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In this paper, the elastic properties of a 2-D woven hierarchical tissue are modeled, assuming the warp
and fill yarns at level 0 as an orthotropic material. Tissues at level (n — 1) are considered as warp and fill
yarns at level n; correspondingly, considering matrix transformation and stiffness averaging, stiffness
matrices of the tissues at level (n — 1) are employed to calculate those of the tissues at level n. We com-
pare the theory with experiments on tendons from the literature and on leaves performed by ourselves.
The results show the possibility of designing a new class of hierarchical 2-D scaffolds with desired elastic
anisotropy, better matching that of biological tissues and thus maximizing the tissue regeneration at each

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The rapid restoration of tissue biomechanical function needs to
replicate structural and mechanical properties using novel scaffold
design [1]. Bioscaffolds play a pivotal role in tissue regeneration.
Apart from providing the mechanical support, they also guide cells
to grow, synthesize extracellular matrix, and facilitate the forma-
tion of functional tissues and organs. The structure of a tissue
may be described at several hierarchical levels, with dimensions
ranging from nano-scale to macro-scale, e.g. in describing a ten-
don, there are five distinctive levels from collagen molecule to
the tendon itself [2,3], see Fig. 1 [4]. Moreover, many soft biological
tissues exhibit the anisotropic, inhomogeneous and nonlinear
mechanical behaviors [5-8], e.g. the heart valve tissue [9]. Accord-
ingly, many contributions are today devoted to create bio-scaffolds
with varieties of structures in order to better match the structural
and mechanical properties of natural tissues.

Moutos et al. [1] developed a three-dimensional woven com-
posite scaffold with mechanical anisotropy for cartilage tissue
engineering; experimental results showed that the mechanical
properties of the scaffold were comparable to those of the native
articular cartilage. Several papers reported the anisotropic elastic
characteristic of woven fabrics, which exhibited a similar mechan-
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ical behavior as soft tissues. In this regard, woven fabrics seem to
be suitable for designing biological tissues.

Besides, Traversa et al. [10] developed a hierarchical scaffold
based on traditional methods and Ahn et al. [11] developed a hier-
archical structure by combining solid free-form fabrication with
electro-spinning process; both improved the cell proliferation
and differentiation. However, traditional methods are not easily
controllable. Moreover, recent studies have focused on multiscale
modeling of biological materials in physiological and disease states
[12], and specifically on applications to collagenous tissues such as
bone [13].

In this paper, a two-dimensional woven hierarchical tissue,
treated with continuum mechanics and the stiffness averaging
method, is investigated in order to design scaffolds with desired
anisotropic elasticity. The hierarchical woven scaffold has an in-
plane anisotropic elastic behavior and can be used in regenerating
2-D biological tissues. For example, cardiovascular wall is highly
anisotropic and its anisotropy can be mimicked by changing the
angle between fill and warp yarns and/or the volumetric fraction
of fibers at different hierarchical levels of the scaffold.

Contrary to other multiscale models, based on self-similar or
quasi-self-similar statistics [5,14], we here consider a fully deter-
ministic approach. The intrinsic material properties appearing at
the zeroth level in the woven fabric hierarchical model could be
ab initio derived from fully atomistic simulations, as successfully
done by Tang et al. [15] for nonwoven hierarchical composites.

Experimental results, on tendons from the literature and on
leaves performed by the authors, are compared with the theoreti-
cal predictions. In particular, we investigate the hierarchical elastic
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Fig. 1. Schematic of the structural hierarchy in tendons [4]. Copyright 2003 Elsevier

properties of the Aechmea aquilegia leaf. Aechmea aquilegia leaf is
modeled with three hierarchical levels, according to the observa-
tion on the cross-section that we made with a Scanning Electron
Microscope (SEM, Fig. 2).

This paper is organized into seven sections: after this Introduc-
tion, Section 2 invokes the theory for non-hierarchical tissues. The
formulas to calculate the elastic properties of hierarchical tissues
are derived in Section 3. In Section 4, two self-similar structures
are introduced. In Section 5, comparison between theoretical pre-
dictions and experimental results on tendons from literature is re-
ported; influences of different collagen orientations and different
volumetric fractions are investigated. In Section 6, experiments
on the Aechmea aquilegia leaf are described and compared with
the hierarchical predictions. Finally, concluding remarks are made
in Section 7.

2. Matrix transformation and stiffness averaging

In this section, two fundamental approaches (i.e. matrix trans-
formation and stiffness averaging) adopted to model hierarchical
tissues are illustrated.

It is well known that the stiffness matrix of composite materials
can be obtained by the linear volumetric averaging for particular
cases. Since our theory treats only the in-plane elastic behavior
of the tissue, as in [16], the stiffness averaging method is employed
here. Other more sophisticated methods, such as the principle of
equivalent homogeneity and polydisperse or three-phase model
[17] could also be invoked.

In the global coordinate system, the stress—strain relationship of
orthotropic materials can be expressed by the stress tensor {o,}
and strain tensor {e.;} as [18] (the asterisks denote local systems):

{u} = [T {03} = [T71Q Heg) = [T [Q )T ew} o f=1,2
(1)

where [Q*], [T] are the stiffness matrix in the local coordinate sys-
tem and the transformation matrix, respectively.

Here, the stiffness matrix [Q] in the global coordinate system is
defined as:

[Q] =TT @)

For woven structures, fill and warp yarns are assumed to be
orthotropic; two local coordinate systems (1, — 2y for warp yarns
and 1r — 2 for fill yarns) and a global coordinate system (x — y) are
introduced (Fig. 3). Thus, the stiffness matrices of fill and warp
yarns can be expressed as:

[Q); = [TO)]'[QLIT(©)] (i=FW) (3)

where [Q*[;, [Q]; and 0; are the stiffness matrices of fill (warp) yarns
in the local coordinate system and global coordinate system, and
the orientation angle made by 1¢ (1) and the x axis, respectively.

Then, basing on the stiffness averaging method, we find the
stiffness matrix for the woven structures [16,19]:

-3 (@)« (1- )@

=3 (wlQ)) + (1 -3 w) Qy (=FW) (4)

in which we also consider the presence of a filling matrix (subscript
M), otherwise:

@-3 (S @) - S (-Fw 5

i i

where V; is fill-yarn/warp-yarn volume in a representative volumet-
ric cell (RVC) (Fig. 3); v; is fill-yarn/warp-yarn volumetric fractions;
[Q]m is the stiffness matrix of the filling matrix.

3. General hierarchical theory

At each hierarchical level, the structure is modeled as a contin-
uum medium [20]. For the sake of simplicity, we start without con-
sidering the matrix (Fig. 4).
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Fig. 2. The structural hierarchy of the Aechmea aquilegia leaf sample under SEM. (a): leaf; (b): matrix; (c): fiber bundle and (d): single fiber.

Fig. 3. Schematic of the woven structure.

We define the zeroth level structure as a single yarn (fill or
warp). Eq. (3) can be rewritten as:

Q@ = [ro)] "1 [re)] i=Fw) 6)

The stiffness matrices of fill and warp yarns at the zeroth level,
transformed from the local coordinate systems to the global coor-
dinate system, are expressed as:

@2 = [red)] @) [red)] wi=rFw) @)

By volumetric averaging, the stiffness matrix of the first level is
found:

Q=3 o [red)] @O [re)] @i=F.w) ®)

J
Similarly, for the nth level, we can write:
_1 ..
QG = [re)] @ V[re)] Gi=Fw) (9)

and the stiffness matrix:

Q" =Y [re] e ai=Fw) (o)
J

where [Q*]}”'” is the stiffness matrix of fill (warp) yarns at level
(n—1) in the local systems at level n; T(6[}), [Q]{; " and v} are
transformation matrix, post-transformation stiffness matrix and
volumetric fraction of fill (warp) yarns at level (n — 1), composing
the fill (warp) yarns at level n; [Q]\" are stiffness matrices of fill
(warp) yarns at level n, in the global coordinate system.

This approach can also be used in the presence of just one type
of fiber, e.g. by removing the warp yarns. Then, simplifying Egs. (9)
and (10) and adding the matrix term, we have:

Q= I o™ x {T (Z 95””)] NS {T (Z HE"”)]
m=1 m=1

+ (1 - H vE"”)[le (i=F,W) (11)

m=1

where UE”‘) and 05”” are the volumetric fraction and orientation
angle of the fiber at the mth level, respectively; [Q"]\”), [Q],, are
the stiffness matrices of the fiber at the zeroth level in the local
coordinate system and of the matrix, respectively.

4. Self-similar hierarchical structures
4.1. Self-similar case (1)

In this case, the global coordinate systems of fill and warp yarns
at the (n — 1)th level are coincident with the local coordinate
systems of fill and warp yarns at the nth level, respectively and
the configuration satisfies a set of self-similar conditions:
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Fig. 4. Schematic of the hierarchical tissue.
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]z ’ (ivj:F7W) (12)

Thus, fill and warp yarns have identical sub-structures, i.e.

Q" = -

Adopting the configuration in Fig. 5(a) and the self-similar
conditions (12), the stiffness matrix of the nth level is expressed
as:

Q] Z ' mﬂw([T (mOw + (n — )HF)r][a”’m [Q*L(”O)

+ bum[Q W )T (MOw + (n m)GF)]) (13)

where the coefficients (a,m, bnm) satisfy the following recursive
relationship:

aym = an—l,m—] + an1m
bn‘m = bn—l,m—l + bn—l‘m (14)
Cnm =0ym + bn.m
with combination C}.
Let us define vy = vF + vy as the fiber volumetric fraction and

Om = nOf + m(BW — 91:), A= Vw/VF.
Considering a filling matrix, we have:

crrE

Q" = Zanmvf )([T( W) QI T(0))

* mZObm o (O Q0w
+ (1=l a5

the coefficients (a,m, bsm) are listed in Table 1, for n=1-8.
Furthermore, if vr = vw, 0F = 0w, [Q']Y = [Q"]Y =[Q ](0)
(15) becomes:

Q" = o} ([T(n0p)) " [Q)” [T(n6F)]) + (1 — V1) QU (16)
Eq. (16), which can also be obtained from Eq. (11) using the self-
similar conditions (12), suggests that the theory is self-consistent.

4.2. Self-similar case (2)

Different from case (1), here, the global coordinate systems at
the (n — 1)th level in fill and warp yarns are both coincident with
the local coordinate system of fill yarns at the nth level and the
configuration satisfies another set of self-similar conditions:

vi=o  (Lj=FW) O =0, 0 =0w,
Owr = 20F — Ow, Oy = Op 17)

Fig. 5. Schematic of the self-similar structures.
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Table 1
Coefficients (a,,m, bpm) for n=1-8.
n (@n0, bno) (@n;1, bn1) (@n2, bn2) (an3, bn3) (@na, bna) (@ns, bys) (@n, bns) (@n7, bn7) (ang, bng)
1 (1,0) (0,1) - - - - - - -
2 (1,0) (1,1) (0,1) - - - - - -
3 (1,0) (2,1) (1,2) 0,1) - - - - -
4 (1,0) 3,1) (3,3) (1,3) 0,1) - - - -
5 (1,0) (4,1) (6,4) (4,6) (1,4) (0,1) - - -
6 (1,0) (5,1) (10, 5) (10,10) (5,10) (1,5) (0,1) - -
7 (1,0) (6,1) (15,6) (20,15) (15, 20) (6,15) (1,6) (0,1) -
8 (1,0) (7,1) (21,7) (35,21) (35,35) (21,35) (7,21) (1,7) (0,1)

Thus, warp and fill yarns are composed of parallel sub-fibers, i.e.
QIF" = Q-

Basing on Fig. 5b and self-similar conditions (17), the stiffness
matrix of the nth level is found as:

Q1" = [Q1w = (vr + vw)" ' [wr([T(n0)] ' [Q'][T(n0F)))

+ ow([T(Ow+(n=1)00)] '[Q W [T(Ow+(n-1)0p)))]  (18)
Like case (1), Eq. (18) can be expressed as:
m _ o 1 “1;74(0) n
Q" = v (T QI T (6] ) + 7
1 i = (IT(0F + 0w = 00)]' Q"1 [T(n0 + b — 65))
+(1 - 27)[Qly (19)
If vF = vw, 0= 0w, [Q']F = [Q']}y = [Q']}", Eq. (19) becomes:
Q"™ = vf[T(n0)] ' [QIV [T(n6r)] + (1~ 1) [Qly (20)

Note that Egs. (20) and (16) are identical, suggesting again the
self-consistency of our approach.

5. Case study of tendon
5.1. Volumetric fractions and elastic constants of collagen and matrix

Tendon is here treated as a five-level hierarchical woven tissue,
which only has fill yarns, composed by two phases, i.e. collagen
and matrix; proteoglycan and water are treated as matrix. The
hierarchical model of tendons is shown in Fig. 6. Mow et al. [21]
provided the weight percentages of the tendon constituents, i.e.
23% for collagen, 7% for proteoglycan and 70% for water. Thus,
the volumetric fractions are derived from the densities: 1.2 g/cm?
for collagen [22], 1.4 g/cm® for proteoglycan [23] and 1.0 g/cm®
for water. Therefore, the volumetric fractions of 79% and 21% are
obtained for matrix and collagen, respectively.

Collagen
molecular

Collagen
Fibril
6¢

Collagen
Fiber

The elastic constants of tendons are E; =750 MPa, E; =12 M-
Pa, 12 = 2.98, G12 =5 MPa [24-26]; whereas for the matrix, they
are E=1MPa [27], u=0.25, G=0.4 MPa.

Treating the elastic constants of tendons and of the matrix as in-
put parameters and considering the conditions of O(F"” =0 and
™ = 0.677 deduced from = 21%, the elastic constants at each
hierarchical level are calculated and reported in Table 2.

5.2. Influence of different variables

Here, we investigate the influences of the upper and lower
bounds of the elastic constants of constituent materials, see Table 3.
The results are mainly controlled by the reciprocal theorem, i.e.,
E1pi21 = Eopt12. However, the variation of the shear modulus pro-
duces no influence on the other elastic constants, and this is be-
cause orthotropic materials have no shear-coupling effect when
the orientation angle is zero.

5.3. Influence of collagen orientation

The previous description about the structure of tendons is based
on parallel fibers. However, the anisotropy of the angular distribu-
tion of collagen fibrils in a sheep tendon was investigated using 'H
double-quantum filtered nuclear magnetic resonance signals: the
angular distribution of collagen fibrils around the symmetric axis
of the tendon was measured by the anisotropy of the residual dipo-
lar couplings and described by a Gaussian function with a standard
deviation of 12 * 1° and with the center of the distribution at 4 + 1°
[38]. Here, we change O(Fm) with 7.5° increments from 0° to 22.5°.
Meanwhile, the angle made by collagen molecules and tendon it-
self is OF = 4()(;"), i.e. in the range 0-90°. The predictions of all elas-
tic constants are listed in Table 4. In particular, the hierarchical
prediction of the Young’s modulus is plotted in Fig. 7 and com-
pared with a different approach from the literature [19]. Fig. 7
shows that the result determined by the different theory is slightly
lower than that determined by our hierarchical theory.

Fascicle Tendon

(4)
6F

(3)
O

Fig. 6. Schematic of the hierarchical model of a tendon.
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Table 2
Material constants at each hierarchical level in tendon (MPa). “Theo” stands for theoretical prediction; “Ref” stands for reference values; “Input” stands for input parameters.
(0°) Matrix Molecule Fibril Fiber Fascicle Tendon
Input Theo Ref Theo Ref Theo Ref Theo Ref Input
E, 1[27) 3536 350-12,000[28] 2397 2000-70,00[29] 1534 150-1000[30] 1066 480-1390[32] 750[24]
E, 1[27] 532 - 36.4 - 25.1 - 17.3 - 12[25]
Uiz 0.25 3.16 - 3.13 - 3.10 - 3.05 2.73[33] 2.98[26]
Gz 0.4 223 - 15.7 31-81[28] 10.7 27-50[31] 7.3 - 5[24]
Table 3

Material constants at each hierarchical level with varying elastic constants of tendon (MPa). “Theo” stands for theoretical prediction; “Ref” stands for reference value; “Input”

stands for input parameters.

(0°) Matrix  Molecule Fibril Fiber Fascicle Tendon
Input Theo Ref Theo Ref Theo Ref Theo Ref Input

Varying the longitudinal Young’s modulus of tendon

E; 1[27]  680-5060  350-12000[28] 463-3429  2000-7000[29] 317-2324  150-1000[30] 217-1577  480-1390[32] 150[34]-1070[35]

E,  1[27] 532-534 - 36.4-36.5 - 249-250 - 172-173 - 12[25]

M2 025 3.04-3.16 - 3.03-3.14 - 3.02-3.10 - 3.00-3.05 2.73[33] 2.98[26]

Gi» 04 223 - 15.2 31-81[28] 104 27-50[31] 7.2 - 5[24]

Varying the longitudinal Poisson’s ratio of tendon

E, 1[27] 3450-3568 350-12000[28] 2346-2416 2000-7000[29] 1599-1636 150-1000[30] 1093-1108 480-1390[32] 750[24]

E,  1[27] 53.1-533 - 36.3-364 - 249-250 - 172-172 - 12[25]

2 025 043-5.77 - 043-574 - 043-570 - 043-5.65  2.73[33] 0.42-5.57[26]

Gi» 04 223 - 15.2 31-81[28] 104 27-50[31] 7.2 - 5[24]

Varying the longitudinal shear modulus of tendon

E,  1[27] 3536 350-12000[28] 2397 2000-7000[29] 1626 150-1000[30] 1104 480-1390[32]  750[24]

E, 1[27] 532 - 36.4 - 25.0 - 172 - 12[25]

iz 025 3.16 - 3.13 - 3.10 - 3.05 2.73[33] 2.98[26]

G, 04 93.7-9509 - 63.6-643.9 31-81[28] 43.2-436.0 27-50[31] 294-2953 - 20-200[36,37]
Table 4 8001
Material constants at each hierarchical level with different orientation angles (MPa). * *  Present hierarchical theory
Note: the orientation angle is between collagen molecule and tendon. 700} ! Theory from [19]

Matrix Molecule Fibril Fiber Fascicle Tendon “‘E - \
Input Input Theo Theo Theo Theo g \

Orientation angle 30° w 5000 |

E, 1[27] 3536 682 155 54 24 w ¥

E, 127] 53.2 36.2 24.6 17.0 12.0 2 400F |

Hiz 0.25 3.16 1.29 0.79 0.65 0.57 E

G12 0.4 223 15.8 121 9.8 8.4 20 300t

Orientation angle 60° ol \

E 1[27] 3536 226 50 21 12 S 200 %

E; 1[27] 53.2 35.9 25.1 20.8 23.8 >°_

2 0.25 3.16 0.79 057 0.44 0.29 1000

Gi2 0.4 223 17.6 174 15.5 8.4 \\*___*

g

Orientation angle 90° ol i : T o, e S S S VRV SRR

E; 1[27] 3536 114 30 17 12 0 10 20 30 40 50 60 70 80 90

E, 1[27] 53.2 35.8 30.2 53.8 750 Inclination Angle OF ®

M2 0.25 3.16 0.65 0.44 0.20 0.05

Gi2 0.4 223 20.8 225 9.8 5

5.4. Influence of the total volume of collagen

The volumetric fraction of collagen is another important param-
eter influencing the overall elastic constants. Here, the elastic con-
stants of collagen molecules reported in Table 2, are employed to
investigate their volumetric influence on each hierarchical level,
when varying in the range 10-30%, with 4% increments, see
Fig. 8. The result demonstrates that the longitudinal Young’s mod-
ulus increases as the total volume of collagen increases.

6. Experiments on the Aechmea aquilegia leaf
6.1. Experimental procedure and results

In order to investigate the relationship between material
constants and fiber orientation, we carried out ad hoc tensile tests

Fig. 7. Comparison of Young’s modulus between present hierarchical theory and a
different theory from the literature [19] on the influence of the inclination angle on
the Young’s modulus.

employing a MTS micro-tensile machine. A leaf of Aechmea
aquilegia was cut into 30 specimens with dimension 30 mm x
3 mm x 0.4 mm; the fiber inclination angle varied from 0° to 90°
with 10° increments. The whole process was displacement con-
trolled with a loading speed of 1 mm/min (Fig. 9a and b). Later,
specimens were examined under a SEM (Fig. 2).

The measured values of the peak stress (or strength), peak
strain and Young’s modulus are listed in Table 5, and they decrease
as the fiber orientation angle increases.

6.2. Prediction of the hierarchical theory

Due to the direct SEM experimental observation (Fig. 2) and the
schematic of the crack mouth (Fig. 9b), a hierarchical model, in
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Fig. 8. Longitudinal Young’s modulus of tendons at different hierarchical levels, by
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The matrix is assumed to be isotropic with E=19.3 MPa,
= 0.25, thus, its shear modulus is 7.72 MPa. The volumetric frac-
tion 2" = 0.4—0.9 is estimated and v;” is calculated from the SEM
observation, as =~26.5%. Finally, under the condition of
0" = 9 = 0", the material constants at each hierarchical level
are reported in Table 6.

In particular, considering the material constants of a single fiber
with 2} = 0.9, the Young’s moduli of samples with different incli-
nation angles (9<F2>) are compared with the theoretical predictions
in Fig. 11, showing a relevant agreement.

7. Conclusion
We have developed a new theory for describing the elastic
anisotropy of hierarchical tissues. The method stated here shows

Table 6
Material constants at each hierarchical level (MPa).

0° Matrix Fiber Fiber bundle Leaf
Input Theo Theo Input
which parts A-D correspond to those appearing in Fig. 2a-d E; 19.3 449-986 406 121.8
respectively, is built (Fig. 10). The four independent parameters Ep 193 10.4-16.0 16.5 19.3
are fitted by employing the experimental data reported in Table 5: 512 232 2~13;0~34737 ?53 ?bzg
E1=121.8 MPa, E; = 19.3 MPa, p13 = 0.26, G12 = 10.9 MPa. 12 : o ) )
Fig. 9. Tensile test images: (a) loading before failure and (b) failure with yielding of fibers.
Table 5
Experimental results on the tested leaves.
Angle (°) 0 10 20 30 40 50 60 70 80 90
Peak stress (MPa) 11.3£0.1 8.9+0.1 68+1.5 4.8+0.7 3.2+£09 3.7+03 2.0£0.5 26+04 2803 21+06
Peak strain (mm/mm) 0.17+0.00 021+000 0.19:0.03 0.18%0.02 0.16%0.05 0.17+005 0.12+004 0.15+006 020+0.01 0.12+0.03
Young's modulus (MPa) 127.0+3.5 87272 62.1+44 478+44 293+22 312%37 18519 21.3%30 16419 187%03
= Single fiber Fiber bundle Leaf
=
7 8y ef
- S
2 &
364.0 =
=

(a)

(b)

Fig. 10. Hierarchical model of the leaf: (a) cross-section and (b) hierarchical fibers.



Q. Chen, N.M. Pugno/Composites: Part B 42 (2011) 2030-2037 2037

140
i * Present tensile experiments
120} Present hierarchical theory
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ol o
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Fig. 11. Comparison between theoretical prediction and experimental data on the
influence of the inclination angle on the longitudinal Young’s modulus.

the possibility of better understanding the elastic behaviors of bio-
logical materials or designing bio-inspired hierarchical tissues with
desired elastic properties. In particular, the results show the possi-
bility of designing a new class of hierarchical 2-D scaffolds by tai-
loring the elastic anisotropy, better matching that of biological
tissues and thus maximizing tissue regeneration at each hierarchi-
cal level. The experimental results on tendons and leaves show rel-
evant agreements with the predictions of the proposed hierarchical
theory.
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