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.H\ ZRUGV� QRQ�WXEXODU� VLQJOH�ODS� ERQGHG MRLQW� DGKHVLYH� WRUVLRQ�

�� ,QWURGXFWLRQ

7KH XVH RI OLJKW DOOR\V DQG FRPSRVLWH PDWHULDOV LV VSUHDGLQJ LQ DXWRPRWLYH DQG PHFKDQLFDO

DSSOLFDWLRQV� DV ZHOO DV LQ DLUFUDIW FRQVWUXFWLRQ� ,Q DGGLWLRQ� WKH GHYHORSPHQW RI HSR[\ UHVLQ�EDVHG

DGKHVLYHV KDV EURXJKW D ZLGH UDQJH RI DGYDQWDJHV� VXFK DV DGKHVLYHV PDNH LW SRVVLEOH WR UHGXFH

VWUXFWXUDO ZHLJKW� SUHYHQW WKH RQVHW RI FRUURVLRQ� DFKLHYH EHWWHU VWUHVV GLVWULEXWLRQ LQ WKH DGKHVLYH

OD\HU� MRLQ GLVVLPLODU PDWHULDOV �H�J�� VWHHO DQG FRPSRVLWHV�� DQG SURGXFH VPRRWK VXUIDFH FRQWRXUV� D

PDMRU EHQHILW IRU FRPSRQHQWV H[SRVHG WR D IOXLG FXUUHQW� $OO RI WKHVH DGYDQWDJHV HQFRXUDJH WKH

GHVLJQHU WR FRQVLGHU DGKHVLYH ERQGLQJ IRU VWUXFWXUHV ZKLFK XQWLO UHFHQWO\ ZHUH MRLQHG XVLQJ

FRQYHQWLRQDO WHFKQLTXHV VXFK DV ULYHWLQJ� ZHOGLQJ RU WKUHDGHG FRQQHFWLRQV�

7KH GUDZEDFNV DVVRFLDWHG ZLWK DGKHVLYHV LQ WKH SDVW� LQFOXGLQJ WKHLU OLPLWHG VHUYLFH WHPSHUDWXUH

UDQJH DQG VXVFHSWLELOLW\ WR FKHPLFDO DWWDFN� KDYH WR D ODUJH H[WHQW EHHQ RYHUFRPH�

$V WKH OLWHUDWXUH LQGLFDWHV� VWXGLHV KDYH KLWKHUWR FRQFHQWUDWHG RQ WKH HIIHFWV RI SHUSHQGLFXODU VWUHVV�

� 5HVHDUFKHU
° $VVRFLDWH 3URIHVVRU
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EHQGLQJ PRPHQWV DQG VKHDU RQ DGKHVLYH ERQGHG MRLQWV� ,Q FHUWDLQ VLWXDWLRQV� KRZHYHU� VXFK MRLQWV

DUH DOVR VXEMHFW WR D WRUVLRQDO PRPHQW� 5HVHDUFK LQ WKLV DUHD LV UHVWULFWHG WR WXEXODU VWUXFWXUHV� DV

RWKHU FDVHV DUH HQWLUHO\ ODFNLQJ LQ WKH OLWHUDWXUH� $ GHWDLOHG ELEOLRJUDSK\ RI WKH OLWHUDWXUH RQ DGKHVLYH

ERQGHG MRLQWV XQGHU WRUVLRQ LV JLYHQ LQ WKLV SDSHU� 7KH ODFN RI ZRUN RQ QRQ�WXEXODU MRLQWV LQGLFDWHG

E\ WKLV ELEOLRJUDSK\ PRWLYDWHG WKH LQYHVWLJDWLRQ SUHVHQWHG LQ WKH ZRUN GHYHORSHG E\ 3XJQR �������

ZKLFK ZDV XVHG DV WKH EDVLV IRU WKH ZRUNV RI 3XJQR ������ DQG 3XJQR� 6XUDFH �����E� F�� DV ZHOO

DV IRU WKLV SDSHU�

7KLV JDS LQ WKH OLWHUDWXUH FDQ SHUKDSV EH H[SODLQHG E\ QRWLQJ WKDW QRQ�WXEXODU DGKHVLYH ERQGHG

MRLQWV DUH QRW GHVLJQHG WR ZLWKVWDQG D WRUVLRQDO PRPHQW� ZKLFK FDQ WKXV LQGXFH D QRQ�VKHDULQJ

VWUHVV VWDWH LQ WKH DGKHVLYH RI VXFK MRLQWV� $V LV ZHOO NQRZQ� LQ IDFW� DGKHVLYH LV E\ QDWXUH OHVV

HIIHFWLYH ZKHQ VXEMHFWHG WR QRUPDO VWUHVVHV �DV LV LOOXVWUDWHG E\ WKH GLIIHUHQFHV HQFRXQWHUHG ZKHQ

DWWHPSWLQJ WR VHSDUDWH WZR SLHFHV RI DGKHVLYH WDSH E\ DSSO\LQJ WHQVLOH RU VKHDU VWUHVVHV�� 7KRXJK

WKLV LV OLNHO\ WR EH WKH PDMRU UHDVRQ WKDW OLWWOH ZRUN KDV EHHQ GRQH ZLWK QRQ�WXEXODU MRLQWV� LW FDQQRW

EH FRQVLGHUHG D MXVWLILFDWLRQ� 'XULQJ LWV VHUYLFH OLIH� LQ IDFW� D QRQ�WXEXODU DGKHVLYH ERQGHG MRLQW FDQ

ILQG LWVHOI FDOOHG XSRQ WR ZLWKVWDQG DFFLGHQWDO WRUVLRQDO ORDGLQJ� DV WKH MRLQW LV QRW GHVLJQHG IRU WKLV

W\SH RI FKDUDFWHULVWLF RI LQWHUQDO UHDFWLRQ �WKH MRLQW VKRXOG EH GHVLJQHG WR WHQVLOH ORDGLQJ�� HYHQ

PRGHVW WRUVLRQDO ORDGV FDQ SURYH WR EH FULWLFDO�

�� 7KHRUHWLFDO PRGHO

���� (TXLOLEULXP HTXDWLRQV

7KH ERQGHG MRLQW FRQVLVWLQJ RI WZR HOHPHQWV DQG WKH LQWHUSRVHG DGKHVLYH LV FRQVLGHUHG WR EH

VXEMHFW WR D WRUVLRQDO PRPHQW DV VKRZQ LQ WKH )LJ� ��

8QGHU WKHVH FRQGLWLRQV� LW LV SRVVLEOH WR LVRODWH DQ HOHPHQW RI LQILQLWHVLPDO OHQJWK G[ �−F ≤ [ ≤ �F�
EHORQJLQJ WR WKH ILUVW EHDP DQG LPSRVH URWDWLRQDO HTXLOLEULXP DURXQG WKH EDU\FHQWULF D[LV RI WKH

FURVV VHFWLRQV SDUDOOHO WR WKH [ D[LV �)LJ� ���

)LJ� � 6WUXFWXUDO OD\RXW

)LJ� � (OHPHQW RI LQILQLWHVLPDO OHQJWK



1RQ�WXEXODU ERQGHG MRLQW XQGHU WRUVLRQ� 7KHRU\ DQG QXPHULFDO YDOLGDWLRQ ���
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,Q RUGHU WR VDWLVI\ WUDQVODWLRQ HTXLOLEULXP DORQJ WKH ] D[LV WKH ODVW LQWHJUDO PXVW EH ]HUR�

7KH LQFUHDVH LQ WRUVLRQDO PRPHQW LV EDODQFHG E\ QRUPDO VWUHVVHV σ\ � 7KH XQGHUO\LQJ DGKHVLYH

HOHPHQW ZLOO WKXV EH VWUHVVHG LQ WKH DUHD RI FRQWDFW ZLWK WKH WZR EHDPV E\ D VWUHVV ILHOG HTXLYDOHQW

WR WKLV LQFUHDVH�

���� &RQVWLWXWLYH ODZV DQG NLQHPDWLF K\SRWKHVLV

,W LV DVVXPHG WKDW DOO WKUHH RI WKH PDWHULDOV PDNLQJ XS WKH MRLQW �EHDPV DQG DGKHVLYH� DUH

JRYHUQHG E\ D OLQHDU HODVWLF ODZ �LVRWURSLF�� :KLOH WKLV LV LQWXLWLYHO\ REYLRXV IRU WKH EHDPV �ZKLFK

DUH W\SLFDOO\ PHWDO�� WKLV LV QRW WKH FDVH IRU WKH DGKHVLYH� ZKLFK LV PRUH OLNHO\ WR VKRZ D W\SLFDOO\

QRQOLQHDU EHKDYLRU� 8QGHU WRUVLRQ� KRZHYHU� WKH VWUHVV VWDWH LQ WKH DGKHVLYH FUHDWHG LQ D QRQ�WXEXODU

ERQGHG MRLQW LV EDVLFDOO\ QRUPDO� $V LW LV ZHOO NQRZQ WKDW DGKHVLYH FDQ ZLWKVWDQG VKHDU VWUHVVHV

ZKLFK DUH DQ RUGHU RI PDJQLWXGH KLJKHU WKDQ WKH XOWLPDWH QRUPDO VWUHVVHV� ZH FDQ FRQFOXGH WKDW WKH

VWUHVV YDOXHV RFFXUULQJ GXULQJ VHUYLFH IRU WKH FRQGLWLRQ FRQVLGHUHG KHUHLQ DUH ORZ� ,W LV SUHFLVHO\

EHFDXVH RI WKHVH ORZ VWUHVVHV WKDW ZH FDQ DVVXPH DOVR IRU WKH DGKHVLYH D OLQHDU HODVWLF ODZ� 7KLV

OLQHDU EHKDYLRU LV H[SHULPHQWDOO\ ZHOO�VKRZQ �3XJQR ������

,Q DGGLWLRQ� WKH ORZ VWUHVVHV H[FKDQJHG YLD WKH DGKHVLYH EHWZHHQ WKH WZR EHDPV DOVR PDNH LW

SRVVLEOH WR DVVXPH WKDW WKH ODWWHU DOVR EHKDYH DV GH 6DLQW 9HQDQW VROLGV LQ WKH ERQG DUHD �7HFKQLFDO

WKHRU\ RI EHDPV��

8QGHU WKHVH DVVXPSWLRQV� WKH DGKHVLYH©V VSHFLILF GLODWLRQ ε\ ZLOO EH OLQHDU DORQJ WKH MRLQW WKLFNQHVV

�] D[LV�� JLYHQ WKDW� XQOHVV ZDUSLQJ RFFXUV� WKH DGKHVLYH ZLOO FRQQHFW WZR ULJLGO\ URWDWHG EHDP FURVV

VHFWLRQV �)LJ� ��� 7KH VWUDLQ DVVXPSWLRQ ZKLFK ZDV PDGH FRQFHUQLQJ ULJLG FURVV VHFWLRQ URWDWLRQ LV

FRPSDWLEOH ZLWK ZDUSLQJ LQ WKH VHFWLRQ� ZKLOH EHDP NLQHPDWLFV ZLOO LQ IDFW FDXVH WKH VHFWLRQ WR

ZDUS �ORQJLWXGLQDO GLVSODFHPHQWV�� DORQJ WKH \ DQG ] FR�RUGLQDWHV WKH GLVSODFHPHQWV FDQ HIIHFWLYHO\

EH H[SUHVVHG DV D ULJLG URWDWLRQ DURXQG WKH FHQWHU RI WRUVLRQ� ZKLFK LQ WKLV FDVH FRLQFLGHV ZLWK WKH

VHFWLRQ
V FHQWURLG� ,Q DQ\ FDVH WKH ZDUSLQJ LQ WKH WZR EHDPV� DV ILUVW DSSUR[LPDWLRQ� ZLOO EH

QHJOLJLEOH� VLQFH WKH WZR EHDPV KDYH D WKLQ UHFWDQJXODU FURVV VHFWLRQ �EXW IRU D 7 VHFWLRQ� IRU

H[DPSOH� WKLV FRXOG EH QRW QHJOLJLEOH��

$V FRQVHTXHQFH WKLV GLODWLRQ ε\ LV WKH SUHGRPLQDQW VWUDLQ ILHOG LQ WKH DGKHVLYH �)LJ� �� DQG� DV ILUVW
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DSSUR[LPDWLRQ� WKH QRUPDO VWUDLQ ILHOGV ε[ DQG ε] ZLOO EH QHJOLJLEOH E\ FRPSDULVRQ� 7KLV� ZKLFK LQ

DQ\ FDVH LV LQWXLWLYHO\ REYLRXV� LV DOVR FOHDU IURP QXPHULFDO DQDO\VLV �3XJQR ������

7KH FRUUHVSRQGLQJ SUHGRPLQDQW VWUHVV ILHOG σ\ ZLOO EH HTXLYDOHQW WR WKH DSSOLHG WRUVLRQDO PRPHQW�

'HWHUPLQLQJ WKLV VWUHVV ILHOG LV WKXV RI SDUDPRXQW LQWHUHVW�

,Q YLHZ RI WKH DVVXPSWLRQV PDGH FRQFHUQLQJ VWUDLQV DQG WKH OLQHDU HODVWLF ODZV JRYHUQLQJ WKH

PDWHULDOV� WKH SUHGRPLQDQW VWUHVV ILHOG ZLOO EH OLQHDU DORQJ WKH MRLQW WKLFNQHVV �] FRRUGLQDWH�� DV ZLOO

EH WKH FRUUHVSRQGLQJ VSHFLILF GLODWLRQ�

)RU WKH HTXLOLEULXP (T� ��� WR EH VDWLVILHG� EHDULQJ LQ PLQG WKDW WKH VWUHVV ILHOG SHUSHQGLFXODU WR

WKH EHDP�DGKHVLYH FRQWDFW VXUIDFH LV OLQHDU DORQJ ]� LW PXVW EH SRVVLEOH WR ZULWH WKH IROORZLQJ

HTXDWLRQ�

���

ZKHUH LV D PRPHQW RI LQHUWLD SHU XQLW OHQJWK�

7KH VWUDLQ ILHOG LQ WKH DGKHVLYH LV REWDLQHG IURP WKH OLQHDU HODVWLF ODZ JRYHUQLQJ

WKH DGKHVLYH PDWHULDO� JLYHQ E\ WKH IROORZLQJ UHODWLRQ�

���

EHLQJ WKH <RXQJ©V DQG 3RLVVRQ©V PRGXOL IRU WKH DGKHVLYH � LV LWV ILFWLWLRXV <RXQJ©V

PRGXOXV��

���� &RPSDWLELOLW\ HTXDWLRQ

7KH WRUVLRQDO PRPHQW 0WX�[� LQ WKH MRLQW EHWZHHQ WKH WZR EHDPV FDQ EH ZULWWHQ DV�

���

���

DV WKH VXP RI WKH PRPHQWV DEVRUEHG E\ WKH WZR HOHPHQWV PXVW EH HTXLYDOHQW WR WKH DSSOLHG

WRUVLRQDO PRPHQW 0W�

)XQFWLRQ I�[� KDV WKH UHDO UDQJH >−F� �F@ DV LWV GRPDLQ DQG� LQ RUGHU IRU WKH ERXQGDU\ FRQGLWLRQV

IRU WKH WRUVLRQDO PRPHQWV

���

���

WR EH VDWLVILHG� PXVW EH XQLW\ DW WKH H[WUHPH OHIW DQG ]HUR DW WKH H[WUHPH ULJKW RI WKH GRPDLQ�

)XQFWLRQ I�[�� DQG WKXV WKH WRUVLRQDO PRPHQW DEVRUEHG E\ WKH WZR HOHPHQWV DW WKH MRLQW� FDQ EH

IRXQG WKDQNV WR WKH FRPSDWLELOLW\ HVWDEOLVKHG IRU WKH URWDWLRQV RI WKH WZR EHDP FURVV VHFWLRQV� 7KHVH

URWDWLRQV DUH H[SUHVVHG DV IROORZV�
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DV * LV WKH VKHDU HODVWLF PRGXOXV� ,W LV WKH IDFWRU RI WRUVLRQDO ULJLGLW\ IRU HDFK EHDP� DQG θL
� LV WKH

DEVROXWH URWDWLRQ RI WKH LQLWLDO VHFWLRQ �[ −F� RI EHDP L� 7KURXJK DQ DSSURSULDWH FKRLFH RI UHIHUHQFH

V\VWHP� ZH FDQ DOZD\V KDYH θ�

� � �URWDWLRQV FDOFXODWHG VWDUWLQJ IURP WKH VWUDLQHG FRQILJXUDWLRQ RI

WKH ILUVW HOHPHQW©V LQLWLDO VHFWLRQ��

7KH IDFWRU RI WRUVLRQDO ULJLGLW\ IRU D UHFWDQJXODU VHFWLRQ FDQ EH H[SUHVVHG WKURXJK D WDEXODU

FRHIILFLHQW �7DEOH �� DV D IXQFWLRQ RI WKH UDWLR RI WKH OHQJWKV RI WKH PDMRU DQG PLQRU VLGHV RI WKH

VHFWLRQ DV LQGLFDWHG EHORZ �LQ WKH FRQVLGHUHG FDVH� β a�����

����

$VVXPLQJ OLQHDULW\ IRU WKH DGKHVLYH� WKH FRPSDWLELOLW\ HTXDWLRQ GLFWDWHV WKDW WKH LQILQLWHVLPDO

PRPHQW G0WX�[� RFFXUULQJ DW WKH HQGV RI DQ DGKHVLYH HOHPHQW DQG HTXLYDOHQW WR WKH VWUHVVHV

H[FKDQJHG DW WKH LQWHUIDFH ]RQHV EH SURSRUWLRQDWH WR WKH YDULDWLRQ LQ URWDWLRQ EHWZHHQ WKH HOHPHQW©V

EDVHV �LQWHUIDFH VHJPHQWV� )LJ� ���

7KH FRPSDWLELOLW\ HTXDWLRQ LV ZULWWHQ DV�

����

ZLWK . DV WKH DGKHVLYH©V VWLIIQHVV SHU XQLW OHQJWK� 7KLV FDQ EH GHWHUPLQHG ZLWK UHIHUHQFH WR )LJ� ��

IURP ZKLFK LW LV SRVVLEOH WR FRQFOXGH WKDW WKH IROORZLQJ UHODWLRQ LV YDOLG �WDQ�∆θ��� ≅ ∆θ����

����

,QVHUWLQJ (T� ��� LQ (T� ���� DQG WKURXJK FRPSDULVRQ ZLWK (T� ����� WKH H[SUHVVLRQ IRU WKH

DGKHVLYH©V VWLIIQHVV LV REWDLQHG�
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�� 6ROXWLRQ RI WKH SUREOHP

,QVHUWLQJ WKH URWDWLRQ H[SUHVVLRQV ��� DQG ��� LQ WKH FRPSDWLELOLW\ (T� ���� JLYHV WKH LQWHJUR�

GLIIHUHQWLDO UHODWLRQ�

����

7KLV UHODWLRQ FDQ EH H[SUHVVHG ZLWK D VLQJOH XQNQRZQ I�[�� UHPHPEHULQJ WKH UHODWLRQV ��� ���

GHULYDWLRQ JLYHV WKH IROORZLQJ VHFRQG RUGHU GLIIHUHQWLDO HTXDWLRQ LQ I�[��
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1RQ�WXEXODU ERQGHG MRLQW XQGHU WRUVLRQ� 7KHRU\ DQG QXPHULFDO YDOLGDWLRQ ���

7KLV GLIIHUHQWLDO HTXDWLRQ� WRJHWKHU ZLWK WKH ERXQGDU\ FRQGLWLRQV VKRZQ DORQJVLGH� PDNH LW

SRVVLEOH WR GHWHUPLQH WKH WRUVLRQDO PRPHQW VHFWLRQ E\ VHFWLRQ DW WKH RYHUODS� 8VLQJ (TV� ��� DQG ���

\LHOGV WKH SUHGRPLQDQW VWUDLQ DQG VWUHVV ILHOG� 5HODWLRQV ��� �� ��� \LHOG MRLQW VWUDLQ LQ WHUPV RI

DEVROXWH DQG UHODWLYH URWDWLRQV� &RPSDULQJ WKH GLIIHUHQFHV EHWZHHQ (T� ��� DQG (T� ��� DQG (T� ����

PDNHV LW SRVVLEOH WR GHWHUPLQH FRQVWDQW θ�

� RQFH WKH UHIHUHQFH V\VWHP KDV EHHQ HVWDEOLVKHG ZLWK

θ�

� ��

7KH DQDO\WLFDO UHODWLRQV ZKLFK ZHUH REWDLQHG DUH SUHVHQWHG LQ 7DEOH �� )RU HDFK UHODWLRQ� D

TXDOLWDWLYH FXUYH LV SORWWHG� )LJ� � VKRZV WKH FXUYH IRU WKH IXQFWLRQ I�[� JRYHUQLQJ WRUVLRQDO PRPHQW

WUDQVPLVVLRQ LQ WKH MRLQW� ZKLOH )LJ� � VKRZV LWV GHULYDWLYH� ZKLFK JRYHUQV UHODWLYH URWDWLRQV DQG

VWUHVVHV LQ D FRQVWDQW ] SODQH� )LJ� � LOOXVWUDWHV LWV LQWHJUDO JRYHUQLQJ DEVROXWH URWDWLRQV� DQG )LJ� �

LOOXVWUDWHV VWUHVVHV RQ WKH ERQG SODQH� )LJ� � SUHVHQWV WKH PRVW FRPPRQ QRQGLPHQVLRQDOL]HG FXUYHV

IRU I�[�� LWV GHULYDWLYH DQG LWV LQWHJUDO� WKH PD[LPXP YDOXH RI WKH SORWWHG IXQFWLRQ LV VKRZQ IRU HDFK

RI WKH SUHFHGLQJ ILJXUHV�

)LJ� � 4XDOLWDWLYH FXUYH IRU I�[� �WRUVLRQDO
PRPHQWV�

)LJ� � 4XDOLWDWLYH FXUYH IRU �UHODWLYH URWDWLRQV�
GI [( )
G[

������������–

)LJ� � 4XDOLWDWLYH FXUYH IRU �DEVROXWH URWDWLRQV�I
F–

[

∫ W( )GW



��� 1LFROD 3XJQR DQG *LXVHSSH 6XUDFH

�� 6WUHVV FRQFHQWUDWLRQ IDFWRU DQG JDLQ SDUDPHWHU

,Q WKH OLJKW RI WKH IRUPXODV IRXQG DERYH� D VWUHVV FRQFHQWUDWLRQ IDFWRU FDQ EH GHILQHG ZKLFK

LQGLFDWHV WKH H[WHQW WR ZKLFK PD[LPXP VWUHVV GHSDUWV IURP WKH PHDQ� )RFXVLQJ DWWHQWLRQ RQ WKH

SODQH ] E�� �FULWLFDO�� WKH VWUHVVHV DUH�

����

DQG WKHLU PHDQ YDOXH LV�

����

σ\ [( ) −
0W

,[

������
E

�
���
GI [( )
G[

������������

σ\
PHDQ

 
�

�F
������

F–

�F

∫ σ\ [( )G[ 
0W

,[

������

E

�F
������

)LJ� � 4XDOLWDWLYH VXUIDFH �VWUHVVHV DQG VWUDLQV�
GI [( )
G[

������������]–

)LJ� � 1RQGLPHQVLRQDOL]HG TXDOLWDWLYH FXUYHV IRU WKH IXQFWLRQ I�[�� WKH RSSRVLWH RI LWV GHULYDWLYH DQG LWV
LQWHJUDO IRU FRPPRQ ERQGHG MRLQWV �QRQGLPHQVLRQDOL]HG FRQVWDQW $F ����



1RQ�WXEXODU ERQGHG MRLQW XQGHU WRUVLRQ� 7KHRU\ DQG QXPHULFDO YDOLGDWLRQ ���

:LWK WKH PD[LPXP VWUHVV LV JLYHQ E\�

����

&RQVHTXHQWO\� WKH VWUHVV FRQFHQWUDWLRQ IDFWRU LV JLYHQ E\�

����

*UHDWHU LQWHUHVW DWWDFKHV WR WKH JDLQ SDUDPHWHU λ� L�H�� WKH LQGH[ RI WKH JDLQ LQ PD[LPXP VWUHVV

OHYHOOLQJ ZKLFK FDQ EH REWDLQHG E\ LQFUHDVLQJ WKH ERQG OHQJWK� ,Q WKLV FRQQHFWLRQ� LW VKRXOG EH QRWHG

WKDW DV WKH ERQG OHQJWK WHQGV WR LQILQLW\� WKH PD[LPXP VWUHVV WHQGV DV\PSWRWLFDOO\ WR D PLQLPXP

QRQ]HUR YDOXH�

����

7KH JDLQ SDUDPHWHU FDQ WKXV EH GHILQHG DV�

����

DQG PXVW EH DV FORVH WR XQLW\ DV LV FRPSDWLEOH ZLWK WKH QHHG IRU D FRPSDFW MRLQW� 8QGHU WKLV

DVVXPSWLRQ WKH VWUHVV FRQFHQWUDWLRQ IDFWRU� SUXGHQWO\ RYHUHVWLPDWHG� LV GHWDLOHG DV IROORZV�

IRU ����

)LJ� �� VKRZV WKDW JDLQ SDUDPHWHU λ SUHVHQWV OLWWOH YDULDWLRQ DIWHU D FHUWDLQ YDOXH RI WKH

QRQGLPHQVLRQDOL]HG SDUDPHWHU $F �a��� FRQVHTXHQWO\� IXUWKHU LQFUHDVHV LQ ERQG OHQJWK DUH SRLQWOHVV

IRU WKH WRUVLRQDO ORDG� 8QGHU WKHVH DVVXPSWLRQV WKH VWUHVV FRQFHQWUDWLRQ IDFWRU DSSHDUV FORVH WR WKUHH�

D ZHOO�NQRZQ QXPHULFDO YDOXH LQ HODVWLF SUREOHPV� +RZHYHU LW VKRXOG EH ERUQH LQ PLQG WKDW WKH

ERQG OHQJWK GHSHQGV SUHYDOHQWO\ RQ WKH WHQVLOH ORDG IRU ZKLFK WKH MRLQW LV GHVLJQHG�

$ 
�.
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,Q RUGHU WR REWDLQ D XQLW YDOXH IRU WKH VWUHVV FRQFHQWUDWLRQ IDFWRU JLYHQ E\ (T� ���� LW LV SRVVLEOH WR

PRGLI\ WKH MRLQW SURILOH �3XJQR ������ 7KLV LV DFKLHYHG E\ FKDPIHULQJ WKH HGJHV� ZKLFK DUH LQ DQ\

FDVH QRW LQYROYHG LQ WKH VWUHVV IORZ LQGXFHG E\ D WHQVLOH ORDG� 7KH FRUUHVSRQGLQJ MRLQW LV RSWLPL]HG

IRU XQLIRUP WRUVLRQDO VWUHQJWK DQG LV WKXV ERWK OLJKWHU DQG VWURQJHU�

�� 1XPHULFDO YDOLGDWLRQ

7KH $16<6 ��� FRGH ZDV XVHG IRU QXPHULFDO ILQLWH HOHPHQW DQDO\VLV LQ WKH ZRUN RI 3XJQR

������� 7KH VLPXODWHG WKUHH GLPHQVLRQDO PRGHO LV VKRZQ LQ )LJ� ���

7KH ILQLWH HOHPHQW XVHG LV WKH EULFN �D VTXDUH SULVP HOHPHQW ZLWK �� QRGHV� LQ WKH YHUWLFHV DQG

FHQWHUV RI WKH HGJHV� ZKLFK PDNHV LW SRVVLEOH WR FRQVLGHU SDUDEROLF VKDSH IXQFWLRQV�

7KH DGKHVLYH LV GLYLGHG LQWR � × � × � ��� HOHPHQWV� ,Q WKLV FRQWH[W WKH VXUIDFH VKRZQ LQ )LJ� � LV

QXPHULFDOO\ REWDLQHG XVLQJ �� × �� ��� QRGHV WR KDYH D VXIILFLHQW QXPEHU RI SRLQWV WR HVWLPDWH WKH

VWUHVV ILHOG DQG WKH FRQFHQWUDWLRQ IDFWRUV �QRW�VLQJXODU� DW WKH IRXU FRUQHUV� (DFK RI WKH WZR EHDPV�

DORQJ WKH RYHUODS ]RQH� LV GLYLGHG LQWR � × � × � �� HOHPHQWV� 7KLV PHVK DSSHDUV D JRRG

FRPSURPLVH EHWZHHQ D VXIILFLHQWO\ JRRG SUHFLVLRQ DQG WKH WLPH VSHQW WR VROYH WKH QXPHULFDO

SUREOHP�

5HIHUHQFH GLPHQVLRQV DQG YDOXHV RI WKH HODVWLF PRGXOL DUH VKRZQ LQ 7DEOH � �QXPHULFDO LQSXW GDWD

IRU WKH FDOFXODWLRQ FRGH�� 7KH YDOXH RI DSSOLHG IRUFHV ) LV �� 1�

,Q )LJV� �� DQG ��� WKH SUHGRPLQDQW VWUHVV ILHOG FXUYHV SUHGLFWHG WKHRUHWLFDOO\ �OLJKW OLQHV� VHH

7DEOH �� DUH FRPSDUHG ZLWK WKRVH REWDLQHG QXPHULFDOO\ �GDUN OLQHV�� $V FDQ EH VHHQ� WKHRUHWLFDO DQG

QXPHULFDO DQDO\VLV DJUHH VDWLVIDFWRULO\�

)RFXVLQJ DWWHQWLRQ RQ WKH VWUHVV SHDN� WKH WKHRU\ GHYHORSHG LQ WKH LQYHVWLJDWLRQ SUHGLFWV D SHDN

YDOXH RI�

����

ZKHUHDV WKH YDOXH UHVXOWLQJ IURP QXPHULFDO DQDO\VLV LV�

����

σ\PD[

WKHRU\
 σ\ [ F± � ] 

E

�
���± 

   ���� ��
�⋅ 3D

σ\PD[

QXP
 ���� ��
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)LJ� �� 6LQJOH�ODS MRLQW LQYHVWLJDWHG XVLQJ WKH )(0 FRGH
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1RQ�WXEXODU ERQGHG MRLQW XQGHU WRUVLRQ� 7KHRU\ DQG QXPHULFDO YDOLGDWLRQ ���

7KH UHODWLYH HUURU RQ WKH VWUHVV SHDN LV WKXV�

����

7KH GLIIHUHQFH EHWZHHQ QXPHULFDO DQG WKHRUHWLFDO DSSURDFKHV FDQ EH MXVWLILHG UHPHPEHULQJ WKH

VLPSOLILHG K\SRWKHVLV WRRN LQWR DFFRXQW LQ WKH WKHRU\ GHYHORSHG� ,Q SDUWLFXODU WKH LQYHUVLRQ RI WKH

VLJQ RI WKH SUHGRPLQDQW VWUHVV� YDU\LQJ WKH [ FR�RUGLQDWH� REWDLQHG IURP WKH QXPHULFDO DSSURDFK LV

QRW REWDLQHG XVLQJ WKH WKHRUHWLFDO DSSURDFK� +RZHYHU ZH PXVW UHPHPEHU DV WKLV FRPSRQHQW RI WKH

VWUHVV LV DQ RUGHU RI PDJQLWXGH OHVV WKDQ WKH VWUHVV SHDN�

7KLV FRPSDULVRQ VKRZV DV WKH WKHRU\ GHYHORSHG FDQ EH XVHG WR HVWLPDWH WKH SUHGRPLQDQW VWUHVV

H 
σ\PD[

QXP σ\ PD[

WKHRU\–

σ\PD[

QXP
��������������������������������� �����

)LJ� �� &RPSDULVRQ EHWZHHQ QXPHULFDO �EODFN OLQH� DQG WKHRUHWLFDO �JUH\ OLQH� WUDQVYHUVH VWUHVV ILHOG FXUYHV�
�HQG SODQHV [ �F�� 3UHGRPLQDQW VWUHVV �03D��3RVLWLRQ LQ ERQG �PP�

)LJ� �� &RPSDULVRQ EHWZHHQ QXPHULFDO �EODFN OLQH� DQG WKHRUHWLFDO �JUH\ OLQH� ORQJLWXGLQDO VWUHVV ILHOG
FXUYHV� �FULWLFDO SODQHV ]  �E���� 3UHGRPLQDQW VWUHVV �03D��3RVLWLRQ LQ ERQG �PP�



��� 1LFROD 3XJQR DQG *LXVHSSH 6XUDFH

ILHOG DQG LWV VWUHVV SHDNV DW WKH IRXU FRUQHUV RI WKH DGKHVLYH LQ D QRQ�WXEXODU ERQGHG MRLQW VXEMHFWHG

WR WRUVLRQ� 7KHRUHWLFDO DQG QXPHULFDO DSSURDFKHV DJUHH VDWLVIDFWRULO\�

7R GHWHUPLQH WKH QRQ�SUHGRPLQDQW VWUHVV ILHOGV ZH ZRXOG KDYH WR UHPRYH WKH NLQHPDWLF K\SRWHVLV�

EXW� LQ DQ\ FDVH� WKH YRQ 0LVHV HTXLYDOHQW VWUHVV DW WKH PRVW KLJKO\ VWUHVVHG SRLQWV� WKH IRXU FRUQHUV

RI WKH DGKHVLYH �3XJQR ������ FDQ EH HVWLPDWHG E\ FDOFXODWLQJ WKH SHDN VWUHVV RI WKH SUHGRPLQDQW

ILHOG σ\� LQGHHG DW WKH FRUQHUV RI WKH DGKHVLYH WKH SUHGRPLQDQW DQG YRQ 0LVHV VWUHVVHV DUH

FRLQFLGHQW �)LJ� ����

+RZHYHU� LW LV LPSRUWDQW WR QRWH WKDW DGKHVLYH ERQGHG MRLQWV� QRQ�WXEXODU RQHV LQ SDUWLFXODU� DUH E\

QDWXUH VXVFHSWLEOH WR EULWWOH FROODSVH� ,I QR DSSURSULDWH WHFKQRORJLFDO PHDVXUHV DUH LQWURGXFHG WR

HQVXUH WKDW MRLQW FROODSVH FDQQRW LQYROYH PHFKDQLFDO IUDFWXUH SKHQRPHQD� EULWWOH FROODSVH ZLOO

SUHFHGH WHQVLOH FROODSVH� 6WDUWLQJ IURP WKH HODVWLF DQDO\VLV �WKDW VKRZV WKH SRLQWV RI KLJK VWUHVV�

FRQFHQWUDWLRQ LQ WKH DGKHVLYH IURP ZKHUH WKH FUDFNV SURSDJDWH� LW LV SRVVLEOH WR SUHGLFW WKH EULWWOH

FROODSVH RI WKH MRLQW� LQ DJUHHPHQW ZLWK WKH H[SHULPHQWDO UHVXOWV �3XJQR ������

�� &RQFOXVLRQV

7KH DQDO\WLFDO UHODWLRQV ZKLFK GHVFULEH WKH VWDWLF WRUVLRQDO SUREOHP IRU DGKHVLYH ERQGHG VLQJOH�ODS

MRLQWV ZHUH GHWHUPLQHG RQ WKH EDVLV RI UHDVRQDEOH VLPSOLI\LQJ DVVXPSWLRQV� &RQVLGHULQJ HTXLOLEULXP

DQG FRPSDWLELOLW\� DQG DVVXPLQJ OLQHDU HODVWLF FRQVWLWXWLYH ODZV� WKH DQDO\WLFDO UHODWLRQV JRYHUQLQJ

WRUVLRQDO PRPHQW WUDQVPLVVLRQ LQ WKH MRLQW� WKH SUHGRPLQDQW LQWHUIDFH VWUHVV ILHOG DQG WKH HODVWLF

VWUDLQ LQ WKH MRLQW ZHUH GHWHUPLQHG LQ FORVHG IRUP�

7KH SURFHGXUH XVHG ZDV YDOLGDWHG E\ FRPSDULQJ WKH WKHRUHWLFDO VWUHVV ILHOG LQ WKH DGKHVLYH ZLWK

WKH VWUHVV ILHOG REWDLQHG IROORZLQJ WKUHH GLPHQVLRQDO ILQLWH HOHPHQW DQDO\VLV�

$FNQRZOHGJHPHQWV

7KH DXWKRUV ZRXOG OLNH WR WKDQN 3URI� $� 0DQXHOOR DQG 'U� '� 5LWWDWRUH IRU WKHLU FRQWULEXWLRQ LQ

WKH QXPHULFDO DQDO\VLV� 3URI� &DUSLQWHUL� 'U� &� 6XUDFH DQG WKH ,WDOLDQ 1DWLRQDO 5HVHDUFK &RXQFLO

�&15� DQG WKH )LDW 5HVHDUFK &HQWUH �&5)� IRU IXQGLQJ WKH ZRUN GHVFULEHG LQ WKLV SDSHU�

)LJ� �� 3UHGRPLQDQW DQG YRQ 0LVHV VWUHVVHV DW WKH FRUQHUV RI WKH DGKHVLYH �[ �F� ] �E���



1RQ�WXEXODU ERQGHG MRLQW XQGHU WRUVLRQ� 7KHRU\ DQG QXPHULFDO YDOLGDWLRQ ���

5HIHUHQFHV

$GDPV� 5�'� DQG 3HSSLDWW� 1�$� ������� ¦6WUHVV DQDO\VLV RI DGKHVLYH ERQGHG WXEXODU ODS MRLQWV§� -� $GKHVLRQ� ��
�����

$OZDU� 5�6� DQG 1DJDUDMD� <�5� ������� ¦9LVFRHODVWLF DQDO\VLV RI DQ DGKHVLYH WXEXODU MRLQW§� -� $GKHVLRQ� �� ���
���

%U\DQW� 5�:� DQG 'XNHV� :�$� ������� ¦7KH PHDVXUHPHQW RI WKH VKHDU VWUHQJKW RI DGKHVLYH MRLQWV LQ WRUVLRQ§�
%ULW� -� $SSO� 3K\V�� ��� ��������

&KHQ� '� DQG &KHQJ� 6� �����D�� ¦7RUVLRQDO VWUHVV LQ WXEXODU ODS MRLQWV§� ,QW� -� 6ROLGV DQG 6WUXFWXUHV� ��� ����
����

&KHQ� '� DQG &KHQJ� 6� �����E�� ¦7RUVLRQDO VWUHVVHV LQ WXEXODU ODS MRLQWV ZLWK WDSHUHG DGKHUHQGV§� -� (QJLQHHULQJ
0HFKDQLFV� $6&(� ���� ����������

&KRL� -�+� DQG /HH� '�*� ������� ¦7KH WRUTXH WUDQVPLVVLRQ FDSDELOLWLHV RI WKH DGKHVLYHO\�ERQGHG WXEXODU VLQJOH
ODS MRLQW DQG WKH GRXEOH ODS MRLQW§� -� $GKHVLRQ� ��� ��������

&KRQ� &�7� ������� ¦$QDO\VLV RI WXEXODU ODS MRLQW LQ WRUVLRQ§� -� &RPSRVLWH 0DWHULDOV� ��� ��������
*HQW� $�1� DQG <HRK� 2�+� ������� ¦)DLOXUH ORDGV IRU PRGHO DGKHVLYH MRLQWV VXEMHFWHG WR WHQVLRQ� FRPSUHVVLRQ RU
WRUVLRQ§� -� 0DWHULDOV 6FLHQFH� ��� ����������

*UDYHV� 6�5� DQG $GDPV� '�)� ������� ¦$QDO\VLV RI D ERQGHG MRLQW LQ D FRPSRVLWH WXEH VXEMHFWHG WR WRUVLRQ§� -�
&RPSRVLWH 0DWHULDOV� ��� ��������

+LSRO� 3�-� ������� ¦$QDO\VLV DQG RSWLPL]DWLRQ RI D WXEXODU ODS MRLQW VXEMHFWHG WR WRUVLRQ§� -� &RPSRVLWH
0DWHULDOV� ��� ��������

-HRQJ� .�6�� /HH� '�*�� .ZDN� <�.� ������� ¦$SSOLFDWLRQ RI DGKHVLYH MRLQLQJ WHFKQRORJ\ IRU PDQXIDFWXULQJ RI
WKH FRPSRVLWH IOH[VSOLQH IRU D KDUPRQLF GULYH§� -� $GKHVLRQ� ��� ����

.LP� .�6�� .LP� :�7�� /HH� '�*�� -XQ� (�-� ������� ¦2SWLPDO WXEXODU DGKHVLYH�ERQGHG ODS MRLQW RI WKH FDUERQ�
ILEHU HSR[\ FRPSRVLWH VKDIW§� &RPSRVLWH 6WUXFWXUHV� ��� ��������

.LP� :�7� DQG /HH� '�*� ������� ¦7RUTXH WUDQVPLVVLRQ FDSDELOLWLHV RI DGKHVLYHO\ ERQGHG WXEXODU ODS MRLQWV IRU
FRPSRVLWH GULYH VKDIWV§� &RPSRVLWH 6WUXFWXUHV� ��� ��������

/HH� '�*�� .LP� .�6�� ,P� <�7� ������� ¦$Q H[SHULPHQWDO�VWXG\ RI IDWLJXH�VWUHQJWK IRU DGKHVLYHO\ ERQGHG WXEXODU
VLQJOH ODS MRLQWV§� -� $GKHVLRQ� ��� ������

/HH� 6�-� DQG /HH� '�*� ������� ¦'HYHORSPHQW RI D IDLOXUH PRGHO IRU WKH DGKHVLYHO\ ERQGHG WXEXODU VLQJOH ODS
MRLQW§� -� $GKHVLRQ� ��� �����

/HH� 6�-� DQG /HH� '�*� ������� ¦$Q LWHUDWLYH VROXWLRQ IRU WKH WRUTXH WUDQVPLVVLRQ FDSDELOLW\ RI DGKHVLYHO\�
ERQGHG WXEXODU VLQJOH ODS MRLQWV ZLWK QRQOLQHDU VKHDU SURSHUWLHV§� -� $GKHVLRQ� ��� ��������

/HH� 6�:�� /HH� '�*� DQG -HRQJ� .�6� ������� ¦6WDWLF DQG G\QDPLF WRUTXH FKDUDFWHULVWLFV RI FRPSRVLWH FRFXUHG
VLQJOH ODS MRLQW§� -� &RPSRVLWH 0DWHULDOV� ��� ����������

/XENLQ� -�/� DQG 5HLVVQHU� (� ������� ¦6WUHVV GLVWULEXWLRQ DQG GHVLJQ GDWD IRU DGKHVLYH ODS MRLQWV EHWZHHQ FLUFXODU
WXEHV§� 7UDQV� $60(� ��� ����������

0DWVXL� .� ������� ¦6L]H HIIHFWV RQ QRPLQDO XOWLPDWH VKHDU VWUHVVHV RI DGKHVLYH�ERQGHG FLUFXODU RU UHFWDQJXODU
MRLQWV XQGHU WRUVLRQ§� ,QW� -� $GKHVLRQ DQG $GKHVLYHV� ��� ������

0DWVXL� .�� 8HGD� <�� $LKDUD� <� DQG 0L\D]DNL� +� ������� ¦6L]H�HIIHFW RQ XOWLPDWH VKHDU VWUHVV RI DGKHVLYH�
ERQGHG WXEXODU ODS RU WXEXODU EXWW RU FLUFXODU VFDUI EXWW MRLQW XQGHU WZLVWLQJ ORDG§� -� $GKHVLRQ 6RF� -DSDQ� ���
��������

0DWVXL� .�� 8HGD� <�� 0RULNDZD� <� DQG <RVKLQR� 7� ������� ¦6L]H�HIIHFW RQ XOWLPDWH WRUVLRQDO VWUHVV RI DGKHVLYH�
ERQGHG MRLQW ZLWK D UHFWDQJXODU FURVV VHFWLRQ§� -� $GKHVLRQ 6RF� -DSDQ� ��� �������

0HGUL� *� ������� ¦,O FDOFROR GHOOH WHQVLRQL QHOO©DGHVLYR LQ JLXQWL WUD WXEL VROOHFLWDWL GD PRPHQWR WRUFHQWH§�
,QJHJQHULD 0HFFDQLFD� ���� ��������

0HGUL� *� ������� ¦9LVFRHODVWLF DQDO\VLV RI DGKHVLYH ERQGHG ODS MRLQWV EHWZHHQ WXEHV XQGHU WRUVLRQ§� -� RI
9LEUDWLRQ $FRXVWLFV 6WUHVV DQG 5HOLDELOLW\ LQ 'HVLJQ�7UDQVDFWLRQV� $60(� ���� ��������

0RORQH\� $�&�� .DXVFK� +�+� DQG 6WLHJHU� +�5� ������� ¦7KH XVH RI WKH GRXEOH WRUVLRQ WHVW JHRPHWU\ WR VWXG\ WKH
IUDFWXUH RI DGKHVLYH MRLQWV§� -� 0DWHULDOV 6FLHQFH OHWWHUV� �� ��������

1D\HEKDVKHPL� +�� 5RVVHWWRV� -�1� DQG 0HOR� $�3� ������� ¦0XOWLD[LDO IDWLJXH OLIH HYDOXDWLRQ RI WXEXODU
DGKHVLYHO\ ERQGHG MRLQWV§� ,QW� -� $GKHVLRQ DQG $GKHVLYHV� ��� ������
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3UDNDVK� 9�� &KHQ� &�0�� (QJHOKDUG� $� DQG 3RZHOO� *� ������� ¦7RUVLRQDO IDWLJXH WHVW IRU DGKHVLYH�ERQGHG EXWW
MRLQWV§� -� 7HVWLQJ DQG (YDOXDWLRQ� ��� ��������

3XJQR� 1� ������� ¦1RQ WXEXODU ERQGHG MRLQWV XQGHU WRUVLRQ§� 3K�'� 7KHVLV� 'HSW� RI 6WUXFWXUDO (QJLQHHULQJ�
3ROLWHFQLFR GL 7RULQR� 7RULQR� ,WDO\�

3XJQR� 1� ������� ¦2SWLPL]LQJ D QRQ�WXEXODU DGKHVLYH ERQGHG MRLQW IRU XQLIRUP WRUVLRQDO VWUHQJWK§� ,QW� -� RI
0DWHULDOV DQG 3URGXFW 7HFKQRORJ\� ��� ��������

3XJQR� 1� DQG 6XUDFH� *� �����D�� ¦2WWLPL]]D]LRQH GL XQ JLXQWR LQFROODWR WXEXODU�ODS SURJHWWDWR DG XQLIRUPH
UHVLVWHQ]D D WRUVLRQH§� 3URFHHGLQJV RI ;;9,, $,$6� ���������� 3HUXJLD� ,WDO\�

3XJQR� 1� DQG 6XUDFH� *� �����E�� ¦7KHRUHWLFDO WHQVLRQDO DQDO\VLV RI D VLQJOH ODS ERQGHG MRLQW VXEMHFWHG WR
WRUVLRQ§� 3URFHHGLQJV RI 9,, 10&0� �������� +LKJ 7DWUDV� 6ORYDN 5HSXEOLF�

3XJQR� 1� DQG 6XUDFH� *� �����F�� ¦$QDOLVL WHRULFD WHQVLRQDOH GL XQ JLXQWR LQFROODWR GRXEOH�ODS VRJJHWWR D
WRUVLRQH§� 3URFHHGLQJV RI ;;9,, $,$6� ���������� 3HUXJLD� ,WDO\�

5DR� 0�'� DQG =KRX� +� ������� ¦9LEUDWLRQ DQG GDPSLQJ RI D ERQGHG WXEXODU ODS MRLQW§� -� 6RXQG DQG 9LEUDWLRQ�
���� ��������

5HHG\� (�'� DQG *XHVV� 7�5� ������� ¦&RPSRVLWH�WR�PHWDO WXEXODU ODS MRLQWV VWUHQJWK DQG IDWLJXH UHVLVWDQFH§� ,QW�
-� )UDFWXUH� ��� ��������

9RQHVHEHFN� *�� .LVLQJ� 0� DQG 1HXKRI� 8�� ������� ¦,QYHVWLJDWLRQ RQ FHUDPLF�PHWDO MRLQWV IRU VKDIW�KXE
FRQQHFWLRQV LQ JDV�WXUELQHV§� -� RI (QJLQHHULQJ IRU *DV 7XUELQHV DQG 3RZHU�7UDQVDFWLRQV RI WKH $60(� ����
��������

=KRX� +�0� DQG 5DR� 0�'� ������� ¦9LVFRHODVWLF DQDO\VLV RI ERQGHG WXEXODU MRLQWV XQGHU WRUVLRQ§� ,QW� -� 6ROLGV
DQG 6WUXFWXUHV� ��� ����������


