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a b s t r a c t

The study reported in this paper suggests that the influence of the surrounding

nanotubes in a bundle is nearly identical to that of a liquid having surface tension equal

to the surface energy of the nanotubes. This surprising behaviour is supported by the

calculation of the polygonization and especially of the self-collapse diameters, and

related dog-bone configurations, of nanotubes in a bundle, in agreement with atomistic

simulations and nanoscale experiments. Accordingly, we have evaluated the strength of

the nanotube bundle, with or without collapsed nanotubes, assuming a sliding failure:

the self-collapse can increase the strength up to a value of about �30%, suggesting the

design of self-collapsed super-strong nanotube bundles.

Other systems, such as peapods and fullerites, can be similarly treated, including the

effect of the presence of a liquid, as reported in the appendices.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

An explosion of interest in the scaling-up of buckypapers, nanotube bundles and graphene sheets is taking place in
contemporary material science. In particular, nanostructures can be assembled (or well dispersed in a matrix) in order to
produce new strong materials and structures. Recently, macroscopic buckypapers (Baughman et al., 1999; Wu et al., 2004;
Endo et al., 2005; Wang et al., 2007; Zhang et al., 2005), nanotube bundles (Zhang et al., 2005, 2004; Zhu et al., 2002; Jiang
et al., 2002; Dalton et al., 2003; Ericson et al., 2004; Li et al., 2004; Koziol et al., 2007) and graphene sheets (Novoselov et al.,
2004; Berger et al., 2006; Stankovich et al., 2006; Dikin et al., 2007) have been realized. In spite of these fascinating
achievements of the contemporary material science and chemistry we are evidently far from an optimal result. The
reported mechanical strength of buckypapers and graphene sheets, for example, are comparable to that of a classical sheet
of paper and macroscopic nanotube bundles have a strength still comparable to that of steel.

In particular, the production of super-strong nanotube bundles remains a challenge of the current material science and
could allow the realization of innovative structures, such as a terrestrial space-elevator. Two main failure modes are
expected to limit the bundle strength, i.e. (i) nanotube intrinsic fracture or (ii) nanotube sliding. The prevailing mechanism
will be that corresponding to the lower strength.

This paper aims to extend the previous calculations performed by the same author, on the strength of nanotubes
(Pugno and Ruoff, 2004; Pugno, 2006b, 2006a, 2007) or nanotube bundles (Pugno, 2006, 2007c, 2007b) and assuming the
intrinsic fracture of the composing nanotubes (i), for nanotube sliding (ii). For such a case, we have for the first time
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analytically calculated that single walled nanotubes with diameters larger than �3 nm will self-collapse in the bundle as a
consequence of the van der Waals adhesion forces and that the self-collapse can enlarge the cable strength up to �30%.
This suggests the design of self-collapsed super-strong nanotube bundles, corresponding to a maximum cable strength of
�48 GPa, comparable to the thermodynamic limit assuming intrinsic nanotube fracture of km-long cable
(see-Pugno, 2007b-, highlighted by Nature 450, 6, 2007).

The collapse under pressure, and even under atmospheric pressure, i.e. the self-collapse of nanotubes in bundle, was
firstly investigated by atomistic simulations in Elliott et al. (2004). These authors have performed molecular dynamics
simulations to confirm that carbon nanotubes undergo a discontinuous collapse transition under hydrostatic pressure, as
experimentally observed. These authors also predicted a critical diameter for the self-collapse (at atmospheric pressure),
lying between 4.2 and 6.9 nm with the considered force field. In addition, there was good agreement between their
simulations, simply calibrated with X-ray compression data for graphite, and the experimentally observed transition
pressures for laser-grown nanotubes. This level of agreement raised confidence that the simple and computationally
inexpensive force field used in Elliott et al. (2004) may be suitable for examining the nanomechanics of nanotubes.
Accordingly, we have compared our theoretical predictions with their atomistic simulations.

Note that the predictions of the nanotube shape after its collapse onto a substrate, induced by adhesion, was treated in-
Pugno (2008) with simple nonlinear formulas and found to be in close agreement with atomistic and continuum
simulations, suggesting that simple approaches are useful in this context.

Moreover, the self-collapse of nanotubes in a bundle has been recently experimentally observed (Motta et al., 2007). These
authors have introduced a method for the direct spinning of pure carbon nanotube fibres from an aerogel formed during
chemical vapour deposition. The continuous withdrawal of product from the gas phase as a fibre imparts high commercial
potential to the process, including the possibility of in-line post-spin treatments for further product optimisation. Also, they
have shown that the mechanical properties of the fibres are directly related to the type of nanotubes present (i.e. multiwall or
single wall, diameters, etc.), which in turn, can be, at least ideally, controlled by the careful adjustment of process parameters. In
particular, they obtained high performance fibres from dog-bone, i.e. self-collapsed, carbon nanotubes.

In fact, the self-collapse enlarges the interface surface area between the nanotubes and thus also the strength of the
junctions between nanotubes and finally the overall fracture strength of the bundle, in case of sliding failure, that is the
focus of this paper. The present theory tries to quantify this aspect. Moreover, this work is justified also by the absence of
an analytical treatment in the study of the self-collapse of nanotubes in a bundle, and we hope it will be of a general
interest for the design of super-strong nanotube bundles of the next generation.

2. On the polygonization, collapse, self-collapse and ‘‘dog-bone’’ configurations of an isolated nanotube or of nanotubes
in a bundle

2.1. Polygonization

Due to surface energy (mainly van der Waals attraction) and/or external pressure the nanotubes in a bundle tend to
polygonize (e.g. see Elliott et al., 2004), from the circular towards the hexagonal shape, Fig. 1a.

In general, a blunt hexagon is expected for a nanotube with a small number of walls, e.g. single, double or triple walled
nanotubes. Let us indicate the radius of the blunt notches with r and the length of the rectilinear sides with a. Denoting
with R the nanotube radius, the inextensibility condition implies 2pR=6a+2pr, from which we deduce

rðaÞ ¼ R�
3

p
a ð1Þ

The nanotube cross-sectional area is

AðaÞ ¼ 6arþpr2þ
3

2

ffiffiffi
3
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Fig. 1. (a) Polygonization of nanotubes in a bundle, calculated according to atomistic simulations. (b) Collapse of nanotubes in a bundle, calculated

according to atomistic simulations (Elliott, J.A., Sandler, J.K., Windle, A.H., Young, R.J., Shaffer, M.S., 2004. Collapse of single-wall carbon nanotubes is

diameter dependent. Physical Review Letters 92, 095501. Copyright (2004) by The American Physical Society.)
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and consequently aðAÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðpR2�AÞ=ðc=2Þ

p
, with c¼ 18=p�3

ffiffiffi
3
p
� 0:54. Posing A0=pR2 and DA=A0�A, we can introduce

0ra� � a=Rrp=3:

a� ¼
a

R
¼

ffiffiffiffiffiffi
2p
c

r ffiffiffiffiffiffiffi
DA

A0

s
ð3Þ

Note that an is proportional to the relative contact length as well as to the relative area/volume variation.
The equilibrium of the system can be calculated by minimizing its free energy. Indicating with F the elastic energy,

with g the surface energy and with p the external (relative) pressure, the energy minimization implies

dFþpLdA�6gLda¼ 0 ð4Þ

where L is the nanotube length.
According to elasticity, the strain energy stored per unit surface is dF

LrdW ¼
NaD
2r2 (W is the angle describing the surface at the

radius r), where

D¼
Et3

12ð1�v2Þ
ð5Þ

is the nanotube (shell) bending rigidity, N is the number of walls and 1rar3: assuming perfect bonding between the
walls would correspond to a=3, whereas for independent walls a=1 (however note that in the equations appears always
the group NaD, that is the total bending stiffness); E is the Young’s modulus of graphene and tE0.34 nm is the
conventional wall thickness.

Accordingly, F¼ pDL
r and dF

da ¼
3NaDL

r2 . In addition, dA
da ¼�ca. Thus, the free energy minimization yields

pða�Þ ¼
3NaD

ca�ð1�ð3=pÞa�Þ2R3
�

6g
ca�R

ð6Þ

Under zero pressure the equilibrium is reached in the following configuration:

a�0 ¼ a�ðp¼ 0Þ ¼
p
3

1�
1

R

ffiffiffiffiffiffiffiffiffiffi
NaD

2g

s !
ð7Þ

showing that for radii

RrRðNÞ0 ¼

ffiffiffiffiffiffiffiffiffiffi
NaD

2g

s
ð8Þ

the contact length is physically zero (mathematically it is negative) and thus the surface energy is not capable of producing
even an infinitesimal polygonization in very small nanotubes. This peculiarity, of zero contact length for small radii, is also
observed during the adhesion of single walled nanotubes over a flat substrate (Pugno, 2008). Taking D=0.11 nN nm
(bending stiffness of graphene DE0.09–0.24 nN nm, see Pugno 2008), thus D is not calculated here using the continuum
approximation of Eq. (5)) and g=0.18 N/m (surface energy of graphene gE0.16�0.20 N/m, see Pugno, 2008), we find

2Rð1Þ0 � 1:1nm. Assuming an intermediate coupling between the walls, i.e. aE2, the critical diameters for double and triple

walled nanotubes are 2Rð2Þ0 � 2:2 and 2Rð3Þ0 � 3:3nm. The intermediate value of aE2 is more plausible than its limiting

cases and, as we will see in the following, it is in closer agreement with a large number of different observations. However,
we are conducting ad hoc atomistic simulations, to be extensively compared with our theory and to be presented in
subsequent papers.

For larger nanotubes, the adhesion energy induces a polygonization, as described by Eq. (7). The action of an external
pressure further increases the polygonization, according to the state Eq. (6), see Fig. 2.

Note that Eqs. (1) and (7) imply that under zero pressure the blunt radius r assumes the constant value RðNÞ0 , as defined
in Eq. (8).

2.2. Collapse

Eq. (6) correctly predicts that to reach a full polygonization the pressure must tend to infinity, as the elastic energy
stored in sharp notches, namely p-N for a�0-p=3; practically, a different mechanism, that is the well-known elastic
instability, Fig. 1b, will take place at a finite value of the applied pressure.

We treat the large nanotube bundle as a liquid-like material (for the additional presence of a liquid see Appendix A)
with surface tension gt=g, as imposed by the energy equivalence (the surface tension has the thermodynamic significance
of work spent to create the unit surface, as the surface energy), thus deducing a pressure g/R acting on a single nanotube of
radius R within a bundle, as evinced by Laplace’s equation. In other words, considering a cylindrical cavity/nanotube of size
R under a pressure p in a liquid/nanotube bundle having surface tension/energy g, the free energy (per unit length) of the
system can be written as E=�p(pR2)+g(2pR)+const and has to be minimal at the equilibrium; thus posing dE=0, we find
p=g/R. Note that for a crystal composed by fullerenes (see Appendix B, where also mixed systems, e.g. peapods, are treated)
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Fig. 2. State Eq. (6) for the polygonization of nanotubes in a bundle. (An inflection point appears at a negative pressure, but the curve has everywhere a

positive slope, thus the process is stable.)
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Fig. 3. Collapse of nanotubes in a bundle, comparison between theory (line) and atomistic simulations (Elliott et al., 2004) (dots); total critical pressure
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of radius R, the pressure p=2g/R on a fullerene could be deduced from E¼�pðð4=3ÞpR3Þþgð4pR2Þþconst posing dE=0,
again in agreement with the prediction of Laplace’s equation.

The critical pressure can be accordingly derived as

pC ¼
3NaD

R3
�
g
R

ð9Þ

The first term in Eq. (9), for a=3, is that governing the buckling of a perfectly elastic cylindrical long thin shell (of
thickness Nt), whereas the second term is the pressure imposed by the surrounding nanotubes.

Treating the atomistic simulations results for single walled nanotubes (Elliott et al., 2004), excluding the two smallest
nanotubes for which the buckling pressure was not accurately determined, a relevant agreement with Eq. (9) is observed
(coefficient of correlation R2=0.98), fitting a plausible value of DfitE0.2 nN nm, see Fig. 3.

2.3. Self-collapse

From Eq. (9) we derive the following condition for the self-collapse, i.e. collapse under zero pressure, of a nanotube in a
bundle:

RZRðNÞC ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
3NaD

g

s
¼

ffiffiffi
6
p

RðNÞ0 ð10Þ

In the presence of internal vacuum and external atmospheric pressure, the self-collapse pressure must be considered
not zero but the atmospheric pressure pAE0.1 MPa. However this value is small and does not significantly affect the
prediction of Eq. (10). In fact, new self-collapse radius can be calculated according to Eq. (9) with pC=pA, solving the
corresponding third-order polynomial equation. However, a correction with respect to the previously evaluated
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self-collapse radius RðNÞC can be considered inserting into Eq. (10) R-R(1+e), neglecting the powers of e higher than one and

noting that RðNÞC is the solution of the equation for pC=0; we accordingly find e¼�ca�CRðNÞC pA=ð6gÞ; this number is of the order

of eE�RC
(N)

pA/gE�10�4 and confirms the hypothesis.
Taking D=0.11 nN nm and g=0.18 N/m we find 2Rð1ÞC � 2:7nm. Considering an intermediate coupling between the walls

(aE2), the critical diameters for double and triple walled nanotubes are 2Rð2ÞC � 5:4 and 2Rð3ÞC � 8:1nm.
In Motta et al. (2007), 17 experimental observations on the self-collapse of nanotubes in a bundle have been reported,

see Fig. 4 and related Table 1. A number of 5 single walled nanotubes with diameters in the range 4.6–5.7 nm were all
observed as collapsed; moreover, while the 3 double walled nanotubes observed with internal diameters in the range
4.2–4.7 nm (the effective diameters are larger by a factor of �0.34/2 nm) had not collapsed, the observed 8 double walled
nanotubes with internal diameters in the range 6.2–8.4 nm had collapsed. Finally, a triple walled nanotube of 14 nm
internal diameter (the effective diameter is �14.34 m) was observed as collapsed too. All these 17 observations are in
agreement with our theoretical predictions of Eq. (10), supporting our conjecture of liquid-like nanotube bundles.

2.4. ‘‘Dog-bone’’ configuration

The collapsed nanotubes assume a characteristic ‘‘dog-bone’’ cross-sectional shape, since the radius of curvature cannot
be infinitely small, see Figs. 4 and 5.
Fig. 4. Self-collapsed nanotubes in a bundle (Motta, M.S., Moisala, A., Kinloch, I.A., Windle, A.H., 2007. High performance fibres from ‘Dog Bone’ carbon

nanotubes. Advanced Materials 19, 3721–3726. Copyright Wiley-VCH Verlag GmbH & Co. KGaA. Reproduced with permission.).

Table 1
Self-collapse of nanotubes in a bundle: our theory exactly fits the experimental observations (Motta et al., 2007).

Nanotube number Number N of walls Diameter of the internal wall (nm) Collapsed (Y/N) Exp. and Theo.

1 1 4.6 Y

2 1 4.7 Y

3 1 4.8 Y

4 1 5.2 Y

5 1 5.7 Y

6 2 4.2 N

7 2 4.6 N

8 2 4.7 N

9 2 6.2 Y

10 2 6.5 Y

11 2 6.8 Y

12 2 6.8 Y

13 2 7.9 Y

14 2 8.3 Y

15 2 8.3 Y

16 2 8.4 Y

17 3 14.0 Y
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Fig. 5. ‘‘Dog-bone’’ configuration, calculated according to finite element simulations (Pantano, A., Parks, D.M., Boyce, M.C., 2004. Mechanics of deformation of

single- and multi-wall carbon nanotubes. Journal of the Mechanics and Physics of Solids 52, 789–821. Copyright (2004), with permission from Elsevier.).
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In order to derive the equilibrium of the dog-bone configuration, the free energy minimization can again be considered.
Let us indicate with r the radius of the two terminal lobes and with a the length of the two rectilinear sides in mutual
contact. Denoting with R the nanotube radius, the inextensibility condition implies 2pR=2a+4pr, from which we deduce

r¼
R

2
�a=ð2pÞ ð11Þ

The nanotube cross-sectional area is

A¼ 2pr2 ð12Þ

The energy minimization implies F¼ 2pNaDL
r

� �
dF
dr
þpL

dA

dr
�2gL

da

dr
¼ 0 ð13Þ

corresponding to the following equilibrium:

pðrÞ ¼
NaD

2r3
�
g
r

ð14Þ

For zero surface energy the equilibrium pressure is positive (inward), whereas complementary for zero bending
stiffness it is negative (outward). Under zero pressure the equilibrium is reached for

r0 ¼

ffiffiffiffiffiffiffiffiffiffi
NaD

2g

s
¼ RðNÞ0 ð15Þ

In such a case, we predict an equilibrium diameter for a single walled nanotube of 2r0E1.1 nm, in perfect agreement
with previous calculations (see Fig. 5).

Posing a=0 in Eq. (11) and comparing with Eq. (14), we deduce the critical pressure corresponding to the dog-bone
‘‘opening’’ (since the process is stable, see in the following):

pO ¼
4NaD

R3
�

2g
R

ð16Þ

Moreover, posing pO=0 in Eq. (16) suggests that for nanotube radii

Rr

ffiffiffiffiffiffiffiffiffiffiffiffi
2NaD

g

s
¼ 2RðNÞ0 ð17Þ

the ‘‘dog-bone’’ configuration cannot be self-maintained (for single nanotubes such a diameter is 2ROE2.2 nm).
Note that Eq. (14) presents an inflection point with zero slope at r¼

ffiffiffi
3
p

r0, suggesting that at such a point a rapid change
in the configuration will take place at an ‘‘anti-buckling’’ pressure

pðr¼
ffiffiffi
3
p

r0Þ ¼�
2g

3
ffiffiffi
3
p

r0

¼�
4

3
ffiffiffiffiffiffiffiffiffi
6Na
p

ffiffiffiffiffi
g3

D

r

If the nanotube is assumed to be in contact with other adjacent nanotubes along its two external sides of length a, the
equations presented in this section are still valid with the substitution g-2g.

3. Calculation of the strength and toughness of nanotube bundles under sliding failure

3.1. Strength

The fracture mechanics approach developed by this author in several papers (e.g. see for instance Pugno, 1999; Pugno
and Carpinteri, 2003) could be of interest to evaluate the strength of nanotube bundles assuming a sliding failure mode
(Pugno, 2007a). This hypothesis is complementary to that of intrinsic nanotube fracture, already treated by the same
author in numerous papers (e.g. see for instance, Pugno, 2006, 2007c, 2007b) in the context of the space-elevator. Thus we
assume the interactions between adjacent nanotubes as the weakest-links, i.e. that the fracture of the bundle is caused by
nanotube sliding rather than by the intrinsic nanotube fracture.
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Accordingly, the energy balance during a longitudinal delamination (here ‘‘delamination’’ has the meaning of Mode II
crack propagation at the interface between adjacent nanotubes) dz under the applied force F, is

dF�F du�2gðPCþPvdW Þdz¼ 0 ð18Þ

where dF and du are the strain energy and elastic displacement variation due to the infinitesimal increment in the
compliance caused by the delamination dz; Pvdw describes the still existing van der Waals attraction (e.g. attractive part of
the Lennard–Jones potential) for vanishing nominal contact nanotube perimeter PC=6a (the shear force between two
graphite single layers becomes zero for nominally negative contact area); 6a is the contact length due to polygonization of
nanotubes in the bundle, caused by their surface energy g. Elasticity poses dF=dz¼�F2=ð2ESÞ, where S is the cross-
sectional surface area of the nanotube, whereas according to Clapeyron’s theorem F du=2 dF. Thus, the following simple
expression for the bundle strength (sC=FC/S, effective stress and cross-sectional surface area are here considered; FC is the
force at fracture) is predicted:

s theoð Þ

C ¼ 2

ffiffiffiffiffiffiffiffiffi
EgP

S

r
ð19Þ

in which it appears the ratio between the effective perimeter (P=PC+PvdW) in contact and the cross-sectional surface area of
the nanotubes.

Eq. (19) can be considered valid also for the entire bundle, since we are assuming here the same value P/S for all the
nanotubes in the bundle; the fact that the strength is not a function of the nanotube numbers or bundle diameter is for this
same reason, i.e. because we are not assuming here a ‘‘defect’’ size distribution for S/P � that basically represents a
characteristic defect size � but a constant value for all the nanotubes in the bundle; of course, assuming a statistical
distribution for the characteristic defect size S/P with the upper limit proportional to the structural size (the larger the
structure, the larger is the largest defect) would imply a size-effect, thus a dependence on the nanotube numbers or bundle
diameter. Nevertheless here we are interested in the simplest model (i) and in the upperbound strength predictions (ii),
thus we do not consider statistics into Eq. (19).

Note that Eq. (19) is basically the asymptotic limit for sufficiently long overlapping length, that is the length along with
two adjacent nanotubes are nominally in contact, for overlapping length smaller than a critical value the strength increases
by increasing the overlapping length, see-Pugno (2007a), for a single nanotube this overlapping length is of the order of
10 mm, whereas it is expected to be larger for nanotubes in bundles, e.g. of the order of several millimetres, as confirmed
experimentally. This critical length is (Pugno, 1999)

‘C � 6

ffiffiffiffiffiffiffiffi
hES

PG

r
ð20Þ

where h and G are the thickness and shear modulus of the interface. Eq. (20) suggests that increasing the size-scale

Lp
ffiffiffi
S
p

pPph this critical length increases too, namely ‘pL, thus the strength increases by increasing the overlapping

length in a wider range; however note that the achievable strength is reduced since, s theoð Þ

C p

ffiffiffi
h
p

‘�1
p

ffiffiffiffiffiffiffiffi
P=S

p
pL�1=2 if

Lp‘ph: increasing the overlapping length ad infinitum is not a way to indefinitely increase the strength.
The real strength could be significantly smaller, than that predicted by Eq. (20), not only because ‘o‘C but also as a

consequence of the misalignment of the nanotubes with respect to the bundle axis. Assuming a non perfect alignment of
the nanotubes in the bundle, described by a nonzero angle b (here assumed identical for all the nanotubes in the bundle,
even if � also in this case, as for the characteristic defect size S/P � a proper statistics could be invoked for this parameter),
the longitudinal force carried by the nanotubes will be F/cos b, thus the equivalent Young’s modulus of the bundle will be
E cos2 b, as can be evinced by the corresponding modification of the energy balance during delamination; accordingly,

sC ¼ 2cosb

ffiffiffiffiffiffiffiffiffi
EgP

S

r
ð21Þ

The maximal achievable strength is predicted for collapsed perfectly aligned (sufficiently overlapped) nanotubes, i.e.
P=S� 1=ðNtÞ, b=0:

s theo,Nð Þ

C ¼ 2

ffiffiffiffiffiffi
Eg
Nt

r
ð22Þ

Taking E=1 TPa (Young’s modulus of graphene), g=0.2 N/m (surface energy of graphene; however note that in reality g
could be also larger as a consequence of additional dissipative mechanisms, e.g. fracture and friction in addition to
adhesion), the predicted maximum strength for single walled nanotubes (N=1) is

sðmaxÞ
C ¼ sðtheo,1Þ

C ¼ 48:5GPa ð23Þ

whereas for double or triple walled nanotubes sðtheo,2Þ
C ¼ 34:3 or sðtheo,3Þ

C ¼ 28:0GPa.
Considering the previous calculations for the equilibrium contact length a during polygonization, we can write

sC ¼ 2cosb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eg6aþPvdW

S

r
ð24Þ
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3.2. Strength increment caused by the self-collapse

According to the previous analysis, the ratio between the bundle strength sð0ÞC , in the presence of self-collapse, and sðOÞC ,
in the absence of self-collapse, is predicted to be

sð0ÞC

sðOÞC

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRþPvdW

2pR 1� 1
R

ffiffiffiffiffiffiffi
NaD
2g

q� �
þPvdW

vuut for RZRðNÞC ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
3NaD

g

s
ð25Þ

The maximal strength increment induced by the self-collapse is thus

sð0ÞC

sðOÞC max

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1�1=
ffiffiffi
6
p

s
� 1:30

					 ð26Þ

Eq. (26) shows that the self-collapse could enhance the nanotube bundle strength up to �30%. The reason is obviously
the incremented surface area of the interfaces between the nanotubes.

3.3. Toughness

The energy dissipated during the fracture of the bundle is

WC � FC‘ ð27Þ

where ‘ is the mean nanotube length and (before separation a sliding of length �‘ occurs at a constant force �FC, (Pugno,
1999). Accordingly, the effective fracture energy per unit area of the bundle is

GC � sC‘ ð28Þ

Taking sC=10 GPa and ‘=1 mm gives GCE104 N/m, corresponding to a facture toughness of

KC ¼
ffiffiffiffiffiffiffiffiffi
GCE

p
ð29Þ

of the order of KC � 100MPa
ffiffiffiffiffi
m
p

(E=1 TPa). The energy per unit area is high but not proportional to the bundle length, thus
suggesting a quasi-brittle, rather than ductile, behaviour. Eq. (28) suggests to increase the nanotube length, in order to
increase the toughness; in the limit of coincident nanotube and bundle lengths (still assuming the sliding failure,
practically a composite bundle would be more appropriate in order to diffuse the damage in the entire bundle volume prior
to fracture), the dissipated energy reached at a failure strain of eCE100%, per unit volume or mass, becomes

JðmaxÞ
CV � sC , JðmaxÞ

CM �
sC

r ð30Þ

where r is the material density. Taking sC=10 GPa and r� 1000kg=m3 yields a maximum dissipated energy per unit mass
of �10 MJ/g, enormously higher than that of spider silk (�165 J/g). Even if the predictions of Eq. (30) are fully ideal, and
thus not realistic as a consequence of an expected failure localization, they suggest that we are far from such a limit for
toughness and thus that super-tough composites can be produced in the near future (much more easily than super-strong
composites: there is plenty of room at the bottom for toughness, more than for strength).

3.4. Hierarchical bundle

Experimentally, three hierarchies of structure within the fibre can be observed (Motta et al., 2007): doubly walled
nanotubes with diameters in the range 5–10 nm, bundles of 20–60 nm diameter composed by self-collapsed nanotubes
and, finally, the macroscopic fibre composed by bundles with preferred orientation along the fibre axis, see Fig. 6.

In such a case Eq. (24) is still valid, but the proper value of the ratio P/S must be evaluated, according to the hierarchical
nature of the fibre. Consider two sub-bundles, having surface energy g, Young’s modulus E, Poisson’s ratio v and radius R;
the well-known JKR theory of adhesion gives the contact width as (see Pugno et al., 2008)

w¼ 4
4R2g 1�v2

� �
pE

 !1=3

ð31Þ

Assuming a hexagonal packing of the bundles within the fibre and independent contact widths, we deduce

P

S
¼

24 4R2gð1�v2Þ

pE

� �1=3

pR2
ð32Þ

Finally, the strength for the bundle is predicted according to

sC ¼ 2cosb
ffiffiffiffiffiffiffiffiffi
Eg P

S

r
¼ 2cosb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eg

24
4R2gð1�v2Þ

pE

� �1=3

pR2

vuuut



Collapsed nanotubes
diameter of 5-10nm 

Macroscopic
fibre  

Nanotube bundles
diameter of 20-60nm

Fig. 6. Scheme of the cross-section of the hierarchical nanotube fibre, according to experimental observations (Motta et al., 2007).
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¼
2
ffiffiffiffiffiffi
24
p
ð4ð1�v2ÞÞ

1=6

p2=3
cosbE1=3g2=3R�2=3 � 5:76cosbE1=3g2=3R�2=3 ð33Þ

Taking E=1 TPa, v=b=0, g=0.2 N/m, R=10–30 nm, we deduce (S/P)E112 nm and thus sðtheoÞ
C � 2:04�4:24GPa. These

values are in close agreement to the experimental observations (Motta et al., 2007), even if we have taken for E, v, b, g just
plausible values rather than independently measured or fitting values.

The analysis suggests to reduce the sub-bundles radius in order to increase the strength, as well as to increase the
nanotube length to enlarge the toughness, but only up to ‘C in order not to be detrimental for the strength (see also Pugno,
2006c).
4. Conclusions

We have presented a new theory for designing super strong nanotube bundles, with enhanced strength, thanks to the
activation of the self-collapse of the composing nanotubes. The self-collapse of a nanotube is due to its elastic buckling induced
by the internal pressure generated by the surrounding nanotubes as a consequence of the surface energy of the bundle, similarly
to what can be observed in a liquid with a given surface tension. The self-collapse enlarges the interface surface area between the
nanotubes, and thus the strength of the nanotube junctions and ultimately the bundle strength. Hierarchical bundles are also
considered. All the theoretical predictions are in good agreements with related nanoscale experiments and atomistic simulations.

The model supports the idea that the influence of the surrounding nanotubes in a bundle is similar to that of a liquid
having surface tension equal to the surface energy of the nanotubes. This surprising behaviour is confirmed by the
calculation of the self-collapse diameters of nanotubes in a bundle, as well as by dog-bone and polygonized configurations.
We have for the first time analytically calculated that single walled nanotubes with diameters larger than �3 nm will self-
collapse in the bundle as a consequence of the van der Waals adhesion forces and that the self-collapse can enlarge the
cable strength up to �30%. This suggests the design of self-collapsed super-strong nanotube bundles, corresponding to a
maximum cable strength of �48 GPa, comparable to the thermodynamic limit assuming intrinsic nanotube fracture of a
km-long cable. Other systems, such as peapods and fullerites, can be similarly treated, including the effect of the presence
of a liquid (Pugno, 2009), as reported in Appendices A and B.
Appendix A. The role of a liquid phase on the polygonization, collapse, self-collapse and ‘‘dog-bone’’ configurations of an
isolated nanotube or of nanotubes in a bundle

A.1. Polygonization

A liquid phase around a bundle of radius RB induces an additional pressure gt/RB, according to Laplace’s equation, where
gt is the liquid surface tension. Accordingly, the equation of state for the polygonization becomes

pða�Þ ¼
3NaD

ca�ð1�ð3=pÞa�Þ2R3
�
gt

RB
�

6gwet

ca�R
ð34Þ

where gwet is the surface energy of the nanotubes in the presence of the liquid.
Without liquid and external pressure (gt=p=0, gwet-gdry) the equilibrium is reached in the following configuration:

a�0dry ¼ a�ðp¼ gt ¼ 0Þ ¼
p
3

1�
1

R

ffiffiffiffiffiffiffiffiffiffiffi
NaD

2gdry

s !
ð35Þ
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In the presence of liquid and without an additional external pressure, the new equilibrium contact length can be
calculated according to Eq. (34) posing p=0 and solving the corresponding third-order polynomial equation. However, a
correction with respect to a�0dry can be deduced inserting into Eq. (34) a� ¼ a�0dryðgdry-gwetÞð1þeaÞ, neglecting the powers of
ea51 higher than one and recalling Eq. (35); we accordingly find

ea ¼
pcgt

36RBgwet

ffiffiffiffiffiffiffiffiffiffiffiffi
NaD

2gwet

s
ð36Þ

Thus, the equilibrium configuration in the presence of liquid is

a�0wet ¼ a� p¼ 0ð Þ �
p
3

1þea�
1

R

ffiffiffiffiffiffiffiffiffiffiffiffi
NaD

2gwet

s !
ð37Þ

and since ea51, the only significant effect of the presence of the liquid is gdry-gwet, namely a�0wet � a�0dryðgdry-gwetÞ.

A.2. Collapse

The critical pressure in the presence of liquid becomes

pC ¼
3NaD

R3
�
gwet

R
�
gt

RB
ð38Þ

A.3. Self-collapse

From Eq. (34) we derive the following condition for the self-collapse, i.e. collapse under zero pressure, of a nanotube in a
bundle in the absence of liquid (gt=p=0, gwet-gdry):

RZR Nð Þ
Cdry ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2NaD

gdry

s
ð39Þ

In the presence of liquid and without an additional external pressure, the new self-collapse radius can be calculated
according to Eq. (34) posing p=0 and solving the corresponding third-order polynomial equation. However, a correction
with respect to R Nð Þ

Cdry can be deduced inserting into Eq. (39) R¼ RðNÞCdryðgdry-gwetÞð1þeRÞ, neglecting the powers of eR51
higher than one and recalling Eq. (34); we accordingly find

eR ¼�
gt

2RBgwet

ffiffiffiffiffiffiffiffiffiffiffiffi
3NaD

gwet

s
ð40Þ

Thus, the self-collapse radius in the presence of liquid is

RZR Nð Þ
Cwet ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
3NaD

gwet

s
1þeRð Þ ð41Þ

and since eR51, the only significant effect of the presence of liquid is gdry-gwet, namely RðNÞCwet � RðNÞCdryðgdry-gwetÞ.
In contrast, for an isolated nanotube the critical pressure becomes

pC ¼
3NaD

R3
�
gt

R
ð42Þ

and thus the role of the liquid is crucial; the self-collapse takes place for

RZR Nð Þ
C ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
3NaD

gt

s
ð43Þ

Taking D=0.11 nN nm (bending stiffness of graphite), gt=0.07 N/m (surface tension of water) we find 2Rð1ÞC � 4:3nm.
Considering an intermediate coupling between the walls (aE2), the critical diameters for double and triple walled
nanotubes are 2Rð2ÞC � 8:7 and 2Rð3ÞC � 13:0nm.

Note that for liquids with low surface tension the critical diameter could become quite large, for example for argon
gt=0.005�0.015 N/m and 2Rð1ÞC � 9:4�16:2nm.

A.4. ‘‘Dog-bone’’ configuration

In the presence of liquid the state equation for the dog-bone configuration becomes

pðrÞ ¼
NaD

2r3
�
g
r
�
gt

RB
ð44Þ
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where g=gin+gout is the total, sum of the inner and outer, surface energy; if the nanotube is not in contact with other
surrounding nanotubes gout=0; moreover, gin,out=gdry,wet as a consequence of the presence and/or absence inside and/or
outside the nanotube of the liquid.

For zero surface energy and tension the equilibrium pressure is positive (inward), whereas complimentary for zero
bending stiffness it is negative (outward). Under zero pressure and without liquid (p=gt=0) the equilibrium is reached for

r0dry ¼

ffiffiffiffiffiffiffiffiffiffi
NaD

2g

s
ð45Þ

In the presence of liquid and without an additional external pressure, the new equilibrium radius can be calculated
according to Eq. (44) posing p=0 and solving the corresponding third-order polynomial equation. However, a correction
with respect to the previously evaluated case of absence of liquid can be deduced inserting into Eq. (44) r=r0dry(1+er),
neglecting the powers of er51 higher than one and recalling Eq. (45); we accordingly find

er ¼�
1

4RB

ffiffiffiffiffiffiffiffiffiffiffiffi
2NaD

g

s
ð46Þ

Thus the equilibrium configuration in the presence of liquid is

r0wet ¼

ffiffiffiffiffiffiffiffiffiffi
NaD

2g

s
1þerð Þ ð47Þ

and since er51, the only significant effect of the presence of the liquid is the modification of g (in which gdry-gwet).Posing
the limiting condition of r=R/2 in Eq. (44), we deduce the critical pressure corresponding to the dog-bone ‘‘opening’’ (note
that the process is stable, even if rapid around a particular configuration):

pO ¼
4NaD

R3
�

2g
R
�
gt

RB
ð48Þ

Moreover, posing pO=0 in Eq. (48) in absence of liquid (pO=gt=0) suggests that for nanotube radii:

Rr

ffiffiffiffiffiffiffiffiffiffiffiffi
2NaD

g

s
¼ 2r0dry ð49Þ

the ‘‘dog-bone’’ configuration cannot be self-maintained.
In the presence of liquid the new critical radius can be calculated according to Eq. (48) posing pO=0 and solving the

corresponding third-order polynomial equation. However, a correction with respect to the previously evaluated case of
absence of liquid can be deduced inserting into Eq. (49) R=2r0dry(1+e), neglecting the powers of e51 higher than one and
recalling Eq. (49); we accordingly find

e¼� gt

2RBg

ffiffiffiffiffiffiffiffiffiffi
NaD

2g

s
ð50Þ

Thus the equilibrium configuration in the presence of liquid is

Rr

ffiffiffiffiffiffiffiffiffiffiffiffi
2NaD

g

s
ð1þeÞ ð51Þ

and since e51, the only significant effect of the presence of the liquid is the modification of g (in which gdry-gwet).
In contrast, for an isolated nanotube, RB-r (the liquid pressure acts on the two lobes of radius r) and gout=0, thus

pðrÞ ¼
NaD

2r3
�
ginþgt

r
ð52Þ

Accordingly, all the derived previous equations remain valid with formally g=gin+gt and RB-N. Thus, the equilibrium
is reached for

r0 ¼

ffiffiffiffiffiffiffiffiffiffi
NaD

2g

s
ð53Þ

and the dog-bone configuration cannot be self-maintained for

Rr2r0 ð54Þ
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Appendix B. Collapse pressure and self-collapse of peapods, fullerite crystals and fullerenes

B.1. Peapods

In the case of peapods, the collapse pressure is increased as a consequence of the presence inside the nanotube of the
fullerenes; since the critical pressure of fullerenes is much higher than that of a nanotube (see the following), we treat the
peapod as a nanotube of finite length L, equal to the (centre–centre) distance between two adjacent fullerenes. Note that
the classical buckling formula of cylindrical shells assumes infinite length.

According to elasticity (see Jones, 2006) for a long cylinder the buckling pressure is

Pc ¼
3NaD

R3
, L*Lc ð55Þ

whereas for short cylinders

Pc ¼
4p2NaD

RL2
, L)Lc ð56Þ

The critical length governing the transition can be calculated equating Eqs. (55) and (56):

Lc ¼
2pffiffiffi

3
p R ð57Þ

For intermediate lengths, elasticity poses

pc ¼
p2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�v2
pp

NaD

RL
ffiffiffiffiffi
Rt
p , L� Lc ð58Þ

Comparing Eqs. (55) or (56) with Eq. (58) one would deduce the critical lengths governing the transition, from the short
or long to the intermediate lengths.

Moreover, we expect the following pressure generated by the surrounding bundle and/or liquid:

pg �
g
R
þ
gt

RB
ð59Þ

The presence of the liquid around the bundle does not affect significantly the critical pressure, since RBcR, whereas for
isolated peapod RB=R; accordingly,

pg �
gþgt

R
ð60Þ

is valid for both peapods in a bundle (with gt=0 and g effective surface energy, thus ‘‘wet’’ in the presence of liquid or ‘‘dry’’
if absent) as well as for an isolated peapod (with g=0). Revisiting the previous elastic results, we thus expect for the
buckling of peapods the following regimes:

pC ¼
3NaD

R3
�
gþgt

R
, L*Lc ð61aÞ

pC ¼
p2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�v2
pp

NaD

RL
ffiffiffiffiffi
Rt
p �

gþgt

R
, L� Lc ð61bÞ

pC ¼
4p2NaD

RL2
�
gþgt

R
, L)Lc ð61cÞ

Let us introduce the fullerene content as

f ¼
2R

L
ð62Þ

the previous equation becomes

pC ¼
3NaD

R3
�
gþgt

R
, f)fc ¼

ffiffiffi
3
p

p ð63aÞ

pC ¼
p2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�v2
pp

NaD

2R2
ffiffiffiffiffi
Rt
p f�

gþgt

R
, f � fc ð63bÞ

pC ¼
p2NaD

R3
f 2�

gþgt

R
, f*fc ð63cÞ

This behaviour is summarized in Fig. 7.



pC (f) /pC ( f = 0) 

fc

f

1

1

q

Fig. 7. Theoretical dependence of the nanotube buckling pressure versus fullerene content in a peapod.
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We can estimate the ratio q between the buckling pressures for f=0 and 1, as

q¼
pC f ¼ 1ð Þ

pC f ¼ 0ð Þ
¼
p2�

gþgtð ÞR2

NaD

3�
gþgtð ÞR2

NaD

ð64Þ

Noting that in the treated case ðgþgtÞR
2=ðNaDÞ)1, we expect qEp2/3 (as confirmed by atomistic simulations, J. Elliot,

private communication).
From Eqs. (61a)–(61c) we derive the following conditions for the self-collapse, i.e. collapse under zero pressure:

R Nð Þ
C ¼

ffiffiffi
3
p ffiffiffiffiffiffi

Na
p

ffiffiffiffiffiffiffiffiffiffiffiffi
D

gþgt

s
, L*Lc ð65aÞ

RðNÞC LðNÞ2C ¼
p4D2

ffiffiffiffiffiffiffiffiffiffiffiffi
1�v2
p

gþgt

� �2
t

, L� Lc ð65bÞ

L Nð Þ
C ¼

ffiffiffiffiffiffi
2p
p ffiffiffiffiffiffi

Na
p

ffiffiffiffiffiffiffiffiffiffiffiffi
D

gþgt

s
, L)Lc ð65cÞ

Note that for small fullerene content the self-collapse is dictated by a critical radius, as for empty nanotubes, whereas
for large fullerene content the self-collapse is dictated by a critical distance between two adjacent fullerenes (in the
intermediate case, length and radius are comparable).

B.2. Fullerite crystals and fullerenes

Similarly, the critical pressure of fullerenes in a fullerite crystal is

pC ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ð1�v2Þ
p NaEt2

R2
�

2g
R
�

2gt

RB
ð66Þ

where 1rar2 described the interaction between the walls; the first term is that posed by elasticity (that considers a=2;
see for instance Pogorevol, 1988), whereas the factor of two in the surface energy and tension is expected according to
Laplace’s equation.

The presence of the liquid around the crystal does not affect significantly the critical pressure, since RBcR, whereas for
isolated fullerene RB=R; accordingly,

pC ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ð1�v2Þ
p NaEt2

R2
�

2ðgþgtÞ

R
ð67Þ

is valid for both fullerenes in fullerite (with gt=0 and g effective surface energy, thus ‘‘wet’’ in the presence of liquid or
‘‘dry’’ if absent) as well as for an isolated fullerene (with g=0).

Note that the factor (t/R)2 for fullerenes, appearing instead of (t/R)3 for nanotubes, shows that the critical pressure for
fullerenes is much higher than that for nanotubes, at least for t/R51.

From Eq. (67) we derive the following condition for the self-collapse, i.e. collapse under zero pressure of fullerenes in
crystals or isolated:

RðNÞC ¼
NaEt2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3ð1�v2Þ
p

ðgþgtÞ
ð68Þ
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Note that for v=0, N=1, E=1 T Pa, t=0.34 nm, 2(g+gt)=0.4 N/m, we find Rð1ÞC � 334nm, showing that fullerenes are highly
stable and thus that peapods with high fullerene concentrations are ideal solution against nanotube buckling.
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