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Abstract At the nanoscale, differently to what hap-
pens at the macroscale, friction even without an ap-
plied normal pressure and spontaneous adhesion take
place. In particular, the nanotribology between two
layers of graphene, or other two-dimensional nano-
materials (even curved, such as nanotube walls), re-
mains controversial. It is sufficient to say that fric-
tion between two graphene layers or nanotube walls
is described in the current literature giving as “mate-
rial property” a constant friction force or a constant
friction shear strength, even if such views are obvi-
ously mutually exclusive. Is friction dominated by a
strength, by a force or by an energy? Coupling elastic-
ity and energy balance we solve this paradox deriving
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a generalization of the celebrated Coulomb’s friction
law, reconciling the two current views. Molecular dy-
namics simulations on graphene are conducted to ver-
ify its validity at the nanoscale whereas statistical sim-
ulations confirm its validity even at the macroscale.
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1 Introduction

Graphene, a single-atomic-layer of carbon atoms
packed in a honeycomb crystal lattice, has been
continuously attracting scientific interest since its
first characterization [1] and subsequent experiments
showed its two-dimensional lattice stability [2]. Ex-
ceptional low-dimensional electronic, thermal, opti-
cal and mechanical properties [3–5] make graphene
ideal for the development of nanoelectromechanical
devices, even foldable and stretchable. Accordingly,
graphene could integrate silicon in the next gener-
ation of components of integrated circuits and fast
transistors, the core of computer processors [6–8] as
well as could be used in flexible displays, skin sen-
sors and electronic eye cameras [9–12]. In general,
the graphene mechanical behavior is fundamental not
only per se but also for designing new applications
[13–17], e.g. strain controllable ripples created in sus-
pended graphene are expected to influence its elec-
tronic properties [13]. In these systems, the control
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of friction and adhesion and, in general, of nanotri-
bology would crucially enable the designed electronic
devices having longer lifecycle. In spite of this, the
nanotribology between two layers of graphene, or be-
tween other two-dimensional nanomaterials or related
systems, remains controversial. Is friction dominated
by the friction shear strength, by the friction force or
by the dissipated energy? Coupling elasticity and en-
ergy balance [18–27] with molecular dynamics (MD)
[27–30] and statistical simulations [31–34] we solve
in this paper such controversy.

2 Theory

We start considering the sliding between a linear elas-
tic continuum plate over a substrate in the presence
of adhesion, friction and an external pressure, un-
der a critical pulling force NC , Fig. 1. The interac-
tion between plate and substrate is modeled via elastic
springs following a classical shear lag model, whereas
only locally the validity of the Coulomb’s friction law
is assumed. We treat the scheme reported in Fig. 1(a)
according to elasticity and energy balance, following
previous approaches [18–23]; in this paper we intro-
duce friction (i) and we demonstrate that the sliding
can be treated as a “delamination” but taking place at a
reduced “equivalent surface energy” that is correlated
to friction and adhesion (ii). Accordingly, following
[18–23], the solution posed by elasticity for the max-
imum shear stress arising at the interface of the two
layers (the stress peak will take place at the end of
the element with the higher rigidity, thus is symmetric
for our considered identical layers), having Young’s
modulus E1,2 (E1,2 = E for identical layers), cross-
sectional areas A1,2 (A1,2 = A = bh for identical lay-
ers) and contact length l = 2c, in the presence of fric-
tion becomes:

τmax = Nα

b

(−C1e
αc + C2e

−αc
) − pf (1a)

Fig. 1 Schematic shows one linear elastic finite plate sliding
over an elastic substrate in the presence of adhesion and friction
an of an applied external pressure. The maximal pulling force
N is here denoted as “friction force” NC

C1 = e−αc

e−2αc − e2αc
+ β

eαc − e−αc

e−2αc − e2αc
,

C2 = eαc

e2αc − e−2αc
+ β

e−αc − eαc

e2αc − e−2αc
(1b)

α =
√

K∗(E1A1 + E2A2)

E1A1E2A2
,

β = E1A1

E1A1 + E2A2
≥ 1

2
, K∗ = bGa

h
(1c)

where b is the nanoribbon width, Ga is the shear
modulus of the interface between the two layers (thus
close to C44 of graphite for bilayer graphene), h is the
nanoribbon thickness (thus close to 0.34 nm for bi-
layer graphene), p is the normal pressure and f is the
unknown friction coefficient. The pressure p can be
directly linked to the separation distance h between
the two layers, assuming a Lennard-Jones (LJ) type
potential [24]:

p(h) ≈ Ψ

6

((
h0

h

)10

−
(

h0

h

)4)
(2a)

where h0 is the equilibrium distance and Ψ is a con-
stant related to the LJ potential (e.g. for graphite Ψ =
36.5 GPa [24]).

Note that posing ε = (h0 − h)/h0 and in the limit
of ε → 0 we find:

p ≈ Ψ ε (2b)

Remarkably, from the previous elastic solution two
distinct regimes naturally emerge

τmax(α → 0) = N

lb
− pf (3a)

τmax(α → ∞) = Nαβ

b
− pf (3b)

Accordingly, the corresponding friction force NC ,
arising when τmax = τC , that is the unknown friction
strength, is predicted to be:

NC = (τC + pf )bl, for l � lC (4a)

NC = (τC + pf )

√
bh

Ga

E2A2

E1A1
(E1A1 + E2A2),

for l � lC (4b)
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where:

lC =
√

h

bGa

E2A2

E1A1
(E1A1 + E2A2) (5)

is a characteristic structural/material length at which
the transition between the two regimes takes place.
Note that Eqs. (4a)–(4b) could be seen as generaliza-
tion of the Coulomb’s friction law, i.e. NC = pf bl.

Note that the solution posed by Eq. (4a) results
in a friction force proportional to the contact length,
whereas Eq. (4b) yields a constant friction force, in-
dependent from the contact length. The underlying
mechanisms related to these two different regimes are
generated by the strong heterogeneous shear stress dis-
tribution and the adhesion. Only uniform shear stress
distributions, present only for “short” contact lengths,
may lead to a friction force proportional to the con-
tact area and thus to the Coulomb’s law (we are here
considering an applied edge force; for a uniform dis-
tributed applied shear stress its interfacial distribution
is expected to be more homogeneous, mitigating the
difference with the classical Coulomb’s law). More-
over, the presence of adhesion itself always modifies
the Coulomb’s law; it is sufficient to say that adhe-
sion could even lead to a negative friction coefficient,
since pull-out forces can be generated and thus slid-
ing resistance under a negative pressure, i.e. a nega-
tive friction coefficient, can take place [25]. The ap-
pearance of the friction force dominated regime is a
consequence of the existence of stress-concentrations;
these disappear only at critical contact lengths below
lC . These two distinct regimes have generated a mis-
understanding in the previous graphene/nanotube and
in general nanotribolgy literature, see comments on
[26] and discussed references. For example, we can-
not indefinitely increase the strength of a nanotube
bundle simply increasing the overlapping length be-
tween the nanotubes, as proposed in [27], because the
force saturates at a characteristic overlapping length
lC ; rather, we have to design bundle also with longer
critical overlapping length lC , as pointed out in [28].

A completely independent method for the calcu-
lation of the friction force imposes the energy bal-
ance during the sliding, interpreting it as a “delamina-
tion”. Following [18–22], we find the identical result
reported in Eq. (4b), if we assume an equivalent dissi-
pated energy per unit surface 2γ given by:

2γ = 1

2

(τC + pf )2h

Ga

(6)

Equation (6) demonstrates that sliding can be seen
as a delamination at a reduced surface energy im-
posed by friction and adhesion. The theory is thus self-
consistent; in the next two sections we will verify it
with MD and statistical simulations respectively.

3 Molecular dynamics simulations

We here consider the sliding between two, finite or in-
finite, graphene ribbons having the same width and ax-
ial orientation, with or without an applied normal pres-
sure, under a pulling force N , see Fig. 2.

To simulate the sliding behavior of graphene bi-
layer, we select two graphene nanoribbons having
same width (b = 8.376 A), as reported in Fig. 2. The
lower one is infinite in x-direction and kept fixed along
x-direction. The periodic boundary condition (PBC) is
applied along y-direction to eliminate the edge effect.
The interaction between atoms at the two free edges
(in x-direction) of upper graphene and the substrate is
turned off to eliminate the edge effect. To induce an
applied pressure, the upper sheet is initially arranged
to a position with interval h smaller than the equilib-
rium distance h0. With fixed h, which is achieved by
applying PBC along z-direction, the right edge of up-
per sheet is then pulled rightward at constant veloc-
ity of 0.1 A/ps. The pulling force is captured along
the pulling process. By adjusting the interval h, we
change the induced pressure, and accordingly we ob-
tain various pulling forces. The upper sheet with dif-
ferent lengths (l = 24, 48, 96, 192, 384 nm) is also
tested to study the size-effect. All the simulations are
conducted in an NVE ensemble with code LAMMPS
[29], and the AIREBO potential [30] is used to de-
scribe the interaction of carbon atoms [31].

It is seen that the equilibrium distance (i.e. when
p = 0) for the bilayer is h0 = 3.34 A when the
LJ parameters are selected as σ = 3.4 A and ε =
0.00284 eV. The pressure is imposed by tuning the
equilibrium distance h, Fig. 2. The circles in Fig. 3
are the results of the MD simulations for graphene bi-
layer, whereas the line is the prediction of Eqs. (2a)–
(2b). The shear modulus between layered graphene is
also tuned by the distance h, Fig. 3, triangle. Note that,
considering Eqs. (2a)–(2b) with the theoretical value
of Ψ = 36.5 GPa for graphite results in good agree-
ment with the MD simulations for bilayer graphene.

The MD calculated friction forces, normalized by
the width of graphene (NC/b), as a function of contact
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Fig. 2 (a) Schematic shows one finite graphene sheet (upper) sliding on another infinite and fixed (lower). (b) Typical pulling force
varies with the pulling distance (here the contact length is l = 48 A and the pressure is p = 0; a different pressure can be imposed in
the molecular dynamics simulations by tuning h). The maximal pulling force N is here denoted as “friction force” NC

Fig. 3 MD calculations and present theoretical prediction of
the variation of pressure, p, and shear modulus, Ga , with the
distance between the two graphene sheets, h

lengths l and by varying the applied normal pressure
are reported in Fig. 4. The circles, squares and trian-
gles are the MD calculations for pressure p = 0, 6.5,
and 32 GPa, respectively.

The behavior is exactly as theoretically predicted,
Eqs. (4a)–(4b), and clearly confirms the existence of
the two distinct regimes, strength and then force/energy
dominated. In particular, the lines reported in Fig. 4
are the theoretical predictions, Eqs. (4a)–(4b), with
best fitted parameters selected as τC = 0.08 GPa and
f = 0.024 (from the best fitting reported in Fig. 5).
Thus, we can now clearly identify friction strength
and friction coefficient of graphene, resulting in an
equivalent critical pressure induced by adhesion of
pC = τC/f = 3.3 GPa. The other used parameters are
E1 = E2 = 1109 GPa, A1 = A2 = bh and the shear
modulus is from MD simulations, Fig. 3; thus, from
Eq. (4b), we deduce lC = h

√
2E/Ga = 72 A as p = 0

and, from Eq. (6), γ = 0.0008 N/m that is two orders

Fig. 4 The friction force normalized by the width of graphene
(NC/b) as a function of contact length l. The circles, squares
and triangles denote pressure p = 0, 6.5, and 32 GPa, respec-
tively. The corresponding lines are from the theoretical pre-
diction, Eqs. (4a)–(4b), with best fitted parameters selected as
τc = 0.08 GPa and f = 0.024

of magnitude smaller than the van der Waals adhesion
energy, as expected.

In Fig. 5, the friction force per unit width is plotted
as a function of the normal pressure p. The friction-
pressure relation predicted by Eqs. (4a)–(4b) is con-
firmed by MD simulations (dots in Fig. 5), deriving as
a best fit parameters τC = 0.08 GPa and f = 0.024,
the same used in Fig. 4.

4 Statistical simulations

In order to show the existence of these two frictional
regimes also at the macroscale, we consider a macro-
scopic block (slider) and an immobile rigid substrate
with a rough surface, as illustrated in Fig. 6a. The



Meccanica (2013) 48:1845–1851 1849

elasticity of the slider is taken into account by split-
ting it into Nb rigid and identical blocks with mass
mb = 0.164 Kg, length lb = 1.6 · 10−2 m and cross-
sectional area AS = 8.7 ·10−3 m2. The blocks are cou-
pled by a set of springs of rigidity Kint. The elasticity
and length of the slider are then Ksl = Kint/(Nb − 1)

and l = lbNb respectively. The friction between each
block and the substrate is described in terms of Ns

Fig. 5 Friction force (NC/b) as a function of the normal
pressure p. The line is a fit of Nc

b
= τclc + f lcp, where

lC = h
√

2E/Ga(p). We deduce τc = 0.08 GPa and f = 0.024
as best fitting parameters

elastic interactions representing interfacial asperities
[32, 33]. Each asperity is modeled as a surface spring
of elastic constant ki (and average elasticity ks = 〈ki〉)
where i = 1,2 . . .Ns , and then the shear stiffness Ksur

of the entire interface is the sum of the contact stiff-
nesses ki over all the blocks. When the slider is pulled
at constant velocity Vd , at the beginning the surface
springs elongate with the velocity of the corresponding
block, opposing a force fi = ki li(t) against the mo-
tion, where li (t) is the spring length. A contact breaks
when fi exceeds a threshold fsi and reattaches in an
unstressed state, after a delay time τ . The thresholds
fsi are chosen from a Gaussian distribution. The inter-
face stiffness, Ksur, and mean rupture threshold force,
fs = 〈fsi〉, are directly related to the normal pressure
supposed uniform along the slider. Artificial vibrations
of the blocks are avoided by introducing a viscous
damping force with a coefficient η, fj = −mbẋj η,
where xj is the coordinate of the center of mass of
the j -th block.

In order to simulate the condition of constant pres-
sure along the slider, all parameters are kept constant
except for Nb. By increasing Nb , l, the shear stiffness
Ksur increases, while the elasticity Ksl decreases.

Figure 6b shows the friction force as a function
of pulling distance obtained when the right edge of
a slider of l = 1.6 m is pulled at constant velocity

Fig. 6 (a) Schematic sketch of a model setup. (b) The line represents pulling force as a function of pulling distance (displacement of
pulled edge) for a slider with length l = 1.6 m. Each slip event is associated to a rupture of the surface springs (nearly vertical lines)
propagating from the pulling edge to opposite side
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Fig. 7 Friction force (NC/b, b = 1) as a function of slider
length. The nearly vertical line indicates the value of lC mark-
ing the passage from the linear behavior to the saturation as pre-
dicted by Eqs. (4a)–(4b) and MD (see Fig. 4)

Vd = 3 · 10−4 m/s. The force grows (stick phase) until
surface springs in the vicinity of the loaded edge break
and a rupture front propagate [34] from the right to the
left edge: at this point the sliding begins and the cor-
responding force is the friction force. Depending on
elasticity of the slider, the dissipation at the interface
and the way how the slider is loaded [35], a rupture
front can stop before reaching the opposite edge or
traverse the entire interface. In our case the sliding is
characterized by a single detachment event, as shown
by red vertical lines in Fig. 6b.

In this model, the shear stress accumulated at the
pulling edge decays exponentially along the slider and
the corresponding displacement u(x) is described by
the equation [35]:

u(x) = 
x1 exp
[−x/(l

√
Ksl/Ksur)

]
(7)

where x is the position along the slider, 
x1 is the dis-
placement of the pulling edge. Relation (7) gives rise
to a typical stress decay length lC = l

√
Ksl/Ksur =

h
√

E/Ga , that corresponds to (5) with the condition
E1 = E2 = E and A1 = A2. If we consider a slider
with h = 0.1 m, E = 2 GPa and Ga = 0.001 GPa,
lC ≈ 3 m. Note the scaling of the critical length with
respect to the previous case of graphene.

Figure 7 shows the behavior of static friction as a
function of slider length. The nearly vertical line indi-
cates the value of lC . For values of the slider’s length
l � lC , the force needed to set the slider in motion
grows linearly with l, as predicted by Eq. (4a), while
for l � lC the pulling force saturates to a constant

value as predicted by Eq. (4b). These statistical results
confirm the validity also at the macroscale of the two
friction regimes.

5 Conclusions

We have here derived a generalization of the Coulumb’s
friction law, in the form of NC = (τC + pf )bl for
l � lC (friction shear strength dominated regime) and
NC = (τC + pf )blC for l � lC (friction force/energy
dominated regime). Only for τC = 0 and l � lC the
classical Coulomb’s friction law is recovered; how-
ever, such a law does not predict a saturation that, ac-
cording to our model, is present. This has been fully
confirmed at the nanoscale by our MD simulations on
graphene and at the macroscale by our statistical sim-
ulations. Its existence, never clearly observed at the
macroscale, perhaps just as a consequence of the large
values of lC , could have a profound impact in tribol-
ogy, e.g. in better understanding earthquakes.
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