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a b s t r a c t

A perfectly plastic von Mises model is proposed to study the elastic–plastic behavior of a porous
hierarchical scaffold used for bone regeneration. The proposed constitutive model is implemented in a
finite element (FE) routine to obtain the stress–strain relationship of a uniaxially loaded cube of the
scaffold, whose constituent is considered to be composed of cortical bone. The results agree well with
experimental data for uniaxial loading case of a cancellous bone. We find that the unhomogenized stress
distribution results in different mechanical properties from but still comparable to our previous theory.
The scaffold is a promising candidate for bone regeneration.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Bioscaffolds should provide sufficient mechanical support and
pore-gradient structures where cells can adhere, migrate, differenti-
ate etc. Thus, porous scaffolds have attracted much attention and are
considered as promising candidates for tissue regeneration [1]. From
the viewpoint of the mechanics of natural materials, the high
strength, stiffness and toughness of bone have been clearly linked
to its hierarchical structure [2]; it follows that a hierarchical structure
of a porous scaffold would be ideally suited to its function of allowing
bone regeneration while supporting applied loads [3].

To this end, a number of researchers have experimented with a
variety of hierarchical scaffolds to mimic the structure of bone and
studied their ability to support bone formation. Liao et al. [4]
developed a hierarchical scaffold and studied its bioactivity based
on HA/collagen/PLA composite; Jones et al. [3] developed a
hierarchical scaffold made of bioactive glass at the molecular scale
to optimize its fusion with surrounding bone tissue. However, the
mechanical properties of these scaffolds were not investigated
broadly. On the other hand, since bone is an anisotropic, visco-
elastic-plastic material, its mechanical behavior is not easy to be
analytically characterized. Correspondingly, micromechanics [5–7]
and Finite Element Analysis (FEA) [8,9] are often used to model the

mechanical properties (stiffness and strength), the elastic stress
and strain fields of bone scaffolds. In these models, geometric
models of porous scaffolds are often reconstructed by image
technology [9], such as Micro-CT [8]. And the quantitative analysis
based on the micromechanics and FEA is helpful to understand the
mechanical stimuli on cells [9], dissolution rate on bone regenera-
tion [10] and local stress distribution [7] in the scaffold.

In our previous work, we proposed a hierarchical scaffold
model using a bottom-up method reported in Ref. [11] and
developed a theoretical framework to calculate the scaffold′s
Young′s modulus and strength [1]. In this letter, we focus on the
elastic–plastic behavior of the proposed hierarchical scaffold
model (Fig. 1). By considering the solid matrix of the scaffold to
be bovine cortical bone, the stress–strain curves of the one-level
and two-level scaffold models with different porosities are gener-
ated. In particular, selected curves for each model are compared
with the experimental result of a bovine cancellous bone [12], and
the overall material properties obtained from FEA are compared
with the theoretical results from our previous work.

2. Elastic–plastic modeling of the scaffold

The geometry of the one-level unit cell is represented by a cube
(side length 2a(1)) fromwhich a sphere (radius R(1)), with the same
centroid, is subtracted, as seen in Fig. 1(b); the two-level unit cell
is composed of n�n�n one-level unit cells (side length 2a(2)

¼n�2a(1)), then another sphere (radius R(2)) with the same
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centroid (Fig. 1b) is subtracted from it, and so on until the k-level
unit cell. It is noted that a(k) and R(k) must meet the condition
ffiffiffi

2
p

=2oaðkÞ=RðkÞo1 in order to form interconnecting pores for
cellular activity. The gross area of the k-level unit cell is
AðkÞ ¼ 4ðaðkÞÞ2. The one-level unit cell porosity can be expressed
as pð1Þ ¼ V ð1Þ

p =V ð1Þ
u , where V ð1Þ

p and V ð1Þ
u are the pore volume inside

the unit cell and the unit cell volume, respectively. For the one-
level and two-level unit cells shown in Fig. 1, the porosity pð1Þ and
pð2Þ are in the range of 52.4% to 96.5% and 75.5% to 99.7% [1],
respectively. For the k-level self-similar structure, its porosity can
be approximately expressed as pðkÞ ¼ 1�ð1�pð1ÞÞk. The precise
calculations for the porosity and the varying cross-sectional area
are given in the Supplemental Material.

As mentioned in Introduction, we assume the cortical bone to be
the constituent material of the scaffold. According to Johnson et al.
[13], the cortical bone exhibits a visco-elastic-plastic behavior under
different strain rates. They showed that at extremely low rates only
the elastic and viscoplastic portions of the model contribute to the
overall stress–strain response of the material [13], which is close to
the elastic perfectly plastic behavior. Thus, the loading here is
considered to be done at extremely low strain rate, and the
constituent materials' behavior is simplified to be rate-
independent elastic perfectly plastic. Then, the yield function f in
the stress space is given as f ðsijÞ ¼ ðsij�smδijÞðsji�smδjiÞ=2¼ s2s =3,
where sij is the stress tensor, δij is the Kronecker delta, sm is the
mean stress (i.e., sm¼δij=3) and ss is the yield stress in uniaxial
loading test. In the plastic stage, the loads are discretized into finite
increments, and for each increment, the constitutive behavior is

considered to be linear. Based on the plasticity theory, the detailed
derivation of the incremental elastic–plastic constitutive equation is
given in the Supplemental Material. In order to get the structure′s
response, a uniform displacement Δ is applied on its top surface
until the structure fails and the corresponding reaction force F is
obtained. For the k-level unit cell, the structure′s Young′s modulus
and strength are calculated by EðkÞ ¼ F=ð2aðkÞΔÞ and sðkÞy ¼ F ðkÞy =AðkÞ,
respectively, where F ðkÞy is the force when the scaffold begins to yield.

3. Results and discussion

In FE models, the one-level model is formed by a 3�3�3 one-
level unit cell, while the two-level model is a two-level unit cell
composed of 3�3�3 one-level cells. The basic mechanical con-
stants of the bovine cortical bone are Es¼15 GPa [13], ss¼225 MPa
[14] and υs¼0.3, which is an intermediate value according to
Rupin et al. [15].

3.1. Constitutive behavior of the scaffold material

In order to demonstrate the elastic–plastic behavior of the
scaffolds under different porosities, nine parametric study cases
have been presented (Fig. 2a and b). In Fig. 2, we can see that the
plateau regime and the slope of the linear-elastic phase (i.e.,
structure′s Young′s modulus) decrease as the porosity increases,
this is because increasing porosity results in a thinner ligament
(Fig. 1b and d). Moreover, Fig. 2c shows a good agreement between

Fig. 1. Schematic of the hierarchical porous scaffold model. (a) One-level model; (b) unit cell of the one-level model; (c) two-level model; (d) unit cell of the two-level model.

S. Huang et al. / Materials Letters 112 (2013) 43–4644



the two models and experiments; it is worth mentioning that
there is a slight difference between the porosity (0.84) of the one-
level scaffold, which is higher than that (0.81) of the two-level
one, however, the two-level scaffold has a porosity gradient, which
makes it a better candidate for fractal-like angiogenesis [16] or
transport of nutrients from nano-/micro- to macro-scale due to
superior biological functionality.

As an example, the stress nephogram of the two cases in Fig. 2c
are shown in Fig. 3. The porosity of the one-level model is 0.84 and
that of the two-level model is 0.81. Fig. 3 shows that the stress
concentration phenomenon apparently exists in the whole struc-
ture. In order to observe the elastic–plastic stress state of any
location, a stress state ratio is defined as f/(ss2/3), where f is the trial

stress function. If the ratio is greater than unity, it implies that the
point deforms plastically, otherwise, the point deforms elastically.
Moreover, the yielding point always begins at the minimum cross-
sectional area location where cells will receive the strongest
mechanical stimulus.

3.2. Structure′s Young′s modulus and strength

The structure′s Young′s modulus EðkÞ and strength sðkÞy can be
calculated by the formula introduced in Section 2. As demonstrated
by the FEA results in Fig. 4, the structure′s stiffness and strength
decrease as the porosity increases in both structures. It can be also
seen that the FEA results show a quasi-linear dependence of

Fig. 2. Stress–strain relationship under different porosity: (a) One-level scaffold, (b) two-level scaffold, (c) comparison between experimental result of the cancellous bone
from [12], one-level and two-level models.

Fig. 3. (a) Stress nephogram of the one-level model; (b) stress nephogram of the two-level model.

Fig. 4. Comparison of the structure Young′s modulus with prediction [1]: (a) Porosity vs. structure′s Young′s modulus, (b) Porosity vs. structure′s strength. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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structure′s stiffness and strength on porosity (corresponding correla-
tion coefficient are 0.994 and 0.988) for the one-level scaffold, which
is confirmed by the micromechanical approaches [6–18], while this
relationship is not so clear for the two-level scaffold. In particular, for
the one-level structure, its normalized Young′s modulus ratio Eð1Þ=Es
varies from 0.283 to 0.001 (the red solid line in Fig. 4a; i.e., 4245 MPa
to 15 MPa for Eð1Þ) as the porosity increases from 0.55 to 0.94; while
the normalized Young′s modulus Eð2Þ=Es of the two-level structure
varies from 0.089 to 0.002 (the blue solid line in Fig. 4a; i.e.,
1335 MPa to 30 MPa for Eð2Þ) as the porosity increases from 0.78 to
0.94. The strength of the structure follows a similar trend. The
normalized strength of the one-level structure sð1Þy =ss decreases from
0.23 to 0.004 (the red solid line in Fig. 4b; i.e., 52.75 MPa to 0.9 MPa
for sð1Þy ) as the porosity varies from 0.55 to 0.94; and the normalized
strength of the two-level structure sð1Þy =ss decreases from 0.056 to
0.002 (the blue solid line in Fig. 4b; i.e., 12.60 MPa to 0.45 MPa for
sð2Þy ) as the porosity varies from 0.78 to 0.94. These results are
comparable to the data provided by Hayes et al. [19], who reported
the ranges of the Young′s modulus and strength of the cancellous
bone are from 10MPa to 1000 MPa and 0.1 to 100 MPa, respectively.
The FE results match the trends of the theoretical results in the
author′s previous work [1], see Fig. 4. But there exists a difference
between them, in that the unhomogenized stress distribution in the
structures, which is not considered in Ref. [1], is clearly shown in the
FE results. It is noted that the bone exhibits an anisotropic nature
both in the extracellular bone matrix and the morphology of the
intertrabecular pores [20,21]. The former determines the microme-
chanical behavior of trabeculae, which can predict the mechanical
properties of trabecular bone [20]. As for anisotropic morphology,
bone is often modeled as a transversely isotropic material. In this
regard, the current scaffold model can be easily extended to model
the anisotropic morphology by replacing the spherical pores with
ellipsoidal pores.

4. Conclusions

The stress–strain relationships of the one-level and two-level
porous hierarchical scaffolds are parametrically studied using FE
modeling, and the results at close porosities agree well with the
experimental result of the cancellous bone from literature. Besides,
the basic mechanical properties, i.e. Young′s modulus and strength
are compared with those of the author′s theoretical work and
there exists a difference due to the unhomogenized stress dis-
tribution in the structures. Finally, the scaffold model has been
shown to be a promising candidate for bone tissue regeneration.
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