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Abstract 

In this paper, we analytically calculate the in-plane linear-elastic properties of a new class of bio-inspired 
nano-honeycomb materials possessing a hierarchical architecture, which is often observed in natural 
materials. Incorporating the surface tension, peculiar of the nano-scale, modifications of the classical 
results for macroscopic and nonhierarchical honeycombs are proposed. A parametrical analysis reveals 
the influences of relative density and of two key geometrical parameters on the overall elastic properties. 
We discover optimal values for some of the mechanical properties, e.g. stiffness-to-density ratio. The 
developed theory allows us to design a new class of materials with tailored elastic properties at each 
hierarchical level and could be useful for many applications. 
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1. Introduction 

Honeycomb materials, due to their special structures and properties, are very promising for structural, 
mechanical and material design, e.g.  they are used as a core material in sandwich structures for energy 
absorption [1]. One of the important issues in material science is to characterize and model the in-plane 
and out-plane mechanical behaviors [2-5] of honeycomb structures. For the in-plane deformation 
mechanism, the stress-strain curve [3-6] is described by three regimes (the linear elastic, plateau and 
densification regions).  If the honeycomb structure is nano-sized, the surface effect should be taken into 
account because of the high surface-to-volume ratio. Extensive works [7-11] studied the influence of the 
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surface effect on the linear elastic behaviors of nanowires, since nano-wires or nano-rods hold a promise 
for nano-device applications.  

 

           

Fig. 1 SEM image of pure aspen wood [15].    Fig. 2 Hierarchical nano-honeycombs.            Fig. 3 An inclined orthotropic beam. 

In this paper, we construct a hierarchical nano-honeycomb structure [12-14], inspired by biological 
materials (Fig. 1) [15], and study its in-plane elastic properties (Fig. 2). Here, starting from an orthotropic 
constituent material and considering the influence of the surface effect, we derived the effective 
longitudinal Young’s modulus of the n-level structure thanks to a classical iterative approach [16]. 
Besides, we also find the expressions for the stiffness-to-density ratios. Finally, we perform a parametric 
analysis to investigate the influences of the relative density and the geometrical parameters on the overall 
elastic behaviors. 

2. Deflection of an orthotropic beam with surface effect 

Assuming the conservation of plane sections, for the elastic line of an orthotropic beam with principal 
direction 1 coincident with the beam axis (Fig. 3). The classical expression for the deflection of the Euler 
beam is found [6,17,18]: 
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where, max  is the vertical displacement of the guided end of the orthotropic beam, F  is the concentrated 
force acting on the guided end, l  is the beam length, 1E I  is the flexural rigidity, and   is the inclined 
angle between beam and horizontal line. 

If the beam is nano-sized, the modification of the influence of the surface effect should be considered, 
finding the maximum displacement as [9]: 
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where,  1
eqE I  is the equivalent flexural rigidity; b, t are width and thickness of the beam, respectively; 

sE , which depends on the crystal orientation [19], is the surface Young’s modulus.  

3. Linear-elastic properties of hierarchical nano-honeycombs 
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3.1. Elastic constants of hierarchical nano-honeycombs 

 

Fig. 4 Schematic of the honeycomb at level i. 

Fig. 4 describes the i-level of the nano-honeycomb. The structure at level i is constructed basing on the 
structure at level i-1. The deformation is caused by the bending of the inclined cell-walls and the 
compression of the vertical cell-walls, namely, the beam along which the force is applied, but the 
compressive deformation is neglected with respect to the bending deflection. Thus, basing on eqns. (1)-(3) 
and employing the classical method [6] and an iterative process [16], we find the elastic constants of the 
hierarchical honeycomb. 

For the longitudinal Young’s modulus, we find: 
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whereas the transverse Young’s modulus and shear modulus are: 
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The Poisson’s ratios are: 
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where, ( 1)
1

iE   and ( 1)i
sE   are the bulk and surface Young’s moduli in the principal direction ( 1)1 i  (zeroth 

level), respectively; b  and ( )it  are width and thickness of cross-sections of cell walls, respectively; ( )il  
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and ( )ih  are lengths of inclined and vertical beams, respectively; ( )i  is the included angle made by the 
inclined beam  and the horizontal line (Fig. 4). 

Note that, the reciprocal theorem holds: 
( ) ( ) ( ) ( )
1 21 2 12

n n n nE E                                                                                                                                        (9) 
Eqns. (4)-(6) show that the transverse Young’s modulus and shear modulus can be derived from the 

longitudinal Young’s modulus, and two Poisson’s ratios are only related to the geometry of the n-level 
structure. 

From eqns. (8), we note that the Young’s moduli and shear modulus are modified by a factor ( )i
s . If 

( )
1 /it b≪ 3 (i.e. plate), eqn. (8) can be expressed as: 
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Expression (9) coincides with the result from [20], and it obeys the scaling law ( ) ( )
in1 /i i

s l t    [21] 
with (0)(0)

in 1/  and 6.0sl E E   . Note that, inl  is a material intrinsic length, under which surface effect plays 
an important role compared to bulk;   is a dimensionless constant, which depends on the geometry of the 
structural elements and their deformations. Besides, we can see that the surface effect makes the structure 
stiffer if ( ) 0i

sE  ; otherwise, it makes the structure softer.  

3.2. The stiffness-to-density ratio 

The stiffness-to-density ratio can be derived easily basing on eqns. (4) and (5), i.e. 
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4. Parametric analysis and discussion 

Here, we use silver (Ag) as the constituent material and a five-level hierarchical nano-honeycomb 
structure. The Young’s modulus and density of Ag are 78GPa and 10.94g/cm3, respectively; the surface 
elastic modulus is 1.22N/msE   on the (001) surface A [11]; the thickness of the cell walls at the first 
level is (1) 5nmt  . 

For the reasons that we discussed in section 3, only ( )
1

nE  is treated here. First, we investigated the 
influence of the relative density (0.2, 0.3, 0.4). Second, under the condition of ( 1) ( )/ 0.3i i   , the 
influences of ( ) ( )/i ih l  and ( )i  are studied. The analytic results of the longitudinal Young’s modulus and 
the stiffness-to-density ratio are reported in Fig. 5 and Fig. 6, respectively.  They show that the 
longitudinal Young’s modulus increases as ( 1) ( )/i i  , ( ) ( )/i ih l  or ( )i  increase, but decreases as level n 
increases: there is no any maximum value (Fig. 5(a), Fig. 6(a) and (b)); in contrary, the stiffness-to-
density ratio has an optimal value at level 2 for ( 1) ( )/ 0.4i i    (Fig. 5(b)) and at level 3 with the 
variation of ( ) ( )/i ih l  (Fig. 6(c)). Fig. 6(d) implies that stiffness-to-density can also reach a maximum 
value with the increase of ( )i . 

Fig. 5 and Fig. 6 indicate that the elastic behaviour can be tuned by changing the relative density and 
geometric configuration. Increasing ( )i  or ( ) ( )/i ih l  the Young’s modulus increases. The reason is 
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            (a)                                                                                               (b) 

Fig. 5 Longitudinal Young’s modulus and stiffness-to-density ratio vs level n. (a) Influence of the relative density on the stiffness; (b) 
Influence of the relative density on the stiffness-to-density ratio 

           
            (a)                                                                                               (b) 

           
            (c)                                                                                               (d) 

Fig. 6 Longitudinal Young’s modulus and stiffness-to-density ratio vs level n. (a) Influence of ( ) ( )/i ih l  on longitudinal Young’s 
modulus (for each ( ) ( )/i ih l , ( ) 70 10i i   ); (b) Influence of 

( )i  on longitudinal Young’s modulus (for each ( )i , ( ) ( )/i ih l  
3.5 0.5i  ); (c) Influence of ( ) ( )/i ih l  on stiffness-to-density ratio (for each ( ) ( )/i ih l , ( ) 70 10i i   ); (d) Influence of 

( )i  on 
stiffness-to-density ratio (for each ( )i , ( ) ( )/ 3.5 0.5i ih l i  ). 

that their increases lead to the reduction of strain and under the same external force, the stiffness increases. 
If ( )i  (or ( ) ( )/i ih l ) increases, while ( ) ( )/i ih l  (or ( )i ) decreases, then, the two variations of ( )i  or ( ) ( )/i ih l  
result in an inverse tendency (i.e., the former makes the Young’s modulus larger; the latter makes the 
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Young’s modulus smaller) about the elastic parameters, so, there exist optimal values (Fig. 6 (c)). This 
finding suggests next strategies towards the design of super-stiff cellular solids. 

5. Conclusion 

We have calculated the in-plane elastic properties of hierarchical nano-honeycombs. The surface effect 
modifies the classical results of non-hierarchical honeycomb and it can stiffen or soften the elastic 
properties of the structures. Employing an iterative process, we derived the stiffness and stiffness-to-
density ratio at level n. The parametric analysis reveals the influences of the relative density and of two 
key important parameters on the stiffness and stiffness-to-density ratio, and it shows that the elastic 
properties can be optimized by tuning these parameters. The present theory may have many interesting 
applications. 
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