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Abstract Spiders suggest to us that producing high

strength over density ratio invisible cables could be of great

importance. In this paper we show that such invisible

cables could in principle be built, thanks to carbon nano-

tube bundles. Theoretical strength of *10 MPa, Young’s

modulus of *0.1 GPa and density of *0.1 Kg/m3 are

estimated. The theoretical strength over density ratio is

huge, i.e. that of a single carbon nanotube; the strength of a

real, thus defective, invisible cable is estimated to be

*1 MPa. Finally, we demonstrate that such cables can be

easily transported in their visible state (with bunched

nanotubes) and that an efficient anti-bunching controllable

mechanism, involving pressure of *1 Pa, can control the

visible–invisible transition, and vice versa.

1 Introduction

Since their re- (see Pugno 2007a for details) discovery

(Iijima 1991; Iijima and Ichihashi 1993; Bethune et al.

1993), carbon nanotubes have stimulated intense study. In

particular, unique and extraordinary mechanical properties

were predicted (Tans et al. 1997, 1998; Odom et al. 1998;

Yakobson 1997, 1998; Lu 1997), such as an extremely high

Young’s modulus (*1 TPa), strength (*100 GPa) and

consequently failure strain (*0.1), similar to those of

graphite in-plane (Buongiorno Nardelli et al. 1998). Such

properties have experimentally been confirmed by direct

measurements (Yu et al. 2000a, b), developing a

nanotensile testing apparatus by using two opposite atomic

force microscope tips. Furthermore, the low carbon density

(*1,300 Kg/m3) suggests that carbon nanotubes have

promising high strength and lightweight material applica-

tions, e.g., for innovative nano-electromechanical systems

(Pugno 2004; Ke et al. 2005; Pugno et al. 2005).

In this paper we show that their mechanical properties

are sufficient to realize macroscopic invisible cables. The

paper is organized as follow: after this brief introduction

(Sect. 1), the main idea to design an invisible large cable is

described in Sect. 2, in Sect. 3 its nanotech feasibility is

addressed, in Sect. 4 the role of defects is quantified,

whereas in Sect. 5 the visible–invisible state transition is

demonstrated to be easily controllable and reversible; then,

we draw our conclusions (Sect. 6).

2 Invisible nanotube bundles

In this section we discuss the idea of large invisible cables

(Pugno 2007b).

Consider carbon nanotubes arranged in a regular lattice

with area fraction u. The strength rC of the invisible cable,

defined as the failure tensile force divided by the nominal

area, is imposed by the equilibrium of the forces to be:

rC ¼ urNT; r! E; q ð1Þ

where rNT denotes the strength of the single carbon

nanotube. The same relation is derived for the cable

Young’s modulus EC considering in Eq. 1 the substitution

r ? E and ENT as the Young’s modulus of the single

carbon nanotube, as imposed by the compatibility of the

displacements. Similarly, the cable density qC, defined as

the cable weight divided by the nominal volume, is pre-

dicted according to Eq. 1 with the substitution r ? q,
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where qNT would denote the carbon (nanotube) density, as

can be easily derived by the mass balance. Thus, the same

(failure) strain eC = rC/EC = rNT/ENT and strength over

density ratio R = rC/qC = rNT/qNT is expected for the

invisible cable and for the single nanotube. This ratio is

huge, at least theoretically, e.g., as required in the mega-

cable of the space elevator (Pugno 2007c). Thus, Eq. 1 can

be used to connect the nanoscale properties of the single

nanotube with the macroscopic properties of the invisible

cable.

Assuming that the nanotubes are distributed in a regular

lattice pattern, one can derive their separation p, from their

external diameter d+ (internal diameter d- & 0) and area

fraction u, according to (Yao and Gao 2006):

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

umax=u
p

� 1
� � dþ

2
ð2Þ

where umax stands for the maximum area fraction of a

given lattice: umax ¼ p
�

2
ffiffiffi

3
p

� �

; p=4; p
�

3
ffiffiffi

3
p

� �

respec-

tively for triangular, square or hexagonal lattices.

On the other hand, indicating with k the light wave-

length, the condition for a nanotube to be invisible is:

dþ � k ð3aÞ

whereas to have a globally invisible cable, we require to

not have interference between single nanotubes, i.e.:

p� k ð3bÞ

We do not consider here the less strict limitations imposed

by the sensitivity of the human eye, that can distinguish

two different objects only if their angular distance is larger

than *10. In other words, we want the cable to be intrin-

sically invisible.

Assuming d+/k & 1/10, p/k & 10, from the previously

reported nanotube theoretical strength, Young’s modulus

and density, we derive the following wavelength-inde-

pendent invisible cable properties:

r theoð Þ
C � 10 MPa; EC � 0:1 GPa; qC � 0:1 Kg

�

m3 ð4Þ

Thus, with a sufficiently large spacing p, transparent and

even invisible cables could in principle be realized.

However, the very restrictive condition (3b), correspond-

ing to non-interacting nanotubes, evidently implies a low

nominal strength. Nevertheless, we may note that this

condition is sufficient but not necessary. In fact, if Eq. 3b

is not verified, e.g. for p \ k thus for interacting nano-

tubes, we can treat the cable as an aerosol. In this case we

can still have a globally transparent cable requiring that

its effective refractive index nC � 1þ nNT � 1ð Þu; nNT is

that of carbon nanotubes, be sufficiently close to the

unity, i.e. p2 � d+
2, as well as that its effective absorp-

tion index kC & kNTu, kNT is that of carbon nanotubes,

multiplied by the cable thickness T be sufficiently close to

zero, i.e. T � p2

d2
þ

k�1
NT: Consequently, for this case of

interacting nanotubes, the nominal strength is improved

but only sufficiently thin sheets would remain transparent.

3 Nanotech feasibility

Meter-long multiwalled carbon nanotube cables can already

be realized (Zhang et al. 2005), suggesting that our proposal

could become soon technologically feasible. For such a

nanostructured macroscopic cable, a strength over density

ratio of R ¼ rC=qC � 120� 144 KPa
�

Kg
�

m3
� �

was mea-

sured, dividing the breaking tensile force by the mass per unit

length of the cable (the cross-section geometry was not of

clear identification). Thus, we estimate for the single

nanotube contained in such a cable rNT & 170 MPa

(qNT & 1,300 Kg/m3), much lower than its theoretical

(Mielke et al. 2004) or measured (Yu et al. 2000b) nanoscale

strength. This result was expected as a consequence of the

larger probability to find critical defects in larger volumes

(see Carpinteri and Pugno 2005). Thus, defects limit the

range of applicability of long bundles based on nanotubes, as

we are going to quantify (see Sect. 4). However, the cable

strength is expected to increase with the technological

advancement. The cable density was estimated to be

qC & 1.5 Kg/m3 (Zhang et al. 2005), thus resulting in a

cable strength of rC & 200 KPa. Note that a densified cable

with a larger value of R ¼ rC=qC � 465 KPa
�

Kg
�

m3
� �

was also realized, suggesting the possibility of a considerable

advancement for this technology in the near future. For such

sheets a degree of transparency was observed, confirming

that our proposal is realistic. Inverting Eq. 1 we deduce u
and from Eq. 2 we derive p & 260 nm (a square lattice is

assumed), in good agreement with the scanning electron

microscope (SEM) image analysis (Zhang et al. 2005). The

nanotube characteristic diameter was d+&10 nm (even if

formation of fibrils with d+&50 nm was observed in SEM).

Considering the visible spectrum, k & 400–600 nm, the

condition (3a) was thus satisfied, in contrast to the condition

(3b). Thus, the observed degree of transparency was a con-

sequence of the limit thickness of the sheet.

Moreover, multiwalled carbon nanotubes with

d+&50 nm (d- & 0 nm) spaced by p & 5 lm are

expected to realize an invisible cable with the mechanical

properties given in Eq. 4. For example, this would corre-

spond to an invisible cable with a cross-section of 1 cm2

and weight per unit length of only 10 lg/m, capable of

supporting the weight of a man (1,000 N).

The nanotubes will remain parallel satisfying the con-

dition (3b), if the cable will work under a sufficiently

large tension, to avoid bunching (see Sect. 5). A later

force at the middle of the cable will induce a maximum
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strain e & s-2 before that all the nanotubes will be in

contact, where s denotes the cable slenderness (length

over cross-sectional nominal characteristic size). Since for

a cable s � 1 (e.g. [102) a small strain, if compared with

that at failure e theoð Þ
NT � r theoð Þ

NT

.

ENT � 0:1; will activate the

nanotube interaction. In such a situation the cable would

‘‘appear’’ near to the point of application of the lateral

force, i.e. where the conditions of Eq. 3b is not locally

verified, the interaction; this behavior could help in

visualizing the cable after having trapped a victim. A

similar scenario will take place for a lateral force applied

at the cable ends, that however will imply larger strains,

i.e. e & s-1.

4 The role of defects

It is beyond doubt that high strength over density ratio

invisible cables can be realized, following our proposal.

The main question is related to the attainable strength rC,

different from its theoretical value rC
(theo) as a consequence

of the unavoidable presence of defects. We discuss here the

effect on the cable strength due to the presence of elliptical

holes with axes a and b, perpendicular and parallel to the

applied load, respectively. By applying quantized fracture

mechanics (QFM, Pugno and Ruoff 2004; Pugno 2006a, b),

that considers the crack growth in fracture quanta of size q,

e.g. the distance between two broken chemical bonds in

nanotubes (*0.25 nm for carbon), we can predict the

strength reduction for a nanotube containing a given most

critical elliptical hole defect. The QFM predictions for

circular holes and sharp cracks are in agreement with

quantum- and molecular-mechanics atomistic simulations

(Mielke et al. 2004; Pugno and Ruoff 2004). We assume

the defect to be small if compared to the nanotube diameter

(i.e., we neglect the self-interaction between the defect

tips). Thus, we have generalized the asymptotic law (for

small b/a) (Pugno and Ruoff 2004), by including in the

procedure the far field stress, as (Pugno 2007c):

rNT a; bð Þ
r theoð Þ

NT

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2a=q 1þ 2a=bð Þ�2

1þ 2a=q

s

ð5Þ

Regarding the defect shape, for a sharp crack perpendicular

to the applied load a/q = const and b/q ? 0, thus rNT �

r theoð Þ
NT
ffiffiffiffiffiffiffiffiffiffiffi

1þ2a=q
p ; and for a/q � 1, i.e. large cracks, rNT / a�1=2 in

agreement with linear elastic fracture mechanics [that can (a)

only treat sharp cracks and (b) unreasonably predicts an

infinite defect-free strength, see Pugno and Ruoff 2004];

on the other hand, for a crack parallel to the applied load

b/q = const and a/q ? 0 and thus rNT = rNT
(theo), as it must

be. In addition, regarding the defect size, for self-similar and

small holes a/b = const and a/q ? 0 and coherently

rNT = rNT
(theo); furthermore, for self-similar and large holes a/

b = const and a/q ? ? we deduce rNT

.

r theoð Þ
NT �

1þ 2a=bð Þ�1
in agreement with elasticity [that unreason-

ably predicts (c) a strength independent from the hole size

and (d) tending to zero for cracks, see Pugno and Ruoff

2004]. Note the extreme consistency of Eq. 5, that removing

all the limitations (a–d) represents the first law capable of

describing in a unified manner all the size- and shape-effects

for the elliptical holes, including cracks as limit case (Pugno

2007c). In other words, Eq. 5 shows that the two classical

approaches of linear elastic fracture mechanics and elasticity

are reasonable only for large defects; Eq. 5 unifies their

results and extends its validity to small defects.

Imposing the force equilibrium for a cable composed by

nanotubes in numerical fractions nab containing holes of

axes a and b, we find the cable strength in the following

form:

rC

r theoð Þ
C

¼
X

a;b

nab
rNT a; bð Þ

r theoð Þ
NT

ð6Þ

The summation is extended to all the different holes and
P

a;b

nab ¼ 1; the numerical fraction n00 of nanotubes is

defect-free. If all the nanotubes in the bundle contain

identical holes rC

.

r theoð Þ
C ¼ rNT

.

r theoð Þ
NT :

To have an idea of realistic defects we refer to the

experiments on single walled carbon nanotube bundles (Yu

et al. 2000b), and multiwalled carbon nanotubes (Yu et al.

2000a). According to Eq. 5 we can derive the corre-

sponding size and shape of the defect compatible with each

single observation, as reported in Table 1. This general

table could help in the future interpretation of nanoscale

tensile tests on different materials and structures: one

example is given by the experiments on WS2 nanotubes

(Kaplan-Ashiri et al. 2006), that we have also treated in

Table 1. Assuming for all the nanotubes in the invisible

cable the ‘‘observed’’ most critical defect (Table 1), we

would have for a defective invisible cable rC & 1 MPa

(very large cracks would be even more critical). Thus, we

conclude that invisible extremely lightweight cables with

strength in the megapascal range could be realized, thanks

to carbon nanotube technology.

5 Visible–invisible state transition

The nanotubes in the bundle will tend to bunch due to van

der Waals surface attraction. The equilibrium contact width

w of two identical nanotubes with diameter d+ (do not
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subject to forces or constraints and with d- & 0) can be

determined using the well-known JKR theory of adhesion

as (Hui et al. 2000; for single walled nanotubes, for which

d- & 0, a similar solution has been found by Tang et al.

2005):

w ¼ 4
d2
þcS 1� vNTð Þ

pENT

� �1=3

ð7Þ

where vNT is the nanotube Poisson ratio and cS is the

surface energy. Due to deformation near the contact region

Table 1 rNT
(a,b)/rNT

(theo) derived according to Eq. 4; in bold type we

report the 13 different nanostrengths measured on single walled

carbon nanotubes in bundle (Yu et al. 2000b); whereas in italic we

report the 19 nanostrengths measured on multiwalled carbon nano-

tubes (Yu et al. 2000a), with the exception of the two smallest values

of 0.11 and 0.12 (note that 0.18, 0.20, 0.24 and 0.37 was measured

twice), for which we would need for example adjacent atomic

vacancies (*b/q = 1) in half number *a/q = 38–45 and *a/q = 32–

37, respectively

a/q b/q

0 1 2 3 4 5 6 7 8 9 10 ?

0 1.00* 1.00* 1.00* 1.00* 1.00* 1.00* 1.00* 1.00* 1.00* 1.00* 1.00* 1.00

1 0.58 0.64 0.71 0.76 0.79 0.82* 0.84 0.86 0.87 0.88* 0.89 1.00

2 0.45 0.48 0.54 0.59 0.63* 0.67 0.70 0.72 0.75* 0.76 0.78 1.00

3 0.38 0.40 0.44* 0.49 0.53 0.57 0.60 0.63* 0.65 0.67 0.69* 1.00

4 0.33 0.35 0.38 0.42 0.46 0.49 0.52 0.55 0.58 0.60 0.62 1.00

5 0.30 0.31 0.34 0.37 0.41 0.44* 0.47 0.50* 0.52 0.54 0.56* 1.00

6 0.28 0.29 0.31 0.34 0.37 0.40 0.42 0.45 0.47 0.50* 0.52 1.00

7 0.26 0.27 0.29 0.31 0.34 0.36 0.39 0.41 0.44* 0.46 0.48 1.00

8 0.24 0.25* 0.27 0.29 0.31 0.33 0.36 0.38 0.40 0.43 0.45 1.00

9 0.23 0.24 0.25* 0.27 0.29 0.31 0.33 0.36 0.38 0.40 0.42 1.00

10 0.22 0.22 0.24 0.25* 0.27 0.29 0.31 0.33 0.35 0.37 0.39 1.00

11 0.21 0.21 0.22 0.24 0.26 0.28 0.30 0.31 0.33 0.35 0.37 1.00

12 0.20 0.20 0.21 0.23 0.24 0.26 0.28 0.30 0.32 0.33 0.35 1.00

13 0.19 0.20 0.20 0.22 0.23 0.25* 0.27 0.28 0.30 0.32 0.33 1.00

14 0.19 0.19 0.20 0.21 0.22 0.24 0.25* 0.27 0.29 0.30 0.32 1.00

15 0.18 0.18 0.19 0.20 0.21 0.23 0.24 0.26 0.27 0.29 0.30 1.00

16 0.17 0.18 0.18 0.19 0.21 0.22 0.23 0.25* 0.26 0.28 0.29 1.00

17 0.17 0.17 0.18 0.19 0.20 0.21 0.22 0.24 0.25* 0.27 0.28 1.00

18 0.16 0.17 0.17 0.18 0.19 0.20 0.22 0.23 0.24 0.26 0.27 1.00

19 0.16 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 0.25* 0.26 1.00

20 0.16 0.16 0.16 0.17 0.18 0.19 0.20 0.21 0.23 0.24 0.25* 1.00

21 0.15 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 0.24 1.00

22 0.15 0.15 0.16 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.24 1.00

23 0.15 0.15 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 0.23 1.00

24 0.14 0.14 0.15 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 1.00

25 0.14 0.14 0.15 0.15 0.16 0.17 0.18 0.19 0.20 0.21 0.22 1.00

26 0.14 0.14 0.14 0.15 0.15 0.16 0.17 0.18 0.19 0.20 0.21 1.00

27 0.13 0.14 0.14 0.14 0.15 0.16 0.17 0.18 0.19 0.20 0.21 1.00

28 0.13 0.13 0.14 0.14 0.15 0.16 0.16 0.17 0.18 0.19 0.20 1.00

29 0.13 0.13 0.13 0.14 0.15 0.15 0.16 0.17 0.18 0.19 0.20 1.00

30 0.13 0.13 0.13 0.14 0.14 0.15 0.16 0.16 0.17 0.18 0.19 1.00

? 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 (1 + 2a/b)-1

The strengths measured in both data sets (Yu et al. 2000a, b) are reported in italic bold type. All the experiments refer to rNT
(theo) = 100 GPa

(q * 0.25 nm). If all the nanotubes in the invisible cable contain identical holes, rC/rC
(theo) = rNT/rNT

(theo). Atomistic simulations on circular holes

(a = b diagonal) and adjacent atomic vacancies (roughly corresponding to b/q = 1, second column) confirm the reported strength reductions (see

Mielke et al. 2004; Pugno and Ruoff 2004). A similar interpretation was repored by Pugno (2007c)

This general table could help in the future interpretation of nanoscale tensile tests on different materials and structures: one new example is given

by the experiments on WS2 nanotubes recently investigated (Kaplan-Ashiri et al. 2006), corresponding to measured strengths of 16 (3 times), 15

(3 times), 14, 13, 12, 11, 10, 9, 8 (twice) 7 and 4 gigapascals, here rationalized (asterisks) assuming plausibly 16 GPa as the ideal material

strength (only 15 GPa is not treated, probably corresponding as 16 GPa to the observation of the ideal strength)
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of size wx, there is an accompanying stored elastic energy

US in the portions of nanotubes in contact (of length x) that

must satisfy the energy balance dUS = 2cSxdw; thus, by

integration, US xð Þ ¼ pENTd2
þx

128 1�v2
NTð Þ

w
dþ

� �4

(Glassmaker et al.

2004). Let us consider the mechanism shown in Fig. 1a, in

which a moveable platform is introduced along the cable.

The total potential energy of the system is P xð Þ ¼ US xð Þ þ
r2

ENT
AL� F � Ff

� �

L� xð Þ þ const; where r is the resulting

tension in the nanotube, having cross-sectional area A and

length L; F denotes the anti-bunching force applied at the

moveable platform and Ff is the friction force (gravity is

here neglected but could be easily included in the energy

balance). The energy balance implies
DP xð Þ

Dx ¼ 2cSw; where

Dx is a minimum delamination advancement (Pugno and

Ruoff 2004; Pugno 2006a, b; here
DP xð Þ

Dx �
dP xð Þ
dx

), from

which we deduce the simple relation F ¼ 3
2
cSwþ Ff ; or the

following nominal (referred to the platform surface area)

pressure corresponding to the visible–invisible state

transition:

rv! i ¼ rf þ
3

p
u

cSw

d2
þ

ð8aÞ

where rf is the friction stress. The invisible–visible state

transition will take place when the platform is moved in the

opposite direction, applying a nominal stress:

ri! v ¼ rf �
3

p
u

cSw

d2
þ

ð8bÞ

Considering plausible values of ENT & 1TPa, vNT & 0,

d+&50 nm, cS = cvdW & 0.01 N/m (van der Waals), from

Eq. 7 we estimate a contact transversal width of

w & 0.8 nm; and thus taking rf & 0 and noting that u ¼

r theoð Þ
C

.

r theoð Þ
NT � 10�4 for an invisible cable, we deduce

from Eqs. 8 rv ! i ¼ ri! vj j � 0:3Pa: A negative value of

ri ? v suggests that this transition would be spontaneous

(friction and gravity neglected) thanks to the existence of a

‘‘solid capillary effect’’, that could be used for building

nanoelevators. Thus, the mechanism is very efficient

requiring a small control pressure. Evidently the moving

platform could be fixed at one of the two terminal ends (the

bottom one in Fig. 1), to have a visible cable wound on a

ratchet and becoming invisible when unwound by applying

a cable stress rv ? i. On the other hand, when the cable is

invisible it could spontaneously return to the visible state,

by an instability towards the nanotube configuration

reported in Fig. 1b. From the equilibrium of this

configuration we can estimate the minimum value of p/L

required to avoid the spontaneous invisible–visible

transition (from 2rAtan0 = rSDxw, see Fig. 1b):

p

L

	

	

	

min
¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kr=rSð Þ2
q ; k ¼

pd2
þ

2Dxw
ð9Þ

where rS is the theoretical strength of the surface interaction

and r is the applied stress in the aligned nanotubes. For

example, considering d+&50 nm, rS = rvdW & 1 MPa,

r & 1GPa, Dx & w&1 nm, we deduce p=Ljmin� 2:5�
10�7 (k & 3927); since for an invisible cable p & 5lm,

Lmax & 20 m. Note that L here has the physical meaning of

distance between two adjacent platforms and is not neces-

sarily the total cable length: more spacer platforms along the

cable can thus avoid spontaneous invisible–visible transi-

tion, even for smaller applied tension and longer cables.

6 Conclusions

Summarizing, in this paper we have shown that high

strength over density ratio invisible cables could be pro-

duced in the near future, thanks to carbon nanotube

technology. The cable transport will not be problematic in

the visible state, whereas the visible–invisible transition

can be easily controlled by the reversible and efficient

proposed mechanism. Moreover, the spontaneous invisi-

ble–visible transition can be avoided by a sufficiently large

cable tension and/or number of spacer platforms. Defects

(in addition to the complete invisibility demand) could

pose limitations to their (nominal) strength, but strongly

increasable substituting the invisibility with a less

σ  pσ  

σ σ 

σv−

σi−

L

x

2σΑtanθ

σ

σ σ  

θ

σS∆xw

σ

>i

>v

(a) (b)

Fig. 1 Visible–invisible cable transition, and vice versa (a); anti-

bunching condition (b)
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restrictive transparency demand; however their strength to

density ratio is huge. Even if further detailed studies are

needed, the degree of transparency observed in meter-long

carbon nanotube sheets (Zhang et al. 2005) seems to con-

firm the validity of our idea.
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