4 4 .29 38 .74 6 .76 77 .03 49 .79 82 .71 90 .62 92 .75 97 .48 79 .47 

ABAQUS 1 1 .21 14 .82 0 .18 35 .39 39 .12 35 .39 47 .27 81 .15 86 .48 64 .39 

2 1 .83 19 .43 2 .27 47 .27 39 .87 73 .68 81 .14 82 .40 87 .22 69 .81 

3 2 .65 34 .63 2 .48 73 .68 47 .32 76 .88 82 .40 90 .97 96 .30 73 .68 

4 4 .17 38 .74 6 .61 76 .88 49 .68 82 .65 90 .71 92 .70 97 .29 79 .76 

Table 5 

First four natural frequencies of spiral cylinder with different inner radiuses and boundary conditions ( t = 1 m, 𝜙= 2 𝜋, L = 5 m, h = 0.1 m). 

Inner Radius Mode Shape Boundary Conditions 

R 0 (m) FFFF SFFF FFSS SSFF FSSS SSSF SSFS SSSS CCCC DDDD 

1 1 4 .70 20 .35 0 .74 49 .18 56 .65 49 .18 64 .03 120 .62 126 .43 86 .45 

2 4 .89 25 .62 10 .25 64 .03 58 .09 96 .22 118 .50 123 .55 128 .40 95 .77 

3 9 .91 43 .77 10 .60 96 .22 85 .93 110 .16 121 .49 147 .16 156 .33 103 .80 

4 10 .82 50 .83 27 .09 110 .09 87 .51 124 .22 123 .73 153 .82 159 .63 128 .09 

2 1 1 .75 16 .82 0 .15 40 .50 43 .62 40 .50 47 .83 92 .97 98 .11 72 .54 

2 2 .32 19 .58 3 .61 47 .83 44 .91 82 .30 92 .83 94 .11 98 .71 77 .74 

3 3 .82 38 .37 3 .82 82 .30 54 .47 88 .40 93 .92 103 .75 109 .69 80 .37 

4 5 .30 42 .49 9 .72 88 .38 58 .38 94 .32 94 .46 106 .12 110 .48 90 .79 

3 1 0 .89 14 .70 0 .05 35 .44 37 .07 35 .44 39 .96 77 .58 82 .70 63 .39 

2 1 .40 16 .48 1 .83 39 .96 37 .35 74 .19 77 .51 78 .13 83 .04 66 .24 

3 1 .94 33 .92 1 .95 74 .19 43 .51 75 .10 78 .16 83 .65 88 .67 68 .88 

4 3 .50 36 .01 4 .95 75 .10 43 .82 78 .28 81 .58 84 .25 89 .25 71 .53 

4 1 0 .54 13 .26 0 .03 32 .03 32 .55 32 .03 35 .15 67 .53 72 .81 56 .90 

2 0 .94 14 .53 1 .11 35 .15 32 .76 66 .03 67 .53 67 .86 73 .01 56 .91 

3 1 .17 30 .49 1 .18 66 .02 36 .29 67 .94 67 .83 71 .24 76 .48 58 .92 

4 2 .52 32 .10 2 .99 67 .93 37 .02 68 .75 70 .92 71 .86 76 .82 60 .56 
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rst mode shapes contains more waves along the circumferential di-

ection than longitudinal direction. It reflects the fact that cylindrical

anels with higher arc length are flexible in circumferential direction

nd as the arc length decrease the circumferential flexibility diminishes

nd the first mode shapes contain more waves along the axial direction

nstead of circumferential direction. 

The effect of length and thickness of the shell on the vibration of

piral cylinder is depicted on Figs 8 and 9 with FFFF and SSSS bound-

ry conditions. Generally, in each boundary condition, thickness of the

hell has a similar effect on the natural frequency for different length.

or example, in Fig 8 the natural frequencies of the shell with thickness

.1 m is 2.5 times of that in thickness 0.04 m while in SSSS boundary

ondition in Fig 9 it is 1.5 times bigger than natural frequencies of spi-

al cylinder with thickness 0.04 m. This diversity could be the result of

ppearance of bending effect due to boundary condition. 

According to the results of Fig 8 first natural frequency in FFFF

oundary condition is nearly constant up to length 8 m. However, it

hows a decreasing manner for higher values of cylinder length. This

ariation comes from the mode change which could be observed in mode

e  

382 
hapes represented in Fig 8 . The natural frequency related to circumfer-

ntial mode shape, Fig 8 (a), has a nearly constant value in different

ength of cylinder and appears as first and second mode shape by varia-

ion of length. In Fig 9 , the first and second natural frequencies coincide

ith each other and as length of cylinder increases the number of waves

long the circumferential direction decreases and tends to increase it

long the axial direction. 

.3. Design strategy 

Since all of the structures and instruments contain mass and elastic

roperties, they are willing to vibrate. Understanding vibration behavior

f engineering elements for safe design of structures and efficient oper-

tion of systems is necessary. Structures are usually designed to avoid

angerous failures due to vibration of a specific part. For example, vi-

ration fatigue in components of airplane, gas turbine, and large span

oofs is one of the crucial designing criteria. However, vibration in some

ngineering applications such as actuating elements and casting process
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Fig. 6. Variation of natural frequencies versus subtended angle of spiral cylinder and first two mode shapes of selected subtended angles with FFFF boundary condition (a-b) 𝜙= 20°, 

(c-d) 𝜙= 45°, (e-f) 𝜙= 70°, (g-h) 𝜙= 180°, (i-j) 𝜙= 375°. 

Fig. 7. Variation of natural frequency versus subtended angle of spiral cylinder and first two mode shapes of selected subtended angles with SSSS boundary condition (a-b) 𝜙= 35°, (c-d) 

𝜙= 75°, (e-f) 𝜙= 180°, (g-h) 𝜙= 360°. 
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a  
lays a useful role. Therefore, achieving desired vibration performance

erves an essential purpose for most of the engineering designs. 

The target of this section is proposing a feasible procedure for se-

ecting appropriate geometrical parameters of a spiral cylindrical panel

o achieve desired vibration behavior. The geometry of a spiral cylinder

an be expressed in terms of inner radius, separation distance, subtended

ngle, thickness, and length. Based on the results obtained in this study,

he non-dimensional parameters, R ave / L, t / L, h / L , and L 𝜃/ L are defined

or the sake of generality and convenience. Where L 𝜃 = R ave 𝜃 represents
383 
he arc length of panel and R ave = R 0 + a 𝜃/2 is a new parameter intro-

uced for determining the average radius of a spiral cross section. The

on-dimensional natural frequency for expressed variables can be de-

ned as Ω = 

√
12(1 − 𝜐2 ) 𝜌∕ 𝐸 𝐿 𝜃𝜔 . 

Fig 10 shows the variation of frequency parameter for completely

ree cylindrical panel in selected values of R ave / L and h / L , while Fig 11

resents the effect of separation distance for selected values of R ave / L . 

Investigations of this research show that, after introducing R ave / L as

 parameter, the effect of separation distance on frequency parameter
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Fig. 8. Variation of natural frequency versus length of spiral cylinder for h = 0.04 m (…) and h = 0.1 m ( —) and first two mode shapes of selected length with FFFF boundary condition 

(a-b) L = 4 m , (c-d) L = 40 m . 

Fig. 9. Variation of natural frequency versus length of spiral cylinder for h = 0.04 m (…) and h = 0.1 m ( —) and first two mode shapes of selected length with SSSS boundary condition 

(a-b) L = 4 m , (c-d) L = 40 m . 

Fig. 10. Variation of first frequency parameter versus ratio of circumferential length to 

longitudinal length with FFFF boundary condition for selected values of average radius to 

longitudinal length and thickness to longitudinal length ratios. 

Fig. 11. Variation of frequency parameter versus ratio of separation distance to longitu- 

dinal length with FFFF boundary condition for selected values of average radius to longi- 

tudinal length ratio in h / L = 0.005 , L 𝜃/ L = 0.4 𝜋. 
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s small and not comparable with other parameters especially for bigger

alues of average radius to longitudinal length ratio. However, other

arameters including R ave / L, h / L , and L 𝜃/ L are very important in de-

igning process. Therefore, it is appropriate to select parameters of an

quivalent circular cylindrical panel at first step by concentrating on

he limitations of design to reach the objective predefined natural fre-

uency. In second step, various pairs of separation distance and inner

adius can be selected considering average radius defined in pervious

tep. 

. Conclusion 

In this research, a new formulation based on Kirchhoff-Love assump-

ions is proposed to study the vibration behavior of noncircular cylindri-

al panels with spiral cross section. The natural frequencies and mode

hapes of spiral cylinders are determined through Rayleigh Ritz method.

he convergence and accuracy of the results are studied based on the

atural frequencies and mode shapes of spiral and circular cylinders.

esults obtained from finite element modeling in ABAQUS and previ-

us studies are compared with outcomes of this research and a good

greement is achieved. 

The effect of each parameter including inner radius, separation dis-

ance, subtended angle, thickness, and length of the spiral cylindri-

al panel on the vibration characteristics of the shell are investigated

hrough the proposed method. Results indicate that the effect of each

arameter on the natural frequencies of the panel varies for different

oundary conditions. However, ratio of circumferential length to lon-

itudinal length plays the most important role on natural frequencies

nd mode shapes of the cylindrical panel. Separation distance as the

istinctive characteristic of spiral cylinders, significantly changes the

atural frequencies of the panel while other parameters are assumed

o be constant. Although the effect of separation distance on the vibra-

ion behavior is noticeable, its effect diminishes for a constant average

adius. Therefore, for designing a spiral cylinder, it is appropriate to se-

ect the geometrical parameters of equivalent circular cylinder at first

tep. Then, by considering the radius of circular cylinder as average ra-

ius of spiral cylinder, various pairs of separation distance and inner

adius can be suggested. 
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ppendix A 

Generally, the position vector of a point on the mid-surface of a shell

an be defined by two curvilinear coordinates ( 𝛼, 𝛽) in the global Carte-

ian coordinate system as: 

⃗ = 𝑋( 𝛼, 𝛽) ⃗𝑖 + 𝑌 ( 𝛼, 𝛽) ⃗𝑗 + 𝑍( 𝛼, 𝛽) ⃗𝑘 (A1)

One can determine the magnitude of an infinitesimal distance be-

ween two points in the mid-surface of the shell by: 

 𝑑𝑠 ) 2 = 𝑑 ⃗𝑟 . 𝑑 ⃗𝑟 = 

𝜕 ⃗𝑟 

𝜕𝛼
. 
𝜕 ⃗𝑟 

𝜕𝛼
( 𝑑𝛼) 2 + 2 𝜕 ⃗𝑟 

𝜕𝛼
. 
𝜕 ⃗𝑟 

𝜕𝛽
𝑑 𝛼 𝑑 𝛽 + 

𝜕 ⃗𝑟 

𝜕𝛽
. 
𝜕 ⃗𝑟 

𝜕𝛽
( 𝑑 𝛽) 2 (A2)

For the orthogonal curvilinear coordinates relation ( A2 ) reduces to:

 𝑑𝑠 ) 2 = 𝑑 ⃗𝑟 .𝑑 ⃗𝑟 = 𝐴 

2 ( 𝑑𝛼) 2 + 𝐵 

2 ( 𝑑𝛽) 2 (A3)

here A and B are the coefficients of fundamental form or Lame param-

ters and can be expressed as 

 = 

||| 𝜕 ⃗𝑟 𝜕𝛼

|||; 𝐵 = 

||| 𝜕 ⃗𝑟 𝜕𝛽

||| (A4)
| | | |
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In fact, the Lame parameters relate the change in curvilinear coordi-

ates to change in arc length. The principle radii of curvatures for two

urvilinear coordinate lines can be determined as 

 𝛼 = 

𝐴 

2 

�̂� . 
𝜕 2 𝑟 
𝜕 𝛼2 

; 𝑅 𝛽 = 

𝐵 

2 

�̂� . 
𝜕 2 𝑟 
𝜕 𝛽2 

(A5)

here �̂� represents the unit vector normal to the surface and is calcu-

ated using following equation: 

̂ = 

𝜕 ⃗𝑟 

𝜕𝛼

𝐴 

×
𝜕 ⃗𝑟 

𝜕𝛽

𝐵 

(A6) 

ppendix B 

In this appendix a detailed expressions of generalized stiffness and

ass matrices are presented. The following relations can be used to de-

ermine each element in submatrices of generalized stiffness and mass

atrices. (
𝑘 uu 

)
ij 
= 𝐴 11 𝐼 𝐼 

11 𝐼 00 1 + 𝐴 66 𝐼 𝐼 
00 𝐼 11 −1 + 𝑘 

𝑥 0 
𝑢 ( −1 ) 𝑚 + 𝑝 𝐼 00 1 

+ 𝑘 
𝑥 𝐿 
𝑢 𝐼 

00 
1 + 𝑘 

𝜃0 
𝑢 ( −1 ) 𝑛 + 𝑞 𝐼 𝐼 00 + 𝑘 

𝜃𝜙
𝑢 𝐼 𝐼 

00 (
𝑘 𝑢𝜈

)
ij 
= 𝐴 12 𝐼 𝐼 

10 𝐼 01 0 + 𝐴 66 𝐼 𝐼 
01 𝐼 10 0 (

𝑘 uw 

)
ij 
= 𝐴 12 𝐼 𝐼 

10 𝐼 00 0 (
𝑘 𝜈𝜈

)
ij 
= 𝐴 22 𝐼 𝐼 

00 𝐼 11 −1 + 𝐴 66 𝐼 𝐼 
11 𝐼 00 1 + 𝐷 22 𝐼 𝐼 

00 𝐼 11 −3 

− 𝑎𝐷 22 𝐼 𝐼 
00 𝐼 01 −4 − 𝑎𝐷 22 𝐼 𝐼 

00 𝐼 10 −4 + 𝑎 2 𝐷 22 𝐼 𝐼 
00 𝐼 00 −5 

+ 𝐷 66 𝐼 𝐼 
11 𝐼 00 −1 + 𝑘 

𝑥 0 
𝑣 ( −1 ) 𝑚 + 𝑝 𝐼 00 1 + 𝑘 

𝑥 𝐿 
𝑣 𝐼 

00 
1 

+ 𝑘 
𝜃0 
𝑣 ( −1 ) 𝑛 + 𝑞 𝐼 𝐼 00 + 𝑘 

𝜃𝜙
𝑣 𝐼 𝐼 

00 (
𝑘 ww 

)
ij 
= 𝐴 22 𝐼 𝐼 

00 𝐼 00 −1 + 𝐷 11 𝐼 𝐼 
22 𝐼 00 1 − 𝑎𝐷 12 𝐼 𝐼 

20 𝐼 01 −2 

+ 𝐷 12 𝐼 𝐼 
20 𝐼 02 −1 − 𝑎𝐷 12 𝐼 𝐼 

02 𝐼 10 −2 + 𝐷 12 𝐼 𝐼 
02 𝐼 20 −1 

+ 𝑎 2 𝐷 22 𝐼 𝐼 
00 𝐼 11 −5 − 𝑎𝐷 22 𝐼 𝐼 

00 𝐼 12 −4 − 𝑎𝐷 22 𝐼 𝐼 
00 𝐼 21 −4 

+ 𝐷 22 𝐼 𝐼 
00 𝐼 22 −3 + 4 𝐷 66 𝐼 𝐼 

11 𝐼 11 −1 + 𝑘 
𝑥 0 
𝑤 ( −1 ) 𝑚 + 𝑝 𝐼 00 1 

+ 𝑘 
𝑥 𝐿 
𝑤 𝐼 

00 
1 + 𝑘 

𝜃0 
𝑤 ( −1 ) 𝑛 + 𝑞 𝐼 𝐼 00 + 𝑘 

𝜃𝜙
𝑤 𝐼 𝐼 

00 

+ 

4 
𝐿 

2 𝑘 
𝑥 0 
𝑇 
𝑚 

2 𝑝 2 ( −1 ) 𝑚 + 𝑝 𝐼 00 1 + 

4 
𝐿 

2 𝑘 
𝑥 𝐿 
𝑇 
𝑚 

2 𝑝 2 𝐼 00 1 

+ 

4 
𝜃0 

2 𝑘 
𝜃0 
𝑇 
𝑛 2 𝑞 2 ( −1 ) 𝑛 + 𝑞 𝐼 𝐼 00 + 

4 
𝜃0 

2 𝑘 
𝜃𝜙
𝑇 
𝑛 2 𝑞 2 𝐼 𝐼 00 

𝑀 uu 

)
ij 
= 

(
𝑀 𝜈𝜈

)
ij 
= 

(
𝑀 ww 

)
ij 
= 𝜌hI 𝐼 00 𝐼 00 1 (B1) 

here i and j are defined indexes based on unknown coefficients of dis-

lacements i = m ( N + 1) + n + 1 and j = p ( N + 1) + q + 1. The Other pa-

ameters could be defined as: 

 𝐼 ab = ∫
𝐿 

0 

𝑑 𝑎 𝑃 𝑚 ( 𝑥 ) 
𝑑𝑥 𝑎 

𝑑 𝑏 𝑃 𝑝 ( 𝑥 ) 
𝑑𝑥 𝑏 

dx 

𝐼 ab 
𝑐 = ∫

𝜙

0 

𝑑 𝑎 𝑃 𝑛 ( 𝜃) 
𝑑𝜃𝑎 

𝑑 𝑏 𝑃 𝑞 ( 𝜃) 
𝑑𝜃𝑏 

. 
(
𝑅 0 + 𝑎𝜃

)𝑐 
𝑑𝜃

𝐴 11 = 𝐴 22 = 

𝐸 ℎ 

1 − 𝜈2 
; 𝐴 12 = 

𝜈 𝐸 ℎ 

1 − 𝜈2 
; 𝐴 66 = 

𝐸 ℎ 

2 ( 1 + 𝜈) 

𝐷 11 = 𝐷 22 = 

𝐸 ℎ 3 

12 
(
1 − 𝜈2 

) ; 𝐷 12 = 

𝜈 𝐸 ℎ 3 

12 
(
1 − 𝜈2 

) ; 𝐷 66 = 

𝐸 ℎ 3 

24 ( 1 + 𝜈) 
(B2) 
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